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THE THEORY OF DERIVATIONS
IN ALMOST DISTRIBUTIVE LATTICES

G.C.RAO and K RAVI BABU

ABSTRACT. In this paper, we introduce the concept of a derivation in an
Almost Distributive Lattice (ADL) and derive some important properties of
derivations in ADLs. Also we introduce the concepts of a principal derivation,
an isotone derivation and the fixed set of a derivation. We derive important
results on derivations in Heyting ADLs.

1. Introduction

The notation of derivation, introduced from the analytic theory, is helpful
for the research of structure and property in an algebraic system. Several authors
([5],12]) have studied derivations in rings and near rings after Posner [9] has given
the definition of the derivation in ring theory. The concept of a derivation in lattices
was introduced by G.Szasz in 1974 [14]. X. L. Xin et al. [15] applied the notion of
derivation in the ring theory to lattices and investigated some properties. Later,
several authors ([1], [3], [4], [6], [7], [8] and [17]) have worked on this concept.

In 1980, the concept of an Almost Distributive Lattice(ADL) was introduced
by U.M.Swamy and G.C Rao [4]. This class of ADLs include most of the existing
ring theoretic generalizations of a Boolean algebra on one hand and the class of
distributive lattices on the other.

In this paper, we introduce the concept of a derivation in an ADL and inves-
tigate some important properties. Also, we introduce the concept of an isotone
derivation, a principal derivation in ADLs and investigate the relations among
them. We give some equivalent conditions under which a derivation on an ADL
becomes the identity map, a monomorphism, an epimorphism. Also, we establish
a set of conditions which are sufficient for a derivation on an ADL with a maximal
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element to become an isotone derivation. We define Fizy(L), the fixed set of a
derivation d in an ADL L and prove that it is an ideal of L if d is an isotone deriva-
tion. Also, we derive a necessary and sufficient condition for Fizg(L) to be a prime
ideal of L. We prove that the set of all isotone derivations on an ADL L is itself
an ADL. We derive a set of sufficient conditions in terms of principal derivations
for an ADL to become a Heyting ADL. We introduce a congruence relation ¢,,
induced by a € L, on an ADL L and derive some useful properties of ¢,. We prove
that the set P(L) of all principal derivations on an ADL L is a distributive lattice
under pointwise operations and it is isomorphic to the lattice PZ(L) (PF(L)) of
all principal ideals (filters) of L. Finally, we prove that the lattice P(L) is dually
isomorphic to {¢,/a € L}.

2. Preliminaries

In this section, we recollect certain basic concepts and certain important results
on Almost Distributive Lattices.

DEFINITION 2.1. [3] An algebra (L,V,N) of type (2,2) is called an Almost
Distributive Lattice, if it satisfies the following axioms:
Li: (avb)Ac=(aAc)V (bAc) (RDA)
Lo: an(Ve)=(aAb)V (aNc) (LDA)
Ls: (avb)Ab=b
Ly: (avVb)Aha=a
Ls: aV(aAb)=a, for all a,b,c € L.

DEFINITION 2.2. [3] Let X be any non-empty set. Define, for any x,y € L, =V
y=x and x ANy =y. Then (X,V,A) is an ADL and such an ADL, we call discrete
ADL.

Throughout this paper L stands for an ADL (L, V, A) unless otherwise specified.

LEMMA 2.1. [3] For any a,b € L, we have

i) aVa=a.
i

DEFINITION 2.3. [3] For any a,b € L, we say that a is less than or equal to b
and write a < b, if a ANb=a or , equivalently, aV b =b.

DEFINITION 2.4. [3] For any a,b € L, we say that a is less than or equal to b
and write a < b, if a Nb=a or , equivalently, a Vb =1b.

THEOREM 2.1. [3] For any a,b,c € L, we have the following
(i) The relation < is a partial ordering on L.
(ii) aVv (bAc)=(aVb)A(aVec). (LDV)
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(iii) (avbd)Va=aVb=aV(bVa).
(i) (aVb)ANe=(bVa)Ac.

(v) The operation A is associative in L.
(vi) aNbAc=bAaAc.

