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BI-QUASI IDEALS AND FUZZY BI-QUASIIDEALS
OF I" - SEMIGROUPS

Marapureddy Murali Krishna Rao

ABSTRACT. In this paper,as a further generalization of ideals, we introduce the notion
of bi-quasi ideal of I'— semigroup as a generalization of bi-ideal of I'—semigroup. We
study the properties of bi-quasi ideal, characterize the bi-quasi simple I'—semigroup and
regular I'—semigroup using bi-quasi ideals. We introduce the notion of fuzzy bi-quasi
ideal of I'—semigroup as a generalization of fuzzy bi-ideal and we characterize the regular
I"'—semigroup in terms of fuzzy bi-quasi ideals of I'—semigroup.

1. Introduction

Semigroup, as the basic algebraic structure was used in the areas of theoretical com-
puter science as well as in the solutions of graph theory, optimization theory and in par-
ticular for studying automata, coding theory and formal languages. The notion of ideals
introduced by Dedekind for the theory of algebraic numbers was generalized by E. Noether
for associative rings. The one and two sided ideals introduced by her, are still central con-
cepts in ring theory. In 1952, the concept of bi-ideals for semigroup was introduced by
Good and Hughes [1]. The notion of bi-ideals in associative rings was introduced by La-
zos and Szasz [5]. An interesting particular case of the bi-ideal is the notion of quasi-ideal
was first introduced for semigroup and then for rings by Steinfeld [14] in 1956. The notion
of quasi ideals is a generalization of left and right ideals whereas the bi-ideals are general-
ization of quasi-ideals. Iseki [2] studied ideals in semirings. The notion of the bi-ideal in
semigroups is a special case of (m,n) ideals introduced by S. Lajos [4]. As a generaliza-
tion of ring, the notion of a I'—ring was introduced by Nobusawa [11] in 1964. In 1995,
M. Murali Krishna Rao [10] introduced the notion of a I'—semiring as a generalization of
I'—ring, ring, ternary semiring and semiring. In 1981, Sen [13] introduced the notion of a
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I"'—semigroup as a generalization of semigroup.The notion of a ternary algebraic system
was introduced by Lehmer [6] in 1932, Lister [8] introduced the notion of a ternary ring .

The fuzzy set theory was developed by Zadeh [16] in 1965. Many papers on fuzzy sets
appeared showing the importance of the concept and its applications to logic, set theory,
group theory, ring theory, real analysis, topology, measure theory etc. The fuzzification of
algebraic structure was introduced by Rosenfeld [12] with the notion of fuzzy subgroups in
1971. K.L.N.Swamy and U.M.Swamy [15] studied fuzzy prime ideals in rings in 1988. In
1982, Liu[7] defined and studied fuzzy subrings as well as fuzzy ideals in rings. Applying
the concept of fuzzy sets to the theory of I'—ring, Jun and Lee introduced the notion of
fuzzy ideals in I'—ring and studied the properties of fuzzy ideals of I'—ring. Mandal [9]
studied fuzzy ideals and fuzzy interior ideals in an ordered semiring. Kuroki [3] studied
fuzzy interior ideals in semigroups.

In this paper, as a further generalization of ideals, we introduce the notion of bi-quasi
ideal of I'— semigroup which is a generalization of bi-ideal of I'—semigroup. We study
the properties of bi-quasi ideal, characterize the bi-quasi simple I'— semigroup and regular
I"'—semigroup using bi-quasi ideals.In the section 4, we introduce the notion of fuzzy bi-
quasi ideal of I'—semigroup and characterize the regular I'—semigroup in terms of fuzzy
bi-quasi ideals of I'—semigroup.

