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LIAR’S DOMINATION IN GRAPHS

DERYA DOGAN DURGUN AND FERHAN NIHAN ALTUNDAG

ABSTRACT. A set D C V(G) of a graph G = (V, E) is a liar’'s dominating
set if (1) for all v € V(G) |[N[v] N D| > 2 and (2) for every pair u,v € V(G)
of distinct vertices, |[N[u] U N[v] N D| > 3. In this paper, we consider the
liar’s domination number of some middle graphs. Every triple dominating set
is a liar’s dominating set and every liar’s dominating set must be a double
dominating set. So, the liar’s dominating set lies between double dominating
set and triple dominating set.

1. INTRODUCTION

Let G = (V, E) be a graph, where V is a vertex set and E is an edge set of a given
graph G. For v € V(G), let N(v) = {uluv € E(G)} denote the neighborhood of v
and N[v] = {N(v) Uv} denote the closed neighborhood of v. A vertex u € V(G) is
said to be dominated by a vertex v € V(G) if u € N[v].

A set D C V is called a dominating set of G = (V, E) if each vertex v € V is
dominated by at least a vertex in D, so [N[v]ND|>1forallve V. Aset DCV
is called a k-tuple dominating set if |N[v] N D| > k for every x € V(G) and the
minimum cardinality of a k-tuple dominating set for G is denoted by 7,1 (G). A 2-
tuple dominating set is also called a double dominating set and denoted by 7.2 (G)
or dd(G). Obviously, a 3-tuple dominating set is also called a triple dominating set
[2]. Throughout this paper, we use terminology of P. J. Slater and M. L. Roden,
reader may find more details in the references.

Networks are exposed to intrusions which has to be detected. It is assumed here
that the possible intrusion points are the vertices of G. A protective device placed
at a vertex v can detect the presence of an intrusion in a precise manner when the
intrusion point is in N[v]. In this paper, we consider liar’s dominating set which is
assumed that any one protective device in the neighborhood of the intrusion vertex
might misreport the location of an intrusion vertex in its closed neighborhood [4].

A dominating set D C V(G) is a liar’s dominating set if any designated vertex
x € V(G) (namely, the intrusion vertex) if all or all but one of the vertices in
N[z] U D report vertex z, and at most one vertex w in Nz] U D either reports
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another vertex than x or it does not report at all, then the vertex x can be correctly
identified as the designated vertex.

Every superset of a liar’'s dominating set is also a liar’s dominating set. The
minimum cardinality of a liar’s dominating set for graph G, is called the liar’s
domination number of G and denoted by v.r(G).

In this paper, it is assumed that all protective devices can detect correctly and
there will be at most one single fault tolerant at the reporting [4]. For any vertex
set and denoted by v, r(G). Note that it is assumed that all protection devices can
detect correctly and there will be at most a single fault in the reporting. For any
vertex set D C V(G), we will say that vertex z is LR-dominated by D if D can
correctly identify = as a designated vertex [5].

2. PRELIMINARIES

Theorem 1. [4] If D C V(G) is a liar’s dominating set then each component of (D)
contains at least three vertices.

Theorem 2. [4] For every connected graph G of order n > 3 we have v,2(G) <
vrr(G), and, if G has minimum degree §(G) > 2, then v,2(G) < voLr(G) < 723(G).

The next theorem gives necessary and sufficient conditions for D C V(G) to be
a liar’s dominating set.

Theorem 3. [5] A dominating set D C V(G) is a liar’s dominating set if and only if
D double dominates every v € V(G) and |[N[u] U N[v] N D| > 3 for every pair u, v
of distinct vertices .

In this paper, we consider the liar’s domination number for middle graphs of
some well-known graphs (The paragraph below...The total graph...). The total
graph T'(G) of a graph G is a graph such that the vertex set of T' corresponds to
the vertices and edges of G and two vertices are adjacent in 7' iff their corresponding
elements are either adjacent or incident in G. Total graphs are generalizations of
line graphs. The line graph L(G) of a simple graph G is obtained by associating
a vertex with each edge of the graph and connecting two vertices with an edge iff
the corresponding edges of G have a vertex in common. The middle graph M(G)
is the graph obtained from G by inserting a new vertex into every edge of G and
then joining these new vertices by edges, which lie on the adjacent edges of G. In
particular, we consider the middle graphs because these graphs are between total
graphs and line graphs. In real life problems, every edge corresponds cost, so middle
graphs make sense in this situation [1].

FIGURE 2.1. G FIGURE 2.2. M(G)
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3. LIAR’S DOMINATION IN GRAPHS

We give theorems on Liar’s domination numbers of middle graphs of some well-
known graphs. We will start with the middle graph of a path graph.