THEOREM 2.2. [3] For any a,b € L, the following are equivalent.
(1) (anb)Va=a

(@) an(bVa)=

(4i7) (b/\a) Vb= b

(iv) bA(aVb)=b

(v) aAnb=bAa

(vi) aVb=bVa

(vit) The supremum of a and b exists in L and equals toaVb
(viii) there exists x € L such that a < x and b <

(i)

ix) the infimum of a and b exists in L and equals to a A b.

DEFINITION 2.5. [3] L is said to be associative, if the operation V in L is
associative.

THEOREM 2.3. [3] The following are equivalent.
(i) L is a distributive lattice.
(1) the poset (L, <) is directed above.
(i3t) a A (bV a) = a, for all a,b € L.
(iv) the operation V is commutative in L.
(v) the operation A is commutative in L.
(vi) the relation 0 := {(a,b) € L x L | a Ab = b} is anti-symmetric.
(vit) the relation 6 defined in (vi) is a partial order on L.

LEMMA 2.2. [3] For any a,b,c,d € L,we have the following
(i)anb<banda<aVb
(ii) a ANb = b A a whenever a < b.
(iii) [aV (Ve Ad=][aVbd)Vc]Ad.
(i) a <bimpliesaNc<bAc,cAha<cAbandcVa<cVb.

DEFINITION 2.6. [3] An element 0 € L is called zero element of L, if 0Aa =0
foralla € L.

LEMMA 2.3. [3] If L has 0, then for any a,b € L , we have the following
(i)av0=a, (i) 0Va=a and (iii) a N0 = 0.
(iv) a ANb=0 if and only if b Aa = 0.

An element x € L is called maximal if, for any y € L, x < y implies x = y. We
immediately have the following.

LEMMA 2.4. [3] For any m € L, the following are equivalent:
(1) m is mazimal
(2) mVaz=m forallz e L
(83) mAx =z forallxz e L.
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DEFINITION 2.7. [17] L is called an almost chain if, for any xz,y € L ,
TANy=yoryNzr=ux.
If L has a mazimal element m, then this is equivalent to x Am < yAm oryAm <
x Am for all x,y € L.

DEFINITION 2.8. [3]

(1) A non-empty subset I of L is said to be an ideal if, aVb € I for all a,b € L
andaNzx €l foranyael, x € L.

(2) A properideal P of L is called a prime ideal if for any x,y € L, x Ay € P
implies that x € P or y € P.

(3) A non-empty subset F of L is said to be a filter if, aAb € F for all a,b € F
andxVa€F foranya€e F, x € L.

THEOREM 2.4. [3] For any a,b € L we have the following

(1) (a] = {aAzx/x € L} is the smallest ideal containing ’a’ and is called the
principal ideal of L generated by ’a’.

(2) The set Z(L) of all ideals of L forms a distributive lattice under set in-
clusion in which the glb and lub of I and J are respectively INJ =1NJ
and IVJ={xVy/zrelandyecJ}

(3) (a] v (b =(aVb=(bValand (a] A (b] = (a Ab] = (bAal.

Though lattice theoretic duality principle does not hold good in an ADL, we
have the following.

THEOREM 2.5. [3] For any a,b € L we have the following

(1) [a) = {x Va/x € L} is the smallest filter containing ’a’ and is called the
principal filter of L generated by ’a’.

(2) The set F(L) of all filters of L forms a distributive lattice under set in-
clusion in which the glb and lub of F' and G are respectively by F NG =
FUGand FVG={zAy/z € F and y € G}.

(3) [a)v[p)=lanb)=[bAa)and [a) AN[b) =[aVDb)=[bVa)

(4) (a] = (8] if and only if |a) = b)

(5) The class PI(L)(PF(L)) of all principal ideals (filters) of L is a sub-
lattice of the distributive lattice Z(L)(F(L)) of all ideals (filters) of L.
Moreover , the lattice PZ(L) is 'dually isomorphic’ onto the lattice PF(L).

DEFINITION 2.9. [11] Let (L,V,A,0,m) be an ADL with 0 and a mazimal
element m. Suppose — is a binary operation on L satisfying the following conditions
for all x,y,z € L.

(1) z—=xz=m
(2) (@—=yAy=y
B)zA(z—=y)=xAyAm
) z—=yNrz)=(@—=y A(z—2)
(5) (xVy)—=z=(x=2)AN(y—2)
Then (L,V,N,—,0,m) is called a Heyting Almost Distributive lattice (HADL).
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3. Derivations in ADLs
We begin this section with the following definition of a derivation in an ADL.

