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Abstract— Modern control techniques of electrical drives (EDs) use robust control algorithms. One of such algorithms is variable
structure control (VSC) with sliding mode (SM). SM control needs more information on the controlled plant than the conventional
PI(D) control. VValid mathematical model of the controlled plant is necessary for the SM controller design. Generalized mathematical
model of two-phase electrical machine and its adaptation to direct current (DC) and induction motor (IM) are given in this paper,
employed in the cascade control structure. Also, the basic SM control theory and discrete-time controller design approach, developed
by the authors, are given. Finally, experimentally realized examples of speed and position control of DC and IM are given as an
illustration of the efficiency of the promoted EDs controller design via discrete-time VSC.
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l. INTRODUCTION

Electrical drives (EDs) are widely used in industry, transport,
navigation, agriculture, home appliances, etc. Various types of
electric motors are used in EDs. Direct current (DC) motors can
be realized with parallel, series and combined excitation or can
have permanent magnets (PM). Separately excited DC motors
are a subclass of DC motors. They are preferably used in
regulated drives, where especially constructed PM DC motors
(servo motors) have dominant role. DC series motors are usually
used in transportation because of their high starting torque. It can
be fed by alternate current (AC) as well, known in that case as
universal motor. The latter frequently used in home appliances.
AC motors are induction motors (IMs) and synchronous motors
(SMs). IMs can be single-phase, two-phase, three-phase or poly-
phase. Their operation principle is based on Tesla's rotational
magnetic field. IMs can have wounded rotor with rings and
brushes at rotor shaft, when IM has two fed inputs, or with
squirrel-cage rotor, when it has only one fed input. The latter is
dominantly used in industry due to its robustness; it does not
have rings nor brushes, does not produce sparks nor needs extra
maintenance. It can be used in any conditions, even in water or
explosive environment. Besides these types of motors, modern
high quality controlled EDs can be realized with brushless DC
motors or permanent magnet synchronous motors (PMSMs).

This paper is a revised and expanded version of the paper presented at
the XX International Symposium INFOTEH-JAHORINA 2021

For regulation tasks with feedback control, DC servo motors
have been initially used because of their excellent regulation
characteristics: speed is a linear function of the applied armature
voltage. On the other hand, their high price, demanding
maintenance and inability to operate in every environment
caused investigation and development of control methods for
IMs. The breakthrough happened when Siemens engineer
Blaschke [1] introduced the method of field-oriented control
(FOC) or IM vector control. This progress became possible after
advances in power electronics and microcomputers. By using
FOC principle, IM as a multivariable and nonlinear dynamical
element becomes similar to DC motor from the control aspect.

Mathematical model of the used motor, which has an
important role in any modern control design of EDs, can be
obtained from general motor model [2]. For this reason, we
firstly introduce the generalized two-phase motor model in
Section 2, from which the model of separately excited DC motor
is derived in Section 3. Section 4 brings derivation of IM
mathematical model and the main principle of FOC. The cascade
control structure is presented in Section 5. Discrete-time (DT)
sliding mode (SM) (DTSM) chattering-free controller design is
given in Section 6, while Section 7 presents illustrative examples
of practically realized DTSM controlled speed and positional
servosystems with DC motors and IMs. Concluding remarks are
given in Section 8.
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Il.  GENERALIZED TWO-PHASE ELECTRICAL MACHINE
MATHEMATICAL MODEL

In the control theory of EDs, the starting point is an idealized
two-phase electrical machine whose mathematical model is the
basis for any machine type. The ideal two-phase machine has
two stator and two rotor windings. Axes of the stator (rotor)
windings are perpendicular; therefore, there is no
electromagnetic coupling between the stator (rotor) windings.

A. Lagrange equation-based model of electro-mechanical
energy transformation

A dynamical model of a two-phase machine can be obtained
by using the Lagrange equation [2],

d|o . 0 . 0 .
—<s—L(q,9);——L(g,9)+—D(q,q) =k .
dt{ﬁq (@ q)} P (.4) P (@.9) 2.1)
taking as generalized coordinates: the electrical charge in
machine windings g, the currents i flowing across windings (as
analogies to angle and speed in mechanical systems) and the
angle displacement and angular speed. Therefore, vectors of the
generalized coordinates are:

a=[d. 61" ; g=[i o]. (2.2)

g, and iare vectors, but the electrical angular position 6, and
the electrical rotor speed . are scalars; k is the total acting
generalized force; L(q,q) is the Lagrange function representing

the difference between kinetic and potential energy and D is the
dissipative function.

Total kinetic energy arises from the electromagnetic energy
in windings and the rotational mass of the rotor, i.e.

W, 5 =W + W, = 053" Li+Jo®). (2.3)

where L is the matrix of inductances and J is the momentum of
inertia.

Potential energy is zero since the torsion elasticity is
assigned to the mechanical part of the electrical drive. Also, the
electrical part of the motor does not contain capacitors.

The dissipative function is:

D(i,®) = 0.5(i"Ri+ Bw?), (2.4)

where R is the diagonal matrix R=diag{Rs,R}; Ri=diag{Ri},
i=“s, r.” Subscripts s and r denote, respectively, stator and rotor
quantities. B is the coefficient of mechanical viscous friction.

The generalized force k that acts on the given system, is
composed of the electrical potentials u and the load torque Ty,
i.e.

T
k=[u -T.]. (2.5)

Using (2.5) in (2.1), and taking into account that the
Lagrange function is identical to the kinetic energy and does not
depend on g, , equation (2.1) can be decomposed into the

following equations:

%(Li)+ Ri=u, (2.6)

d 10 ,7,.
—(Jo)-=—('Li)+Bo=-T, 2.7
i 00) =5 aee( ) L @2.7)
where Li is the flux vector in (2.6). Eq. (2.7) contains
mechanical quantities (inertia, friction and load torque). The
second term on the left-hand side of (2.7) is the electromagnetic

torque produced by the motor, i.e.