Theorem 4. Let M(P,) be the middle graph of a path graph, where P, is the path
graph of order n, then
’YLR(M(Pn)) <n+ 1.

o o o 0 _m e O AO—#oO

FIGURE 3.1. M(P,)

Proof. Let the vertices of P, be v1,vs,...,v, and the vertices of V(M (P,) — P,)
be Upt1, Unt2, oy Von—1. Let v € V(M (P,)). We investigate all vertices of M (P,)
by four cases to obtain a liar’s dominating set. Firstly, we want to obtain double
dominating set D.

Case 1. Let v be vy. deg(vy) = deg(v,) = 1. So, N[v1] = {v1, vp41} from M (P,)
and |[N[v1]| = 2. D double dominates every v € V(M (P,)). Therefore all vertices
of N[v1] must be elements of D, {v1,vp41} € D. So, {van—1,vn} € D for v = v,.
Hence,

{Ula Un+lav2n—17vn} eD

Case 2. Let v be an element of {va, v3,v4,...,0n_1}. deg(ve) = deg(vs) = ... =
deg(vn-1) = 2
Nwv;] = {vi, Vpyiz1,Vnyi}
for i =2,...,n—1. Let N[v;] N N[vg] = Dj , where k =2,...,n—2and j = k+ 1.
Then

n—1

U Dch = {Un+2,1}n+3,1}n+4, ...,’Ugn_g} e D.
J.k=2

{Ulv Un+1,Un+2, Un+3, Unt4, -+, V2n—2, V2n—1, U2n} S D

and this set double dominates Vv, for j = 1,...,n (one can take different set also
with same size). Now, we shall check whether D is triple domination.

We show |N[u] U N[v] N D| > 3 for every pair u,v of distinct vertices, for the
same vertex set. Hold

|N[v;]ND| =2, |Njvg) N D| =2
|Nlv;] N Nlvg]| < 1.
So, we have
|N[v;] U N[vg] N D| > 3, where j,k=1,...,n.
Then, D triple dominates Vv;, where j = 1,...,n.
Case 3. Let v be vyy1. deg(vnt1) = 3, N[vpt1] = {v1,v2, Unta, Unt1}. We have

N[UnJrl] NnD= {Ulv Un+41, vn+2}
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and
|N[vnt1] N D] = 3.
Let v be van—1. deg(van—1) = 3, N[van—1] = {van—1,Vn—1,Vn, Van—2}. We get
Nvap—1] N D = {vap—2,v2n-1,Upn}
and
|N[van—1] N D| = 3.
Hence, D triple dominates v, 1, vp4+1 by Theorem 3.
Case 4. Let v be an element of {vy, 42, Vn+13, ..., Van—2} and deg(vp+2) = deg(vny3) =
... = deg(vap—2) = 4. Then

N[Un+2] = {Un+27 Un+1, V2, V3, Un+3}

N[Un+3] = {UTL+37 Un4-2,U3, V4, Un+4}

N[UQ’IL—Q] = {UQn—Qa V2n—3,Un—2,Un—1, v?n—l}-
We obtain [N[v;] N D| > 3 where j = n + 2,...,2n — 2. Therefore, D triple
dominates Vv; where j = n + 2,...,2n — 2 by Theorem 3.
The liar’s dominating set of the middle graph of a path graph consists of end
vertices and new vertices of M (P,) which are obtained from the definition of the
middle graph. Consequently,

D = {1, Vn41, Unt2, Unt3s Untdy - Van—2, Uan—1, V2n
is the liar’s dominating set of M (P,) and
YLr(M(Py)) <n+1.
(]

Theorem 5. Let M (C,,) be the middle graph of a cycle graph, where C,, is the cycle
graph of order n. Then

Lr(M(Cn)) < n.

FIGURE 3.2. M(C5)
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Proof. Let v1,vs, ..., v, be the vertices of C,, and vy,11,Vn42, ..., V2, be the vertices
of V(M(C,,) — Cy,). We investigate all vertices of M(C,,) by two cases to obtain a
liar’s dominating set. Firstly, we want to obtain double dominating set D.

Case 1. deg(v;) = 2 where i = 1,...,n. Let v be an element of {vy,vs,...,v,}. D
should contain at least 2 vertices of N|[v;] to D double dominates v; for i = 1,...,n.