DEFINITION 3.1. A function d : L — L is called a derivation on L, if
dlz ANy) = (dx ANy)V (x Ady) for all z,y € L.

ExaMPLE 3.1. The identity map on L is a derivation on L. This is called the
identity derivation on L.

ExaMpPLE 3.2. If L has 0, define a function d on L by dx = 0 for all x € L.
Then, d is a derivation on L, and it is called the zero derivation on L.

EXAMPLE 3.3. In a discrete ADL L = {0, a, b}, if we define a function d on L
by d0 =0, da = b, db = a, then d is not a derivation on L.

EXAMPLE 3.4. Let L; and Ly be two ADLs and d; and dy are derivations on L
and Lo respectively. Then, d; x ds is a derivation on L; x Ly where (dy X dq)(x,y) =
(d1z,doy), for all x € Ly,y € Lo.

LEMMA 3.1. Let d be a derivation on L, then the following hold:
(i) de < x, for any x € L
(ii) de Ndy < d(z ANy) for allx,y € L
(#3) If I is an ideal of L, then dI C I
() If L has 0, then d0 = 0.

Proor. (i) If z € L, then do = d(z Ax) = (dv A z)V (z Adr) = dz A x(by
Lemma 2.1). Therefore, dz < z.

(ii) Let &,y € L. We have d(z Ay) = (dz Ay) V (x A dy). Therefore, dz Ay <
d(x Ay). Now, by(i) above , we get that de Ady < dx Ay < d(z Avy).

(iii) If a € I, then by(i) above, da < a and hence da € I. Thus, dI C I.

(iv) If L has 0, then by(i) above, d0 < 0. Thus, 0 < d0 < 0 and hence
d0 = 0. O

THEOREM 3.1. If d is a derivation on L a discrete ADL with 0 , then d is
either a zero derivation or the identity derivation on L.

PROOF. Suppose da # 0 for some a(# 0) € L.Then, da = d(a A a) = (da A
a)V (a Ada) = da A a = a.Therefore d is either a zero derivation or the identity
derivation. O

DEFINITION 3.2. A derivation d on L is called,
(1) an isotone derivation, if da < db for all a,b € L with a < b.
(2) a monomorphic derivation, if d is an injection.
(3) an epimorphic derivation, if d is a surjection.

ExXAMPLE 3.5. Every constant map on an ADL L is an isotone map , but not
a derivation.

EXAMPLE 3.6. Let L1 = {0,z,v, 2z} be a discrete ADL and consider d; as the
identity derivation on L;. Let Lo = {0,a,b,1} be a chain and define ds on Lo by
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dor =a if x =1 and dex = x otherwise. Then ds is a derivation on Ly. Observe
that d; x ds is a non-isotone derivation on the ADL L X Lo.

DEFINITION 3.3. Let L be an ADL and a € L. Define a function d, on L by
dex =a Nx for all x € L. Then, d, is a derivation on L and is called a principal
deriwation on L induced by a.

THEOREM 3.2. FEvery principal derivation on L is an isotone derivation .

PROOF. Let d, be the principal derivation on L induced by a € L. Now, for
z,y € L with x < y, we have

dex =do(x Ny) =ahNzANy=aAzANaAy=d.xAdyy.
Thus d,z < d,y and hence d, is an isotone derivation . O

LEMMA 3.2. Suppose L has a mazimal element m. Then, (dm A x) < dx for
allx € L.

PrOOF. For x € L, dv =d(m Az) = (dm Ax)V (m Adz). Hence (dm A z) <
dz. O

COROLLARY 3.1. Suppose m is a maximal element of L and d is a derivation
on L. Then, we have ,
(1) If x € L, © > dm then dx > dm.
(2) If x € L, x < dm then dx = x.

PrOOF. (1) If z € L and x > dm then dm = (dm A x) < dx by above Lemma.
(2) If x € L and z < dm, then by above Lemma, dz = (dmAz)Vder = 2Vdz = z. O

LEMMA 3.3. Let d be a derivation on L. If y < x and dx = x then dy = y.
PROOF. Let z,y € L with y < z and dz = . Now,
dy=dynz)=(dyAz)V(yAdx)=(dyAz)V(yAzx)=(dyAzx)Vy.
Since dy < y < x, we get dy = dy A x. Thus, dy =dyVy=y. O

LEMMA 3.4. Let d be an isotone derivation on L. Then, d(zVy) < dzVdy for
allx,ye L .