T, =%i(iTLi).

= 2.8)

e

Under the assumption that the stator (rotor) windings are
identical and their axes are perpendicular, the matrices of
resistances and inductances have the following forms:

[Ry 0 ~ . 1o
R_{O RJ, R, =Ry, Rr_RrI,I—[O J . (2.9)

L L La(x LOLB
L=|, ™|L,= = L,;
|:Lm Ll’:l ) |:Lﬁ(x LB[S:| °

(2.10)
L, | by,
"ILy Lyg!| 7
ad g
L = Lad  Lag _ | [cos6, —sinb,
M Lgg Lpg| ™[sin®, cos6,
=L, T(,); (2.11)

Lo =La T (0).

Rs, Ls (Rr, Ly) are, respectively, the resistance and inductance
of the stator (rotor) windings. Ly is the mutual inductance
between the stator and rotor windings when their magnetic axes
are collinear. As can be seen, under the change of interposition
of the stator and the rotor windings, the matrix of mutual
inductances changes, and it is a function of rotor angle position
and time since angle position changes with time.

Taking into account these propositions, (2.6) can be written
in the form

L9 0t Bey piy, (2.12)
dt 60, ot
where
00,
E=(De = pp(D. (213)

pp is the number of pole pairs of a two-phase machine and w is
the rotor mechanical speed. Eq. (2.12) becomes

d. oL . .
L—i+p,0o—i+Ri=u 2.14
which, with (2.7) and (2.8), forms the generalized mathematical

model of a two-phase electrical machine.
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B. Park Coordinate transformation

Modern control techniques of IM (and PMSM as well) use
the coordinate transformation of variables that participate in
producing electromagnetic torque: currents, voltages and rotor
and stator fluxes. These variables are related to one of the
referent coordinate systems that are suitable for control. The
principle of coordinate transformations is presented in Fig. 1.
The stationary axes o, are fixed to the stator windings axes; d,q
axes are aligned to the rotor windings axes and rotate with the
rotor speed, and u,v axes rotate with an arbitrary speed.

Consider the stator coordinate system o0f as the basic one.
Then the rotor coordinate system d0q is in position Be.=wct While
uOv system is in position B=cext. Let a rotary vector x be in a
certain position. Projections of this vector onto the stator and
rotor coordinates are denoted as: X, X, X4, Xq, respectively.

The task is to determine projections of the vector x on the
coordinates u, v, using its projections onto coordinates o, or
d,q. According to Fig. 1, it is not difficult to obtain:

Xy | | cosO sin® || Xy | T X,
{Xv}{—sinekk coseﬂ{xﬁ}_-r (ek){xﬁ}, 2.15)
X, | | cos(6,—6,) sin(®, —6,) || Xq
X, || -sin(0, —0,) cos(0, —0,) || Xq
X

=TT(9k‘ee)[xﬂ
Xg |_| cosO, sinO, || Xy [ T X,
{Xq}_[—smee coSOJ{xJ_T (ee){xﬁ] (2.17)

Form of the transformation matrix T makes it's determinant
equal to one, which gives:

. (2.16)

T =T 17" =7"T=1. (2.18)

I is the unity matrix. Besides, it is not difficult to obtain that

T(0)TT(6) = T(6 —6e) . (2.19)
Now it is easy to write:
T T -1 T_
[Xa X[}] - Xa_[?_ - [T_l(ek )] [XE:_ Xv] _T(ek)xuv (220)
=[T (ee)] [Xd Xq] = T(ee)xdq;
[%q Xq ]T =Xggq = [TT CH _ee)]_l[xu XV]T (2.21)

= T(ek - ee )Xuv

In the above relations, vector x may represent the vector of
current, flux or voltage. By using (2.15) - (2.21) in (2.14) and
(2.8), after not so complicated manipulations, the generalized
mathematical model of two-phase motor is obtained as:

uUVS:|:[RS O :||:IUVS:|+|: c)k‘](PUVS :|+i|:(PUVS:| 222
|:uuvr 0 Rr Lvr _mke‘](puvr dt | Puvr ’ (222)
01
where J :{—1 0} , O = O — O

EqQ. (2.22) can be rewritten in the form

Figure 1. Coordinate transformations

o _
Uys = Rlys + == Qus — 0 Pys;

dt
. d
Uys = Ryl +E(va T O Pys s
d (2.23)
Uy = Reiyr +acpur — (0 — )Py
. d
U, = Rs'vr +E(Pvr + (wk —(De)(Pur-
with additional equations for motor torque and fluxes:
Pplm : i
T =—" " (@i —Puelyr ) (2.24)
e Ls Lr _ L?n ((Pur vs ~ Pus VI’)
Pys = Lsius + Lmiur;
Pys = I-si_vs + Lmi_vr; (2.25)
Qur = Loy + Lyl

Oy = Lely + Liplys-

Model (2.23), (2.24) with (2.25) and (2.7) is the generalized
model. It can be used for different reference coordinate systems:
for the fixed stator frame (w=0), for the rotor frame wi=w. or
synchronously rotating frame of the electromagnetic field
Wk=M0e.

C. Clark two-phase to three-phase transformations

Since the three-phase IMs are the most frequently used in
industry, and the two-phase machine model is the most suitable
for its compactness, it is necessary to have a method for the
transformation of a three-phase into the two-phase model and
vice versa. To obtain these transformations, consider the three-
phase and two-phase coordinate systems depicted in Fig. 2.

Vector x has projections onto coordinate axes of the three-
phase (abc) and two-phase (o) coordinate systems. It is not
difficult to obtain the following transformation equations:

X, 1 0
X

X, |[=|-0.5 +0.53 {X‘*},
B

X.| |-05 -0543
x,] [1 -05 -05 7%
* = ' ' X | 2.27
{XJ [0 0543 —0.5\/5} o (227)
C
Under the requirement that the transformation must preserve

power (power must stay unchanged), it is necessary to introduce
a correction factor of 3/2. This means that the three-phase motor

(2.26)
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Fiaure 2. Two-phase to three-phase transformations

torque is 3/2 times greater than one obtained by its two-phase
model.