N[Ul] = {U17Un+17v2n}

Nlva] = {va, Vy1,Vny2}

N[vnfl] = {Un71,v2n7271)2n71}

N[Un] = {Una UQn—ly”Qn}

If wv € E(C,,), then we take the intersection of close neighborhoods of them.
Let Nv;] N Nvg] = Dj i, where 5,k =1,...,n. So, we have

n
Dy = U Dj i = {vnt1, Unt2, . Van—2,V2n—1,V2n} € D.
Jk=1

This set double dominates v; for i = 1,...,n.
Clearly, we have |N[v;] U N{vg] N Dy| > 3 from |[N[v;] N Di| = 2 and |N[v;] N
Nluvg]| = 1 for the vertices of v; and vy, where vjv, € E(Cy), j,k=1,...,n.
Likewise, we have |N[v;] U N[vg] N Dy| = 4 > 3 from |N[v;] N D] = 2 and
|N[v;] N Nvg]| = 0 for the vertices of v; and vg, where vjuy, & E(Cy), 4,k =1,...,n.
Therefore, D; triple dominates v; for i = 1,...,n.

Case 2. Suppose deg(v;) = 4, where j =n +1,...,2n. Let v be an element of
{Un_H,’UTH_Q, ...,’Ugn}.

Nvpt1] = {vn+1,01, 02, Von, Unya}

Nvny2] = {Unt2,v2,03, Uny1, Unys}

N[”Qn—l] = {'U2n—17'Un—lyvn7v2n—27v2n}

Nvon] = {von, v1, Un, Unt1, Von—1}

We obtain |N{v;]N D] =3 for j =n+1,...,2n. Therefore, D; triple dominates v;
for j =n+1,...,2n by Theorem 3. So, D = D1 = {Up41, Unt2, -y V2n—2, V25 —1, V2p }
is the liar’s dominating set of M (C,,) and

YLr(M(Cr)) < n.
(]

Theorem 6. Let M (W ,,) be the middle graph of a wheel graph, where W ,, is the
wheel graph of order n + 1. Then

YorR(M(W1,)) <n—+1.
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FIGURE 3.3. M(W1,4)

Proof. Let hub vertex be vy. Let cycle graph be a clockwise vertex labeled graph
from v to v, and new vertices of cycle graph from the definition of a middle graph
clockwise labeled from v,41 to vay,, the other new vertices of M (W ;) from the
definition of a middle graph clockwise labeled from v, 41 to vgy,.

Now, we show all vertices of M (W7 ,,) by four cases to obtain a liar’s dominating
set.

Case 1. Let v be an element of {vy,va,...,vn}. deg(vy) = deg(va) = ... =
deg(v,) = 3. Then
N[Ul] = {Ulavzn,v2n+1, Un+1}

Nlva] = {va, Vpy1,V2n42, Unt2}
Nvi] = {vi, Vnti—1, Vanti> Unti }

Nvn] = {vn, V2n, V3n, V2n—1}

fori=3,...,n—1.
Let N[v;] N N{vg] = Dj, and Dj;, € D, where j,k =1,...,n. We get
n
D, = U Dj k= {Vnt1,Vnt2,Vnt3, -y V2n—2, V2n—1, V2n }-
k=1

Case 2. Now, we consider vg. deg(vg) = n, Nvg] = {00, Vant+1, V2042, s U3n }-
Let u,v be sequential vertices of N(vg). For instance, u = vap41 and v = va,yo.
Dy = {van+1,V2n+t2}. Now, we obtain | N [vg]N D3| = 2 and this set double dominates
vo. If we take N[v;] N Dy where j = 1,...,n, then we obtain vs,41 € Nvi] and
Van42 € N[Ug]. Let D3 be Dy U Dy. We obtain |N['U1] n D3| =3, |N[’l)2] n D3| =3
and [N[v;] N D3| = 2, where j = 3,...,n. The vertex v,41 € N[v1] N N|vg] must
remove from Dj to reduce the domination number. So, we have |N[v;] N D3| = 2,
for j = 0, ey N Therefore, D3 = {'U2n+1, Von+2, Un+2, Un43;5 -+, V2n—2,V2n—1, Ugn}
double dominates v;, where j = 0, ..., n and | D3| = n+1. Now, u, v be non-sequential
vertices of N(vg). For instance, u = vo,11 and v = vapy3. Dy = {vapt1, vonts}-
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This set double dominates vg. If we take N[v;] N D4, where j = 1,...,n, then we
obtain Van+1 € N[Ul] and Vopt3 € N[’Ug]. Let D5 = D1 U D,. We obtain |N[’U1] N
Ds5| = 3, |N[vs] N D5| = 3 and |[N[v;] N Ds| = 2, where j = 2,4,5,...,n and also
|IN[vi] N Nlvs]| = 0. So, D5 = {v2n41, V2043, Unt1, Unt2; Unt3s ooy V2n—2, V2n—1, U2p, |
double dominates v;, where j = 0,...,n and |Ds| = n + 2. Therefore, D3 has to be
D instead of Ds. Now, we take this set as D to check triple domination.