PROOF. Let d be an isotone derivation on L and x,y € L. Now
dx = d[(zVy)Ax] = [d(zVy)Az]V[(xVy)Adz] = [d(xVy)Az]Vde = [d(xVy)Vdz]Az.

Since d is isotone and = < 2V y implies dx < d(x Vy). Therefore, do = d(x Vy) Az.
Also,

dy =dl(xVvy) Ayl =[dxVy) Ayl VI(@Vy) Adyl=[dzVy) Ay V[(yVz)Adyl
Since dy < y <y V z, we get (y V) Ady = dy. Thus,
dy = ld(z Vy) ANy]Vdy=I[d(xzVy)Vdy]Ay.

Now,
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d(x Vy) A (deVdy) =d(xVy) AldzVy) AV ([ldaVy)Vvdy Ayl =
[dzVy) Na]V]dzVy) Ayl =dzVy)A(zVy)=dzVy).

Therefore, d(x V y) < dz V dy. O

THEOREM 3.3. Let m be a mazximal element of L and d be a derivation on L.
Then dm = m if and only if d is the identity derivation.

PROOF. Suppose dm = m. For any x € L,
dr=dmAzx)=(dmAz)V(mAde)=(mAz)Vde=zVdr=uz.
Therefore, d is the identity map on L. The converse is obvious. O

LEMMA 3.5. Let d be a derivation on L. Then, d*x = dx for all x € L.
PROOF. For any z € L, d*z = d(dr) < dz < 2. Now,
d*r = d(dx) = d(dx A x) = (d*x Ax) V (dx A dx) = d?z V dov = du.
d

THEOREM 3.4. Let d be a derivation on L. Then, the following are equivalent.
(1) d is the identity map
(2) d(zVy)=(zVdy) A(dxVy) for all z,y € L.
(3) d is a monomorphic derivation.
(4) d is an epimorphic derivation.

PRrROOF. Clearly (1) implies (2), (3) and (4).

If (2) holds, then for any « € L, de = d(xVz) = (xVdx)A(dzVz) = x Az = x.
Therefore, d is the identity map.

Suppose (3) holds and da # a for some a € L . Write da = a;. Then,
da; € a1 < a. Now, da; = d(a; Aa) = (dag Aa) V (a1 Ada) =da; V a1 = a1 = da,
which is contradiction since d is monomorphic.

Finally suppose (4) holds and 2 € L. Then x = dy for some y € L. Now,
dr = d(dy) = d*y = dy = x. Therefore, d is the identity map. O

THEOREM 3.5. Let m be a mazximal element of L and d be a derivation on L.
Then the following are equivalent.
(1) d is isotone
(2)dz=dm Az forallz €L
(8) d(x Ny) =dz ANy forallz,y € L
(4) d(x ANy) =dx ANdy for all x,y € L
(5) d(xVy)=dxVdy for all z,y € L.

PROOF. (1) = (2): Suppose d is an isotone and x € L. Then
dr=dmAzx)=(dmAz)V(mAdr)=(dmnAzx)Vde.
Therefore, dm A x < dx. Also,

de=deNx=({dxAm)ANz<dxzAm) ANz <dnAx
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since d is isotone. Therefore, dm A x = dx.

(2) = (4): Assume (2) and z,y € L. Then d(z Ay) =dm Az Ay =dx Ady. Thus,
we get (4).

(2) = (5): Assume (2) and z,y € L. Then d(zVy) =dmA (zVy) = (dnAx)V
(dm Ay) = dx V dy. Thus, we get (5).

(4) = (1
(5) = (1): Trivial.

Thus (1), (2), (4) and (5) are equivalent.

(2) = (3): Forany z,y € L,d(z ANy) =dm Az ANy =dz Ny.

(3) = (2): Forany z,y € L, de =d(m Az) =dmAwx. O

= Trivial.
=

):
):

DEFINITION 3.4. Let d be a derivation on L. We define
Fizg(L) ={z € L/dx = x}.

THEOREM 3.6. Let L be an ADL with a maximal element m and d be an isotone
derivation on L. Then, Fixy(L) is an ideal of L.