Il1l.  DC MOTOR MATHEMATICAL MODEL

In DC motor, stator windings generate a stationary
electromagnetic field. It is known from the electrical machine
theory that for a motion, it is necessary that alternate current
must flow in one of the motor windings. Therefore, DC motor
rotor current changes as [2]:

ig =1, COSde; g =—ising,

ig, =i (cos? 0, +5sin?0,) =i, ,
igp = I (COS O, Sin O, —sin 6, cosO,) =0

3.1)

by using a commutator on the rotor shaft and brushes, resulting
in current commutation from DC to AC.

A dynamical model of a separately excited DC motor is
obtained by replacing us =ug, iz =is, U, =Uy =0, ug =u,,

iy = iq =0, in (2.23), which yields
. d.

u. =R, + L. —1,

S S'S Sdt S

(3.2)

. d. .
u, =R, + I-_r Elr + @, Ly,
T = pmelslr = ktlr'
Since o, = py» and if constant current, is=const. feeds
stator winding, model (3.2) of a DC motor becomes linear:

u =R/, +L; %i, + k.o,

T, =k

e t'r

(3.3)

with ke and k; having identical values in the corresponding units.
Since mechanical load is applied (friction and external load), the
complete mathematical model of ED with DC motor for control
purposes is:

d. R. k 1
—i, =——L1i, o+-—U,,
dt L

S (3.4)
d k. B 1
—o=—I ——o-—T.
d 3" J 7

Since current dynamics is much faster than mechanical one,
the first equation in (3.4) becomes algebraic by assuming
di, /dt = 0. Then, solving the first equation of (3.4) with respect

to ir and replacing the solution into the second equation yields

d B 1
a(\):—(am +3)(,0+me|, —FTL, (35)
k. k k
where a,, =—JtRe ; by :J?t.
r r

In the model (3.5), the speed is the controlled (state) variable
and the rotor voltage ur is the control variable. If the shaft
position needs to be controlled, an additional equation

d
—0=0
dt

must be added to (3.5). Hence, the complete DC motor dynamics
can be expressed by standard state-space model

. 0 1
0 0 0 0
HER D) oo fre

with b, =-1/1J .

(3.6)

In the classical cascade control, the most inner current
control loop should be designed using the first equation of (3.4).
Then, the speed control loop is designed using the second
equation of (3.4), where the rotor current i, is the control
variable.

IVV. INDUCTION MOTOR MATHEMATICAL MODEL

The three-phase squirrel-cage IM is described by the
mathematical model of the seventh-order: three differential
equations for the stator, three for the rotor and one for the
mechanical part. To simplify this three-phase model, it is
transformed into the two-phase model [3] that becomes:

X=Ax+Bu , .1
with:
. T T
X =g igs: @ar» Pgr 1, U =[Ugs Ugs ],
~ ) -
R, +%
B Ly © R L, oL,
ol ¢ oL 2 oLl
2
R, +Lr I2_m
A= —® _ Ly _ O L R Ly
¢ ol oll,  olL?
R 0 R ®p — O,
L, L,
R.L R
0 £m —(0, —0,) —-—F
L L L |
111
B =EM; o=1-L12/(LL,),
%w:—(B/J)m+(1/J)Te—(l/J)T,_, “4.2)
T. =(3/ 2)(Pp Lo/ Lr)(iqs(Pdr _ids(qu) . (4.3)
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If the angle position is the output variable, an additional
equation (3.6) completes the mathematical model.

A. Field oriented control (FOC) principle 121 ]

The FOC (or vector control) principle, usually implemented
by rotor FOC, ensures decoupling of torque control and rotor
flux control. The rotor flux is aligned with the d-axis,

d
@gr =Pr» Pyr =0 A E(qu =0. (4.4)

According to (4.4), differential equation related to @qr
becomes an algebraic equation

W5 = W —Op =W = POy = I-miqs I(Trer), (4.5)
and differential equation related to ¢qr Simplifies to
Tr(br O = Lmids . (4.6)

These equations define slip frequency and rotor flux
dynamics. T, =L, /R, is the rotor time constant. The rotor flux

is generated only by the flux current component ig. Since the
rotor flux should be constant, the d-axis current controller should

ensure that iy, keeps a desired constant value i;s . In a steady
state iy = iy, , and the rotor flux can be calculated using (4.6) as

P = Lmi;s . 4.7)

Substituting (4.4) and (4.7) into (4.3), the electromagnetic
torque becomes

T. =kiigs» ki =3Py /(L5 / Ligs (4.38)

as >

As a result, the electromagnetic torque is linearly dependent
on the torque current component igs, indicating that both rotor
flux and electromagnetic torque can be controlled separately as
in separately excited DC motor.

By virtue of (4.5), (4.6), (4.7), and (4.8), and under the
assumption that the flux current controller ensures iy =i, , IM
model (4.1) — (4.4) is reduced to a third-order perturbed system,
which is given by [3]

Xf :(Af +AAf)Xf +bfu+th|,y:ngf ,

T C AT
Xt =[Xt1 Xi2 Xzl =[0n o igl,

010 0 0 0
B Kk

A =0 F F|AA=|0 (k) 0 wo)

=1 “2kb R :
00 T 30l% ol

U=Ug
i 4 ol

b =[0 0 | t,=[0 3 0] ,

gf:[l O O]

where Ty = ol /Ry is the electrical time constant. Parameter
perturbation AA; , arising due to the absence of decoupling
circuits, is matched, i.e. rank[b | AA¢]=rank[b(], whereas
the external disturbances are not.

In most IM vector control applications, two current
controllers along with decoupling circuits are used as a part of
inner control loops in addition to the position/velocity controller.
Usually, hysteresis or PI current controllers are applied [4], but
there are publications where sliding mode (SM) current
controllers are applied too [5],[6]. The resulting current
dynamics are much faster than the dynamics of mechanical part.