2. Preliminaries

In this section we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

A semigroup is a non-empty set S together with an associative binary operation. An
element O of semigroup S with at least two elements is called a zero element of S if x0 = 0x
=0 for all x in S. A semigroup which contains a zero element is called a semigroup with
zero. If a semigroup S has no zero element then it is easy to adjoin a zero element O to the
set by defining 0x = x0 = 0 and 00=0, for all x in S. An element 1 of a semigroup S is called
an identity element of S if x1 = 1x =x for all x in S. A semigroup which contains an identity
element is called a semigroup with identity or a monoid. If a semigroup S has no identity
element then it is easy to adjoin an element 1 to the set by defining Ix =x1 =x and 11 =
1 for all x in S. A subsemigroup 7" of S is a non-empty subset 7" of S such that 77 C T.
A non-empty subset 7" of S is called a left (right) ideal of S if ST C T'(T'S C T'). A non-
empty subset 7" of S is called an ideal of S if it is both a left ideal and a right ideal ofS. A
non-empty subset @) of S is called a quasi ideal of S if QS N .SQ C Q. A subsemigroup
T of S is called a bi-ideal of S if T'ST C T. A subsemigroup 7" of S is called an interior
ideal of S if ST'S C T'. An element a of semigroup S is called a regular element if there
exists an element b of .S such that a = aba. A semigroup S is called a regular semigroup
if every element of S is a regular element.

Let M and I' be nonempty sets. Then we call M a I'—semigroup, if there exists a
mapping M xT'x M — M (images of (x, «, y) will be denoted by xay, x,y € M, € T)
such that it satisfies za(y5z) = (zay)Bz. forall x,y,z2 € M and o, 8 € T'.

A non-empty subset A of I'—semigroup M is called

(i) a I'—subsemigroup of M if ATA C A.
(i1) a quasiideal of M if ATM N MT'A C A.
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(iii) a bi-ideal of M if ATA C A and ATMT A C A.
(iv) an interior ideal of M if ATA C Aand MTAT'M C A.
(v) aleft (right) ideal of M if MT'A C A(ATM C A).

(vi) anideal if ATM C Aand MT A C A.

Let M be a I'—semigroup. M is said to be commutative if aab = baa, for all a,b €
M, forall & € I'. Anelement a € M is said to be idempotent of M if there exists o € I"
such that a = aaa and a is also said to be o idempotent. If every element of M is an
idempotent M then I'—semigroup M is said to be band. An element a € M is said to
be regular element of M if there exist z € M, «, 3 € I such that a = aaxfa. If every
element of M is a regular element of M then M is said to be regular I'—semigroup M.

Let M be a non-empty set. A mapping p : M — [0, 1] is called a fuzzy subset of M.
If 1 is a fuzzy subset of M, for ¢ € [0, 1] then the set i, = {z € M | u(x) > t} is called
a level subset of M with respect to a fuzzy subset p. A fuzzy subset n : M — [0,1] is a
non-empty fuzzy subset if 4 is not a constant function. For any two fuzzy subsets A and p
of M, A C pmeans A(z) < p(zx) forallx € M.

Let A be a non-empty subset of M. The characteristic function of A and it is a fuzzy
subset of M is defined by

() = 1, ifx € A;
=00, ifz ¢ A
Let 1 and ~y be two fuzzy subsets of I'—semigroup M and z,y,2 € M,a € I'. We
define
sup  {min(p(y),v(2))} :
woy(x) = r=yaz .
0, otherwise.
wNy(z) = min{u(x),vy(x)}, forallz € M.
A fuzzy subset p of I'—semigroup M is called
(i) afuzzy I'—subsemigroup of M if u(xay) = min {u(x), u(y)}.
(i) afuzzy left (right) ideal of M if p(xay) = p(y) (u(z)).
(iii) a fuzzy ideal of M if p(xay) > max {u(x), u(y)}.
(iv) afuzzy left (right)ideal of M if xps o 0 C p(po xar C p).
(iv) afuzzy bi-ideal of M if o xpr o C p.
(vi) afuzzy quasi -ideal of M if g o xar N xarop C p.

3. Bi-quasi ideals of ['—Semigroups

In this section,as a further generalization of ideals, we introduce the notion of left
bi-quasi ideal, right bi-quasi ideal and bi-quasi ideal of I'—semigroup.. We study the prop-
erties of bi-quasi ideals of I'—semigroup.

DEFINITION 3.1. Let M be a I'—semigroup. A non-empty subset L of M is said to
be left bi-quasi ideal (right bi-quasi ideal) of M if L is a subsemigroup of M and

MUTLNILTMTL CL(LTMNLTMTL CL).