PrROOF. By Lemma 3.5, dz € Fizq(L) for any x € L and thus ¢ # Fizg(L) C
L. Also, by Lemma 3.3, Fiz4(L) is an initial segment of L. Now, let 2,y € Fixq(L).
By Theorem 3.5, we have, d(z V y) = dx Vdy = 2 V y. Hence, Fizy(L) is an ideal
of L. O

LEMMA 3.6. Let dy and dy be two isotone derivations on L. Then di = dsy if
and only if Fixy, (L) = Fizg,(L).

PRrROOF. If d; = dy then clearly Fizy, (L) = Firg,(L) . Suppose Fixg, (L) =
Fixg,(L). For any z € L, dy(dix) = dyx, thus dix € Fizg,(L). So that dyz €
Fizg,(L). Therefore, do(dix) = dix and hence dody = dp. Similarly, we get that
dida = dy. Since dp,ds are isotones and dix < x, we get dodiz < dox thus,
dady < do. That is dy < do. By symmetry we get do = d. O

THEOREM 3.7. Let m be a mazimal element of L and D(L) be the set of all
isotone derivations on L. Then (D(L),V,A) is an ADL where for dy, ds € D(L),
(di Ndo)x = dyz ANdox and (dy V do)x = dyz V dax for all z,y € L.

PROOF. Let dy,dy € D(L) and x,y € L. Then

[(dyVdo)z] ANy = (dizVdox) ANy = (diz Ay) V (dax ANy) = di(x Ay) Vda(z Ay) =
(dl \/dg)(ﬂf/\y)

and

A (dyVd)y=a A (diyVday) = (x ANdry) V (z Aday) =
(xANdimAy)V (@ ANdem Ay) = (dimAzAy)V (dem Az Ay) =
(dix ANy) V (dex ANy) =di(x Ay) Vda(z ANy) = (di Vdo)(z Ay).

Now, (d1 Vda)(x Ay) = [(d1 Vda)z Ay] V [z A (d1 V d2)y] and hence d; V dq is a
derivation on L. Also,
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(d1Vda)x = dixVdex = (dymAz)V (demAx) = (dymVdem) Az = (d1 Vd2)mAx.
Therefore, by Theorem 3.5 d; V ds is an isotone derivation on L. Now,
(dind2)xAy = dixNdox Ny = dyzAyAdex ANy = dy(xAy)Ade(xAy) = (diAd2)(zAY).
Again,

e A(diANd)y=axANdiyNdoy =z ANdim Ay Adem Ay =
dim Az AyANdomAx ANy =di(zAy) ANda(xz Ay) = (di Ad2)(x Ay).

Therefore, (dy Ada)(z Ay) = [(di Ad2)x Ay]V [z A (di Adz)y] and hence dy A dy is
a derivation on L. Also,

(dy Nda)x = dix Ndox =diym Ax Adom Ax =dym Adam Ax = (dy Ad2)m A x.

Therefore, by Theorem 3.5, dy A do is an isotone derivation on L.
Therefore, D(L) is closed under A and V and clearly it satisfies the properties
of an ADL. |

THEOREM 3.8. Let m be a mazimal element of L and F = {Fizxq(L)/d €
D(L)}. For di,ds € D(L), if we define Fizg, (L) V Fizg,(L) = Fizg,va, (L) and
Fixg, (L)AFizq,(L) = Fixg, nag, (L), then (F,V,A) is an ADL and it is isomorphic
to D(L).

PRrooF. Define Fizy, (L)VFizy,(L) = Fizg,va, (L) and Fizg, (L)AFizg,(L) =
Fixg,nd, (L), for any di,ds € D(L). Then by Theorem 3.7, we get that F is
closed under V and A. Since (D(L),V,A) is an ADL, we can verify that (F,V,A)
is an ADL. Now, define ¢: D(L) — F by ¢(d) = Fizq(L). By Lemma 3.6,
¢ is well-defined and injective. Clearly ¢ is surjective. Also, for any di,ds €
D(L), ¢(di Ad2) = Fizg g, (L) = Fizg, (L) A Fizg,(L) = ¢(d1) A ¢(d2) and
¢(d1 Vda) = Fizg,va,(L) = Fizg, (L)V Fizg,(L). Hence, ¢ is an isomorphism. O

LEMMA 3.7. Let m be a maximal element of L and d be an isotone epimorphic
derivation on L. Then, dm is a maximal element in L.