Further model simplification can be made if the electrical time
constant is neglected since it is usually much smaller than the
mechanical one. Model (4.9) is then reduced to a second-order
perturbed system in a controllable canonical form [3]

X = (A+AA)X+ (b+Ab)u +tT,, (4.10)
with

X:[Xl XZ]T:[em mm]T’

01 0 0
J 3L (Rl +R, L)

u=u

b{k_ﬂ,m:[o

IR,

b{k_w,m:[o

IR,

gs >

T
_kthLs
IR (RsL; +R; L) ’

T
_kthLs
IR (RLy +R; L)

In this approximated model, the matching conditions [7] are
fulfilled; rank[b;AA{Abt]=rank[b] If torque current
controller and decoupling circuits were introduced, the input
vector and perturbations in (4.10) would be AA=0 and

Ab =0, where b=[0 k; /31", which is equivalent to model

(4.2), (4.4) and (4.8). Since matching conditions hold, (4.10),
without loss of generality, can be represented as

X=AxX+bu+jv, (4.11)

where jv(t) is the matched equivalent disturbance, i.e.,
rank[b | j] = rank[b].

From the above explanation, it may be concluded that the
method of vector control enables the mathematical models of
DC motor (3.7) and IM (4.10) to be identical from the control
design aspect.

V. CAscADE CONTROL OF EDs

In EDs control practice, a cascade control structure is usually
used, Fig. 3. Motor with controlled power supply (converter or
inverter) and sensors represent controlled plant whose input is
control voltage u. The plant outputs to be controlled are:
electromagnetic torque T (current i), angular speed » and angle
position 6. To control these variables, a general control system
contains current controller Cy, speed controller C, and position
controller Cs. Each of controllers should have output saturation
in order to limit maximum permissible value of the
corresponding controlled variable. Limitation in the current
controller Cy is inherently present since supply voltage is (or
must be) limited. Limitation at outputs of the speed controller C,
and position controller Cz should be introduced by designer in
order to limit, respectively, motor current and motor speed to
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GENERAL CONTROLLER PLANT{Amplifier + M + Sensor)
C3 Cr—m. Cir—

) o B [0S <1 Uy, iy
B K i e % i

POSITION T SPEED

Figure 3. General cascade control structure of ED.

prevent over-current of motor (power supply) and over-speed of
driven mechanism. From design aspect, the loop of the lower
hierarchical level should be designed first, i.e., controller C; is
firstly designed for control of object W;. Then C, should be
designed for control of an object that represents series of W and
the equivalent dynamics of the closed-loop Cq, W1, etc.

The given structure is general, but in many publications
dedicated to EDs control can be found the separate treatment of
position (speed) control without speed (current) loop [3], [4].

The previous explanation indicates that DC and IM with
FOC, from the controller design aspect, have the identical form
of mathematical models. FOC control of IM is more complicated
than DC motor control. A general cascade control structure for
IM is given in Fig. 4, where the controlled plant in the broadest
sense includes the following blocks: FOC scheme, controlled
IM, power supply (voltage source inverter (VSI) with PWM),
position and velocity sensors. Block of FOC scheme uses Park
and Clark direct (inverse) transformation defined by matrix:

T7(0,) (T(6,))and 3/2 (2/3).

Different techniques for controller design are used in the
literature, starting from the conventional P1(D) controllers to the
predictive controllers. This paper is intended to present the
authors' experience in the control of EDs by using variable
structure control systems with SM, employing DT signal
processing. In the next section, after an introductory notation of
SM essentials, some originally developed design methods will
be presented, which are practically verified in control of EDs.

VI. DTSM CHATTERING-FREE CONTROL ALGORITHM

This section gives an introduction to SM control theory, then
concisely describes an essential chattering-free DTSM control
algorithm and a disturbance compensation method, and, finally,
gives a modification of DT control algorithm for control of EDs.

A. Introduction to SM

Since dynamics of EDs for position (speed, torque (current))
control can be approximated by the second (first) order linear
model, the following considerations are restricted only to this
class of dynamical systems.

Consider the following continuous-time (CT) plant

x(t) = Ax(t) + b(u(t) + f (1)), (6.1)

where X(t)eiRz, u(t), f(t)eR are, respectively, the state
vector, the control and the bounded external disturbance
(|f (1)< <oo,Vt20) . The pair (A, b) is assumed to be
controllable, and the matrices A, b have appropriate dimensions.

The matching conditions are satisfied since disturbance f(t) acts
through the control channel.

Let the model (6.1) be given in the controllable canonical
form, i.e. X, =X,, asin (3.7), (4.10), where the state vector is

PLANT DC Bus

slip

|  Tra ation
| e o LS i
5 T '
lcalculator - P S e AT
1

EI‘1!0<\\1«'+-€-};I-- li\/)'

Figure 4. Block diagram of the IM position control

x=[x x,1" =[6 o] (6.2)

Let the task be to control (6.1) in such a way that the system
motion satisfies the relation

g(x)=cx=0,c=[c 1], c>0, VX, t2t. (6.3)

Equation (6.3) in the state space x,0x; represents a line

Xg = —CXy <> % =—CX;. (6.4)

If the initial state is assumed to satisfy (6.3), then a stable
motion x, = x,e” occurs, which does not depend on the plant
parameters and control.

To obtain such motion for initial states not satisfying (6.3),
control u(t) should have two components: reaching control and
SM control. The reaching control should bring the system state
from any initial state and under any allowed disturbance to the
line (6.3), while SM control should keep the system motion
along that line afterward. The line g(x)=0 is denoted as sliding
line, and function g(x) is the switching function (sliding
variable). Note that the sliding variable is identical to the
controlled variable for the first order dynamical system.

In SM control theory an additionally question arises: how to
mathematically describe motion in SM, having in mind that the
control that provides SM must be discontinuous.