We show |N[u] U N[v] N D| > 3 for every pair u,v of distinct vertices, for the
same vertex set. Hold

IN[v;JND| > 2, |[N[vg) N D| > 2 and |N[v;] N Nvg]| < 1.
So, we get
|N[v;] U N[vg] N D] > 3, where j,k=0,...,n.

Then, D triple dominates Vv;, where ¢ = 0, ..., n.

Case 3. Let v be an element of {vy,11,Vny2, ..., Van . deg(vni1) = deg(vpt2) =
s ooy = deg(vay) = 6.

N[Un—i-l] - {'Un-l-la V1yUn, Un+2, V2n, V2n+1, USn}

Nlvnyo] = {Vnt2, 01,02, Ung1, Unt3, Vant1, Vant2

N[’UnJri} = {vn+i7vi71>'Uiyanrifla’Un+i717v2n+i71av2n+i}

N[”Zn] = {UZTM Un—1,Un,V2n—1,Un+1,V3n—-1, U?m}
for i = 3,...,n — 1. We obtain |N[v;] N D| > 3, where j = n + 1, ..., 2n. Therefore,
D triple dominates Vv;, where j =n 4+ 1,...,2n by theorem3.
Case 4. Let v be an element of {vay 11, Vant2, ..y V3n }. deg(vany1) = deg(vapi2) =
sy =deg(vs,) = n+ 3.
Nlvant1] = {00, V1, Vi1, Van, Vant1, Van42;s - U3n

Nvont2] = {v0, V2, Unt1, Unt2, Vant1, V2042, s U3n }

Nlvapti] = {0, Vi, Unti—1, Untis V2n+1, V2n42, -y V3n

Nvsn] = {v0, Un, V2n—1, V20, V2nt1, Vant2, - V3n }
for ¢ = 3,...,n — 1. We have |N[v;] N D| > 3, where j = 2n + 1,...,3n. Hence, D
triple dominates Vv;, where j = 2n + 1, ..., 3n by Theorem 3.
Consequently, D, obtained from Casel and Case2, is a Liar’s dominating set of
M(W1,,). Thus,
YLrR(M (W) <n+1.

Theorem 7. GP(5,2) is Petersen Graph,
yLr(M(GP(5,2))) < 10.
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FIGURE 3.4. Vertices of M(GP(5,2)).
Let the vertices of M(GP(5,2)) labeled by v;, for i =1, ...,25.

Proof. In Figure 3.4 one can find V(M (GP(5,2))) not E(M(GP(5,2))) to avoid
complicity.

Let Nv;] N Nlvg] = Dj with D, C V(M(GP(5,2))) for j,k =1,..,5. D
must contain one of the vertices each of D .

N[Ul] = {U17U11,U15,U16}

Nlvg] = {va,v11,v12,v17}
Nlvs] = {vs,v12,v13,v18}
Nlvg] = {v4,v13,v14,v10}
Nlvs] = {vs,v14, V15, V20 }

5
We obtain  |J Djr = {vi1,vi2,v13,v14,v15} € D. Likewise, for j,k = 6,...,10
k=1
clearly we have N[v;] N N[v,] = D, with D, C V(M(GP(5,2))). Thus, we get

=

vg] = {ve, V16, V21, V25 }

[ve]
Nlvr] = {vr,v17, v23, V24 }
N[US] = {U87U18; U21,U22}
N[Ug] = {U97U19, U24,’025}
N[Ulo] = {U10, U20,U227U23}
10
So, U Dji = {va1,v22,v23,v24,v25} € D. Hence, from these two situation
7, k=6
10
D= U Dj,k = {1111771127@13,1114,U157?}2171}22,U23,1)247?)25}
jk=1

This set double dominates Vv € V(M (GP(5,2))).

Now, we show D triple dominates Yv; € V(M(GP(5,2))), where j = 1,...,10.
We show |N[u] U N[v] N D| > 3 for every pair u,v of distinct vertices, for the
same vertex set. |N[v;] N D| = 2, [N[vg] N D| = 2 and |N[v;] N N{vg]| < 1. So,
|N[v;]UN[vg] N D| > 3, where j,k =1, ...,10. Then, D triple dominates Yv;, where
j =1,...,10. We have deg(v;) = 6 for j = 11,...,25. It is easy to see that |N[v;] N
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D| > 3. Clearly, we obtain |[N[v;]UN[vg]ND| > 3 for j,k =1, ..., 25. Consequently,
D = {v11,v12, v13, V14, V15, Va1, Vg, Vag, Vag, Uos } is the liar’s dominating set and then
vLr(M(GP(5,2))) < 10. O

(1]
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