PROOF. Let x € L. Since d is epimorphic, dy = x for some y € L. Now,
dm ANz =dm ANdy = d(m A y) = dy = x and hence dm V x = dm. Thus, dm is a
maximal element in L. (]

The following theorem gives a necessary and sufficient condition for Fizg(L)
to be a prime ideal.

THEOREM 3.9. Let m be a mazimal element of L. Then the following are
equivalent.
(1) L is an almost chain.
(2) For any isotone derivation d, Fizy(L) is a prime ideal.
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PROOF. (1) = (2): Suppose L is an Almost Chain and let d be an isotone
derivation on L. Let z,y € L such that Ay € Fixq(L). Since L is an Almost Chain
xAm <yAmor yAm < xAm. Without loss of generality assume x Am < y Am.
Then dx =de Az =deAmAz=dzAm)ANz=dzAyAm) Nz = AmAzx =z
Therefore, x € Fixg(L).

(2) = (1): Assume (2). Let z,y € L. Consider the principal derivation dga,
induced by  Ay. By Theorem 3.2, dy,, is an isotone derivation on L and dyay(z A
y) = Ay, so that Ay € Fixg,, (L). Hence, by our assumption, we get either z €
Fixg,,, (L) ory € Fizg,, (L). Without loss of generality assume = € Fiizgq,,,(L).
Now, (tAm)A(yAm)=yAxzAm=[(zAy)Ax] Am = dyry(x) Am =2 Am and
hence x A m < y A m. Therefore, L is an Almost Chain. O

THEOREM 3.10. Let m be a mazimal element of L and a € L. Then Fixg, (L)
is a principal ideal.

PROOF. Let a € L. By Theorem 3.2 and by Theorem 3.6, Fizy, (L) is an ideal
of L. Now, let x € L. Then

x € Fizg, (L) <= deyx =x <= aANx=x <=1z € (al.
Hence, Fizq, (L) = (al. O

THEOREM 3.11. If I is a principal ideal of L, then there exists unique isotone
derivation d such that Fizq(L) = 1.

PRrROOF. Let I = (a] be a principal ideal of L where a € L and d, be the
principal derivation on L induced by a. Now, we have
z € Firg,(L) <= dyx=x<=alAz =2z € (a].
Therefore, Fixg, (L) = I. Uniqueness of d follows from Lemma 3.6. g

Now, we introduce the concepts of a weak ideal and a principal weak ideal in
an ADL in the following.

DEFINITION 3.5. A nonempty subset I of L is said to be a weak ideal if it
satisfies the following.
(i)z,yel =xzVvyel
(ii)x € I,a € L and a < x implies a € I.

It can be observe that, for a € L, (a) = {x Aa/x € L} is the smallest weak
ideal containing ‘a’ and it is called the principal weak ideal generated by ‘a’ in L.

LEMMA 3.8. For a,b € L, then So(b) = {x Am/x € L,d,(x Am) <bAm} is
a weak ideal in L where d, is the principal derivation induced by a on L.

PRrROOF. Let a,b € L. We have d,(bAm) = aAbAm < bAm. Thus bAm € S,(b)
and hence ¢ # S,(b) C L. Let x,y € L such that z < y and y € S,(b). Thus,

r=xANy=xANyAm
aNcxAyAmAm=aANzAyAm<LaAyAm<bAmM
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and hence x € S, (b). Now, let z,y € S,(b). Thus,

zVy=(xAm)V(yAm)=(xVy) Am
anN(zVy)Am=(xANaAm)V(yAarm)<bAm

and hence xz Vy € S,(b). Therefore, S,(b) is a weak ideal of L. O

THEOREM 3.12. Let m be a mazximal element of L. Then the following are
equivalent.

(1) L is a Heyting ADL with a mazimal element m.

(2) Fora,be L, S,(b) has greatest element.

(3) Forae L, b€ Fixg, (L), Sq(b) has greatest element.

(4) Fora € L, b€ Fizg, (L), Sq(b) is a principal weak ideal of L.