Since in SM the system motion is kept on g(x)=0, then the
condition g (x)=0 must hold as well. Hence

cx(t) = 0= cAX(t) +cbu®) + F (1) =0.  (6.5)

Solving (6.5) with respect to control, under assumption
cb=1, gives

u(t) = —cAx(t)- f (t). (6.6)

In the nominal case, when f(t)=0 or, if it can be fully
estimated and compensated, the control (6.6) becomes

Ugq (t) = —CAX(t) 6.7)

which represents so-called equivalent control.

In the perturbed case (6.1), the control that establishes SM is
given as

U(t) = —Ugq (t) —asgn(g), o >0, [f(t)|<c. (6.3)

The second term control component in (6.8)
u, (t) = —asgn(g) is the reaching control and is the main cause

of a parasitic motion excitation in the vicinity of the sliding line
due to its discontinuous nature. These high-frequency
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oscillations are called chattering, which is an unwanted
phenomenon in EDs control since it induces vibrations,
mechanical wearing and performance degradation.

B. DT SM controller design (1. [141. [15].[19]

For DTSM design purposes, required by digital realization,
model (6.1) has to be discretized. Usually, there are two
methods: (i) to apply the traditional DT state-space model using
zero-order hold (ZOH) and shift operator [8] or (ii) to use &-
state-space model [9]. In this paper, the 5- model is used for DT
controller design since it is well suited for higher sampling
frequencies [9], providing better accuracy of DSMC system
[10], [11]. Fast sampling is of great interest in robotic
applications for providing high-speed motion performance [12].

DT dynamical model of the nominal plant (6.1) (f(t)=0) in
delta form is

SX(KT) 2T (x((k +1)T) - x(KT))

= AX(KT) +bsu(kT) ©9)

where T is the sampling period, A; =T (A4 —1);b; =T by;
k=0, 1, 2, ... Matrices Aq and by are from the traditional DT state-
space shift model and may be obtained using single MATLAB
command [Ad,bd]=c2d(A,b,T).

Remark 1. If (A, b) is a controllable pair, the pair (As, bs) is
also controllable for almost all choices of T.

Remark 2. For the sake of brevity, notation ey stands for
o(KT) in the rest of the paper.

Remark 3. In general, if matching conditions hold for (6.1)
it does not necessarily follow that the same conditions hold for
(6.9), because the ZOH does not exists in the disturbance
channel. However, the corresponding error is O(T?) if a first-
order disturbance compensator is used [13]. Therefore, it is
reasonable to choose the sampling time T as small as possible.

Let the switching function that defines the sliding manifold
be
0y =CsXy,Cs € RVZ. (6.10)

VectorCs defines the system behavior in DTSM. Its design
will be given later. The switching function dynamics becomes
30k 2T 7 (Gea — G) = 50Xy - (6.11)
Solving (6.11) for gk+1 and replacing 0x, from (6.9) gives
Ok = Ok +TC5AsX, +Tcsbsuy . (6.12)

The DTSM is defined with the following relation [10], [14]-
[16]:

Ok =0,V (K).

Using (6.12) and (6.13), under the assumptioncsbs =1, the
DTSM controls obtained as

(6.13)

Ugy = “T7g, —CsAsXy , (6.14)

which contains two components. The first component
U =—T_1gk is the reaching control, which becomes zero

after reaching the sliding manifold g, =0. The second
component  Ug x =—C5AsX,  becomes equivalent control,

although (6.14) is at the same time the reaching and SM control.
This property is not present in CTSM.

It is evident from (6.14) that for small T and gi= 0 the control
Us,k may be very high. Since in real systems control magnitude
must be bounded, control (6.14) is modified as [11]

U = —Cs A% ~min{o, T g, [Fson(g,)  (6.152)

or [17]
U, =Ugsat{[-c5Asx, =T | gy [sgn(gi)I}. (6.15b)

sgn(e) if|e|>1
Note that |g, |sgn(gy) =0y - sat{o}:{.g () it ||:||S1

takes into account the limitations of the control magnitude.

To finish the design, it is necessary to find a vector c;. The

general comprehensive method [18] is used in this paper as a
common approach for SM subspace design.

Under assumption cgbs =1, it is obtained from [18]
cs=[ks 1]pinv[A; bs], (6.16)

where
ks = place(A;,bs, As) 6.17)

is the gain vector of conventional state feedback, needed to
provide the desired spectrum in 8-domain defined as

A5 :[7\‘510]
Ay =THEM -1),

(6.18)
(6.19)

where A is the desired real eigenvalue in CT domain. Functions
pinvand place are MATLAB commands.

As shown in [11], the system (6.9) with the control (6.15) is
robustly stable for bounded disturbances. Unfortunately, a
steady-state error appears even if a constant type of disturbance
is applied. To eliminate or lower the error, an additional integral
action was proposed in [19] as a disturbance compensator, which
is described in the next subsection

Remark 4. Another way to avoid a high initial control value
is to apply integral DTSM (IDTSM) [13]. In this case, an
integrator is added, whose initial condition is set to locate the
system initial state at the sliding line.

IDTSM is used for the control of first-order plants in this
paper. The sliding function is then defined as

ket = Ok 05 (Kisr = %4) —TAsX (6.20)
where As is a real strongly stable eigenvalue.
Using the similar procedure, DTISM control becomes
U =T gy +b5 (85 —5)%

6.21
:Tilgk + Keql Xk ( )
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C. Disturbance compensators synthesis (11 [20]. [21]

Now, consider the disturbed system (6.1), taking into
account Remark 3. The DT model becomes

X, = AsX +bs (U, +dy), (6.22)

dy = [ e"bf (K + DT —1))dt . (6.22a)

The applied control is (6.14) and the assumption csbs =1
holds. Then, by replacing (6.14) in (6.22) and further in (6.11),
g(k+1) becomes

O =Td or dy, =T g, . (6.23)

Similar results have been obtained by Chan in [22], where a
compensation algorithm was proposed.

To apply the approach [20], the value of the disturbance d,

should be reasonably well predicted from a finite number of its
previous values, which is the case with typical disturbances in a
real industrial environment. The control that theoretically
cancels the disturbance in the system (6.22) is

Ug k = U —dy. (6.24)

The procedure used to obtain (6.24) is the same as the one
used to obtain (6.14). However, such control is not feasible since
the present value of the disturbance is not known. Hence, the real
disturbance term here is replaced by a compensational term
denoted as uy . Its role is to suppress the disturbance influence

on the system state. Now, the total applied control is

Ugk =Ug +Ucy - (6.25)
The switching function dynamics is then

Using (6.14), the future value of the switching function is

gk+l =Tl.lcyk +Tdk 5 (6.27)

whereas the present value of the switching function becomes

gk = Tucyk71 +Tdk71 . (628)

Since the value of the switching function can be measured,

and the value of the previous compensational control is known,

it is possible to estimate the previous value of the disturbance as

-1

Oogta =T Ok —Ug s - (6.29)

The subscript “est” in (6.29) denotes that estimated value

may differ from the real one due to system parameter

uncertainties. If the disturbance is slowly changing, (6.29) may

be used as a reasonably good estimate of the present disturbance
value.

The corresponding compensational control is

-1
Uk = _dest,k—l = _(T Ok _uc,k—l) . (6.30a)
To obtain a better dynamic, especially to prevent chattering
in the system with unmodeled dynamics, it is not advisable to
use full compensational control (6.30), but [19]

Ugy =—(0T gy —Ugq); O<a<l.  (6.30b)

This is a recursive form of the compensational control, and
its initial value has to be set. With this compensational control,
the future value of the switching function will depend on the
difference between the real and the estimated value of the
disturbance

Oie1 =T (dy —degt 1) - (6.31)
Obviously, the better disturbance estimation is used, the
system behavior is closer to the nominal system.

The reasonable question would be how this additional
compensational control affects the stability of the nominal
system. First, consider the system with the theoretical equivalent
control (6.24). The system has the disturbance d as an input, and
the switching function g« as an output. Application of Z-
transform to equations (6.27) and (6.30), assuming zero initial
conditions, gives

29(z) =Tu,(z)+Td(2)) . (6.32)

LT (6.33)

()= T@l-z7Y

Replacing (6.33) into (6.31) and solving for g(z) yields

TG
9= - -a)

It is obvious that g(z) will be stable if 0 <o <1. This result
was obtained in [19]. For a=0 the switching function
dynamics is equivalent to the dynamics of the system without
disturbance compensation ( g, =Td,_;). For a=1 switching

function dynamics may be identified as one step delayed
difference of the disturbance scaled with factor T.

d(z). (6.34)

Remark 5. Similarly, the two previous samples of the
disturbance (dk-2 and dk-1) can be used for better estimation. In
this case, the second-order disturbance compensator is obtained
as [20]

(2z-1)z

Ucz(Z) = T(Z _1)2

(6.35)

Remark 6. Another effective approach to estimate and
compensate disturbances, named active disturbance estimation
(ADE) [23], [24], based on the model reference control method,
is depicted in Fig. 5. In the ADE, the SMC controller may
include the above DTSM controller with disturbance
compensator (6.33). Gn(z) is the nominal model of real process
G(2), d is the disturbance and ui, is the output of the main
controller.
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Figure 5.  Active disturbance estimator

D. Chattering problem

The SMC has a low sensitivity to parameter variations and
disturbances, so it is attractive for high-performance servo
systems. However, SMC quality depends on the possibility and
validity of the obtained information about the state coordinates
by using cheap sensors. That is the reason why state observers
are used in many applications. The observers provide
information about immeasurable states and can also reduce
chattering [25]. In control practice, different types of observers
are used: conventional Luenberger's observer of P-type or with
additional integral action (P1 or PI? observers [26]). There are
also observers based on the SM principle. One of the more
popular in the last decade is the observer based on the second-
order SM using the super-twisting algorithm [27]. For EDs
control, particularly for IM FOC control, the position is usually
detected by an incremental encoder. For the speed detection, an
observer or differentiator should be used. Some authors used the
third (second) order dynamical model for the position (speed)
control of EDs. Then for the implementation of SM control, it is
necessary to detect acceleration as well.

E. Modification of basic DTSM Control algorithm

The above control algorithms (6.15) could excite chattering
in a real system. To suppress high chattering amplitude, two-
scale reaching law can be used, which applies a smaller reaching
control magnitude in a predefined vicinity of the sliding
manifold [28].

Besides, the introduced integral action via disturbance
compensator (6.33) causes undesirable overshoot. To eliminate
the large overshoot, the compensator (6.33) needs also to be
activated in a small vicinity of the sliding manifold. Therefore,
as proposed in our previous works [29], [30] a modification of
the basic control algorithm, as well as disturbance compensator
(6.34), gives a high-performance DTSM-based control system.
The proposed control algorithm is described as

U,sgn(uy ), Us, >U
U ={ u;kg,( =) u;: s||u00|| (6.362)
Us k =Ueqk TUrk —Uck (6.36b)
Uk = Urgk TUrok (6.360)
Uy =T KOs IF Uy ='0° (6.36d)
Urgk =T KepGsx if Upy =1 (6.36€)
0<kipkip <L Ky +kip < (6.36f)

PLANT

X

»OBSERVER

Figure 6. General control structure of a second-order plant via DTSM.

'OI, |U>:'k |> 0/\U1’k_l='0'
i {1 [Ug i ISOAU g =T (6.360)
‘0", Jugy >0

ul,k - {'ll, I UZ’k |S 0 (636h)

O5.k .

Ug e =Ug kg T KineT P (6.361)

3,k

Kint = Kine (L+ 7 | sat(dr,) ) (6.36))

The block-structure presentation of (6.36) is given in Fig. 6.