PRrROOF. (1) = (2): Let a,b € L. We prove that (a — b) A m is the greatest
element of S, (b). Since a A (a = b) Am < bAm, we get that (a — b) Am € S, (b).
Let x Am € Sg(b). Thena Az Am <bAm. Thus, c Am < (a = 2) Am=a—
(xAm)=a— (aAzAm)<a— (bAm)=(a— b) Am and hence (a — b) Am is
the greatest element of S, (b).

(2) = (3) is trivial and
(3) = (4) follows from Lemma 3.8.

(4) = (1): Assume (4) and a,b € L. Then a Ab € Fizg, (L) since dy(a Ab) =
aNaAb = aAnb Hence, by (4), Se(a Ab) is a principal weak ideal. Write
Sao(a Ab) = (p) for some p € L. Now, define a — b = p. Clearly a — b is well
defined (since (p) = (¢) < p = q).

Now we verify that (L, V,A,—) is a Heyting ADL. Let a,b € L.

(i) Observe that S,(a) = (m). Hence a — a = m.

(ii) Since aAbAM < aAbAM, we get bAm € S,(aAb) and hence bAm < a — b.
Therefore, bAm = bAmA(a — b). Thus, (a = b)Ab = bA(a — b)Ab =bAMAb = b.

(iii) Clearly a A (@ = b) < a AbAm. Also from above, bAm < (a — b) and
hence a AbAm < aA (a—0b). Therefore, a A (a = b) =aAbAm.

(iv) By (iii), aAla = (bAc)) =aAbAcAm < aAbAm. Sothat a — (bAc) €
Sa(a Ab) and hence a — (bA¢) < a — b. Similarly we get a — (bA¢) < a — c.
Now, aA(a = b)A(a—c)=aAbAmAaAcAm=aAbAcAm and hence
(a = b)A(a— c¢) € Su(aNbAc). Therefore, (a = b) A(a = ¢) <a— (bAc).
Thus, a = (bA¢) = (a—b) A (a — ¢).

(v) Let aAm <bAm. Then aA(b—¢) <bA(b—c) <bAcAm. So that
aN(b—=c)=araN(b—c)<arbAcAm=aAcAm. Thus, b — c € S,(aAc).
Therefore, b — ¢ < a — c¢. Therefore, we get (a Vb) = ¢ < (a = ¢) A(b— ¢). On
the other hand

(aVh)A(a—=c)ANb—=c)=[an(a—=c)Ab=))]VIbA(a—=c)A(D—0)] <
[ancA(b=c)]VbAcA(a—=c)]=(arcAm)V (bAcAm)=(aVb)AcAm.

Thus, (a = ¢)A(b = ¢) € Savp((aVb)Ac) and hence (a — ¢)A(b — ¢) < (aVd) = c.
Therefore, (L,V,A,—) is a Heyting ADL. O
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THEOREM 3.13. Let P be a prime ideal of L. Then there exists a derivation d
on L such that Fixy(L) = P.

PROOF. Let P be a prime ideal of L. Choose a € P. Define , for any x € L,
de =z if v € P and dr = a A x otherwise. If z ¢ P and y ¢ P then z ANy ¢ P.
Thus, d(x Ay) =aAzAy=[(arNz) Ny]V[zA(aAy)] = (dxAy)V (xAdy). Now
assume that z € P. Then z Ay € P and (dz Ay)V (x Ady) = (x Ay)V (zANdy) =
xA(yVdy) =z ANy =d(xzAy). Therefore, d is a derivation on L. Also, if z € P
then by the definition of d, x € Fixq(L). Suppose & € Fixg(L). Then dx = z. If
x ¢ P, then z = a Az € P and hence we get € P. Thus Fizy(L) = P. O

DEFINITION 3.6. Let (L,V,A,0) be an ADL. For any a € L, define ¢, =
{(z,y) € L x L/dy(z) = do(y)} where d, is the principal derivation induced by a
on L.

LEMMA 3.9. Let L be an ADL. Then for any a € L, ¢, is a congruence relation
on L.