VIl. REALIZED EDs CONTROL VIA DTSM

This section illustrates some practically realized servo
systems with DC motors and IMs, where speed and position
control have been designed by the given approach.

A. Speed control of DC servo motors [?1

Since DC motor speed dynamics can be approximated by
first-order dynamical equation (3.5), appropriate DTSM and
IDTSM controllers with combined disturbance compensator
was proposed, as depicted in Fig. 7, for high-performance
control. For details, see [21].

The experimental platform, depicted in Fig. 8, uses a DC
motor with the nominal parameters: M., = 0.22 Nm, I, =
3.7 A, Npax = 6000 min~! | k, =0.056 Nm/A , k, =
5.85 V/1000 min~t. A PWM power amplifier with the carrier
frequency of 15 kHz drives the motor. A quadrature
incremental encoder with 1000 lines is used for the position
measurement. The plant parameters are identified as: a,, =
26, b, = 654. Sampling time is T=1 ms. Parameters for the
DTSM and IDTSM are given in Table I.

Some experimentally obtained results are presented in Figs.
9 and 10, clearly indicating that the proposed approach gives
significant robustness improvement by applying disturbance
compensator (6.33) in both cases: (i) conventional SM and (ii)
integral SM control.

TABLE I. CONTROLLER PARAMETERS

Desired A Keg kp ki
DTSM 0 0.03975535 | 0.001549 0
IDTSM -50 0.035791 0.001549 0.075546
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PLANT

b (evl-1)
o {:_{‘.})

Ell

Ftz)

as=(ea? )T
ho=(ert=1)/T

K, =(t-2a)lhs b (eot-1)

kn |.-'h|:, a T

ey =-halba hy=o) /T
Disturbance compensator | = 0o/ T

Figure 7. Block scheme of IDTSM velocity servo system in linear
control mode. Disturbance compensator represents parallel connection of
the first- (6.33) and the second-order (6.35) disturbance compensators.

PC with
ED2001

A v‘; h I

[

power stage with
PWM inverter

Figure 8. Experimental platform for control of DC motor

B. Position servo system with DC servo motor [*°]
Based on (3.7), the model of the system in the error space is

. A0 1 |, | 0], |0
e—Ae+bu+df,A—{0 _am},b—[_bm},d—[l}(lz&

where: e =/[e, é]T =[ey, ez]T , g =r(t)-yt)=0,-0,
T, d? 0, d9
ft)y=—"++ r
= J dt? dt
the load torque, 6, = r(t) is the referent angular position, 6, is

the angular motor shaft position, J is the overall momentum of
inertia. Plant parameters are identified as: a,, =16, b,, = 680.

is

The model fulfills the matching conditions [7]:

rang[b | d] = rang[b] . (7.29)
Let the control be in the form:
Uk =Us’k —U|‘k, (730a)
Ug = —CsAs€ —Min{v,,w }sgn(g,),
Vi =|9,|/T; W =c+q|g,|.c=const>0, (7.30b)
g = const > 0;
0 if min{v,,w, = w, ore,,|>
Uy = o { k k} k | 2,k| p (7.300)
hgy +U; 4 if min{v,,w }=v, and |e2vk|Sp
O<p<l, O0<h<l1l/T; h=alT. (7.30d)

S2rRefarence koo

Speed, rad's

U h=neso h1=25, h2=0

Crsturbance |£ prasent
== — g disturtance action

INTSM -

[

L ABH b
E

BABH e e h1=25 h2=0 ' =
= Tl >
44r] AI J\Tuhm ca action
42H. ;.'-__.‘ Disturbance is prassnt "
A0k . Kl L e - = ¥ -
0 2 4 & 3] 10 12 14

lime, 5
Figure 9. Experimentally obtained speed responses for different

compensation configuration when disturbance f(t)=5h(t-2)sin(5t) is
applied for traditionl (DTSM) and integral (IDTSM).

0ol T v
H 13T5M
w0005k et
H :
S o :: AA "‘m
LA R A
Zaposd.... 1. hi=hz=0 | h1=25.h2=0 | b1 25 ha=5 |
Mo I‘j_'f'”rt'""""r’ action Dusturbance is presenl
N0 L i L b
0o i 2 4 10 12 14

CTime. s

Figure 10. Experimentally obtained switching function dynamics for
different compensation configurations when disturbance

A PC with an acquisition and control card realizes the digital
control algorithm. A 12-bit D/A converter feed the control signal
to the system. The sampling period of T=0.4 ms is used. DT
model of the nominal system (6.1) is

0.9968 || €«

a{ee:’kk } = {8 -15.9489}{ez,k } +[

The matching conditions (7.29) do not hold, but due to the
small sampling period, degradation of the matching conditions
may be neglected.

013571
-677.828635}”" (73D

Fig. 11 gives the block-structure of the DC-motor positional
servo system. Experimental platform is given in Fig. 8. Some
experimental and simulation results are presented in Figs. 12 to
14. Value A is set to -15, as in [11]. The switching gains are
chosen to be =10 and q=0. The controller parameters are

[Cor Cs2 |=[-0.0221 -0.0015],c;A5 = [k k,]=[0 0.0015].

All simulation and experimental results verify that the used
control approaches, enhanced by the additional disturbance
compensation, provide excellent performances.

C. Speed control of IM motors [

By using the FOC technique, IM speed control can be
effectively organized by using the method given in Subsection
7.A. Block diagram of 1M speed control system is presented in
Fig. 4, in which controller Csis not present, and Pl controllers
are used in inner current control loops.

10
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Figure 11. Structure of DC-motor position control system in linear
control mode.

100
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Time, 5
Figure 12. Referent position profile 0,(t) and the obtained motor shaft
position Oy(t) using the proposed control.
004 .
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Figure 13. Tracking error of the referent position profile (Fig. 12): the
proposed system (p=0.5, h=16): 1- simulation, 2-experiment
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Figure 14. Control signal: 1 — simulation; 2- experiment

IM is more complex than DC motor. It is a nonlinear and
highly coupled plant. Our preliminary investigations and
experiments have affirmed the possibility of using IDTSM for
speed control of IM. The IDTSM speed controller for this case
is given in Fig. 15. Block Int 1 is the switching function
integrator in equation (6.21), whose limit is set to +0.01. Block
Int 2 denotes the integrator of the disturbance compensator
(6.33). Sampling time is 0.1 ms for FOC and 1 ms for speed
control. Simulations and experiments have been conducted in
accordance with Fig. 15. Switches 1-4 in Fig. 15 are activated
when the system state enters a predefined boundary layer,
defined by |gk/<qT. Then the system, previously operating in
reduced-order SM, becomes full-order SM with disturbance

1 Disturb, com].\cna:ll(?I rj( ius
1 =y
[P JK} b
Vil ;
IA’D s
U
aspace | A
DS1104 IM
w |
ey

Figure 15. IDTSM controller for IM (left); Block diagram of experimental
setup speed control (right).

compensation after the switching. For details see [31].

IDTSM controller with disturbance compensator (6.33) with
suitably chosen gain h; gives excellent results presented in Figs
17 - 21 where comparisons with conventional Pl control are
given. Parameters of IM motor are given in Table II, and
parameters of conventional Pl and the proposed IDTSM
controllers are given in Tables Ill and IV, respectively. An
experimental setup is presented in Fig. 16 and its schematic
diagram in Fig. 15 (right).

TABLE II. RATED PARAMETERS OF THE IM1 [31]
Nominal Phase Rotor
power [W] 1500 voltage [V] 230 resistance [Q] 3.1852
Nominal Phase Total stator
speed [rpm] 2860 current [A] 3.25 inductance [H] 0.4531
Total inertia Frequency Magnetizing
[kgm?] 0.0035 [Hz] 50 inductance [H] 0.4413
Friction Stator Total rotor
coeff. 0.0022 | resistance 5.45 inductance [H] 0.4531
[Nms/rad] [Q]
TABLE Il PARAMETERS OF THE CONVENTIONAL P| TYPE CONTROLLERS
Current controllers Kp=22.3977 | K=0.87466
Speed controller Kpo=0.4443 | Ki,=0.0198
TABLE IV. PARAMETERS OF THE PROPOSED SM SPEED CONTROLLER
=-50 kp,= 0.0024978 ki=0.1218199
ko =0.12105 | ki =7.695e-04 | g=8, h=50

Figure 16. Experimental setup: PC — personal computer with Control Desk

DS - DS1103 dSPACE controller, FC1 and IM1 — frequency converter and

IM under test, FC2 and IM2 — frequency converter and IM for load torque
generation, CS — current sensors
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Figure 17. Speed response for zero reference with load T, (t) = 5sin(2nt)
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Figure 18. Tracking of reference ® (t)
T, (t) =5sin(2at).
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Figure 19. Tracking errors from Fig. 18.
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Figure 20. Tracking of pulse train +10 rad/s with load T, (t) = 5sin(2nt)

Control lsg, &

Time, 5

Figure 21. g- axis current reference, as output (control signal) of the
speed controller for Fig. 20 case

D. Cascade Control of IM [

Design and experimental results are obtained according to
structure in Fig. 6, on the experimental platform, Fig. 15, with
the nominal parameters of IM given in Table 1. FOC subsystem,
including current controllers, has sample-time 0.1 ms. The speed
controller is discretized by sample time of 0.5 ms and position
controller with 1 ms. All controllers are fully DTSM-based
according to equations (6.36) excluding (6.36j), which is used
only in the position controller.

Table V gives parameters of the controlled plants and the
corresponding controllers.

The experimentally obtained results (with mechanical load
profile T_ =5-[h(t—2) —h(t—4)+h(t—8)-sin(4nt)] are given
in Figs. 22 to 27, which indicate high-performance of the
proposed design of EDs control systems via DTSM.
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Figure 22. Position tracking
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Figure 27. Current error (current sliding variable)
TABLE V. PARAMETERS OF CONTROLLERS [29]

g-axis current controller
a=-233.8936, b= 42.8992,
Keq= —5.4521 ,c5= 0.0236,
ki =0.25,k2=0.3,
kin= 1000, Up = v2-230, B = 0.001
Speed controller

a,= —0.6286, b,= 340.7439
Keq. =—0.0015, c;= 0.0025,
ki = 012, k.=0.8
kin= 100, Uo=5.02, $ = 0.5

Position controller
A=[0, 1; 0, —500], b= [0;500]
k.= [0, —0.9373], c;= [0.0627, 0.0025],
kr1:09 k,2201
Kin= 40, Us=30, a0 =

1, B=0.001

12
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VIII. CONCLUSIONS

This paper is an overview of our investigations in the area of
EDs control by using DTSM. In order to give a complete view
to modern approaches in EDs control, an appropriate attention is
paid to the generalized mathematical model of two-phase
machine and the corresponding coordinate transformations,
which lay the modern basis of IM and PMSM control.

To simplify the position (speed) controller design,
mathematical models of DC motor and IM have been
approximated by a second (first) order dynamics, thus making
the controller design simpler.

DT controller synthesis is made by using original design
methods, known as robust DT chattering free SM control and a
comprehensive method for determining parameters of the
switching function.

Furthermore, two methods for improving robustness are
underlined in this paper. The first method uses the integral action
of the switching function to improve disturbance rejection
property and reference tracking accuracy. The second method
uses the super-twisting-like control principle as an effective
approach to disturbance rejection.

Practically realized servo systems are briefly illustrated by
the experimentally obtained results, offering the references to
the used control structures. More details of the presented
investigations can be found in the given references.

The given approach can be easily applied in control of
brushless DC motor as well as PMSM. Control of PMSM is the
next task to complete our investigation of DTSM control of EDs.
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