PRrROOF. Clearly ¢, is an equivalence relation on L. Now, let (z,¥),(p,q) € ¢q.
Then aAx = aAy and aAp = aAq. Now, aAxAp = aAxAaAp = aAyAaAg = aA\y/Aq
and a A (zVp)=(aAz)V(aAp)=(aANy)V(aAqg) =aA(yVq). Therefore,
(xAp,yNq),(xVp,yVq) € ¢, Hence, ¢, is a congruence relation on L. O

LEMMA 3.10. For any a,b € L, the following hold.
(1) danb = Pona
(2) ¢avb = ¢b\/a
(3) (ba N (bb = ¢a\/b
(4) ¢a0¢b = ¢a/\b = ¢a \ ¢b-
PROOF. Since aAbAz=bAaAzand (aVb) Az = (bVa)Ax, we get that
Ganb = Ppra a0d Qavy = Ppvae. Again,

(Z,y) Eda NPy <= aANz=aANyand bAz=bAy
— (aVb)Ax=(aVD) ANy <= (z,Y) € Pav-

Thus ¢)avb:¢am¢b~
Now, if (z,y) € ¢q0¢p, then there exists z € L such that (x,z) € ¢ and
(2,Y) € ¢pg. Sothat bAz =bAzand a Az =aAy. Now,
(aANb)ANz=aAbAz=aANbAz=bANaAz=bAaAy=aAbAy.

Thus (z,y) € ¢arp. Therefore, ¢ 00, C Panp.

Also, if (z,y) € danp , then aAbAz =aAbAy. Now take z = (bAz)V (a Ay).
Then,

bAz=bA[(bAZ)V(aAy)]=0bAZ)V(bANany)=0DbAx)V(aAbAY) =
bAz)V(aAbAz)=bAzandaNz=aA[(bAZ)V (aAy)] =
(anbAx)V(aAny)=(aANbAYy)V(aAy)=bA(aAy)]V(aAy)=aAy.
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Hence, (z,y) € ¢q0¢p. Therefore ¢anp C Pq0¢p and hence ¢a0dp = Ganp. By
symmetry and by (1) we get that ¢pod, = dpra = Panp- Hence, dopp = ¢ V. O

THEOREM 3.14. Let L be an ADL. Then, the set of all principal derivations

P(L) ={da/a € L} is a distributive lattice with the following operations,
do V dy = dovy and dg A dy = dgpp for all a,b € L.

Also, P(L) is isomorphic to PL(L) as well as PF(L).

ProOOF. Let a,b e L. For any z € L,

(do Vdp)xr =dexVdpxr=(aNz)V(bAZ)=(aVb) ANz = deyp.
Therefore, d, V dy, = davp € P(L). Also,
(da Ndp)x =doz ANdpzr =a ANz AbDAZT=aANbAx = doppe.

Therefore, d, A dy = dapy € P(L). Hence P(L) is closed under V and A and
hence P(L) is a sub-ADL of D(L). Also, for any © € L, doapz = a Ab Az =
bAaAx=dynex. Thus dysp = dpra- Therefore d, A dy = dp A dy. Hence, P(L) is
a distributive lattice. Now, define ¢ : P(L) — PZ(L) by ¥(d,) = (a] for all a € L.
By Lemma 3.6 , Theorem 3.10 and Theorem 3.11 we get that 1 is bijection. Now,
for a,b € L, ¢¥(dy Vdp) = ¥(davs) = (aV ] = (a] V (b] and ¥(dy A dp) = (dans) =
(a A b] = (a] A (b]. Therefore, ¢ is an isomorphism. Since PZ(L) is isomorphic to
PF(L), we get that P(L) is isomorphic to PF(L). O

Finally we conclude this paper with the following theorem.

THEOREM 3.15. C = {¢,/a € L} is dually isomorphic to P(L), the set of all
principal derivations on L.

PROOF. Define ¢ : C — P(L) by ¥(ds) = ¢, for all a € L.
Let a,b € L such that d, = d,. Now, for any z,y € L,

(T,Y) € pg = aNT=aNy <= dox =dyy < dpzr =dpy <= bAx =bAy <
(mvy) E(bb-

Thus ¢, = ¢, and hence 1 is well defined.
On the other hand , let ¢, = ¢p. For any x € L,

(x,aNz) € pg = (x,ahNx) Ep=bANz=bANaAx<alz,

by symmetry, we get that a Ax = b A xz and hence d, = d,. Now, for a,b € L, by
Lemma 3.10,

Y(anb) = danp = ¢aV oy = P(a)Vih(b) and P(aVb) = dave = Pa Ady = 1p(a) A (D).
Thus, 9 is a dual isomorphism. O

The authors express their sincere thanks to the referee for his valuable com-
ments and suggestions.
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