DEFINITION 3.2. Let M be a I'— semigroup. L is said to be bi-quasi ideal if it is both
a left bi-quasi ideal and a right bi-quasi ideal of M.
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DEFINITION 3.3. A I'— semigroup M is called a bi-quasi simple I'— semigroup if M
has no bi-quasi ideal other than M itself.

EXAMPLE 3.4. Let Q@ and N be the set of all rational numbers and the set of all rational
numbers respectively.

a b a b
M:{(C d)|a,b,c,d€Q},F:{(c d)a,b,c,deN}

and ternary operation AaB is defined as usual matrix multiplication of A, a, B, for all
A,B € M.and o € I'. then M is aI'—semigroup R = {( g 8 > |0#£a,0£Db€ Q}
then R is a bi-quasi ideal of I'—semigroup M and R is neither a left ideal nor a right ideal.

EXAMPLE 3.5. Let

M{(S g>|a,b,c€Q}andF{<8 l;)a,b,ceN}

Ternary operation is defined as usual matrix multiplication then M is a I'—semigroup
A= ( 8 2 ) |0#a,0#be€ Q} . Then A is a bi-quasi ideal and A is not a bi-ideal
of I'—semigroup M.
THEOREM 3.6. Every left ideal of I'—semigroup M is a left bi-quasi ideal of M.
PROOF. Let L be the left ideal of I'—semigroup M. Then
MI'LC L= MILNLI'MI'L C MT'L C L.

Hence L is a left bi-quasi ideal of M. U
THEOREM 3.7. Every left ideal of I'—semigroup M is a right bi-quasi ideal of M.
PROOF. Let L be the left ideal of I'—semigroup M. Then MI'L C L. Then

LTMNLTMTLC LTMTL CLT'L C L.

Therefore LI'M N LI'MT'L C L. Hence L is a right bi-quasi ideal of M. (|
COROLLARY 3.8. Every left ideal of I'—semigroup M is a bi-quasi ideal of M.
THEOREM 3.9. Every quasi ideal is a bi-quasi ideal of I'—semigroup

PROOF. Let L be a quasi ideal of I'—semigroup M. Then LI'MNMT'L C L. We have
LTMTL C LT M, since MI'L C M. Therefore MI'LNLTMI'L C MTLNLT'M C L.
Similarly we can prove every quasi ideal is a right bi-quasi ideal. Hence every quasi ideal
is a bi-quasi ideal of I'—semigroup of M. O

THEOREM 3.10. Every bi-ideal of I'—semigroup M is a bi-quasi ideal of M.

PROOF. Let L be a bi-ideal of I'—semigroup M. Then LI'MT'L C L. Therefore
MULNLIMI'L C LT'MT'L C L. Every bi-ideal is a left bi-quasi ideal. Similarly we
can prove bi-ideal is a right bi-quasi ideal. O

THEOREM 3.11. Arbitrary intersection of bi-quasi ideals of I'—semgroup M is either
empty or a left bi-quasi ideal of M.
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PROOF. Let M be a I'—semigroup and L = [ L;, where L; is a bi-quasi ideal of M

icl
for all 2. Obviously L is a subsemigroup of M Therefore MI' N L, N NL,TMT' N L; C
MTI'L;NL,I’MTL; C L;,forall ¢ € I implies MI'N L, "NNL;,I’'MT'NL; CNL;. Hence
L is a left bi-quasi ideal of I'—semigroup M .Similarly we can prove L is a right bi-quasi
ideal. (|

COROLLARY 3.12. If L is a left ideal and R is a right ideal of I'—semigroup M then
L N R is a bi-quasi ideal of I'—semgroup M.

THEOREM 3.13. Let M be a I'—semigroup.Then the following statements are equiv-
alent
(1) M is a bi-quasi simple I'—semigroup M.
(i) MT'a= M, foralla € M
(iii) (a) = M, for all a € M where (a) is the smallest bi-quasi ideal generated by a

PROOF. Let M be a I'—semigroup

(i) = (ii) Suppose that M is a bi-quasi simple I'—semigroup, a € M and L = MTa. Then

L is aleftideal. Therefore by Corollary 3.8, L is a bi-quasi ideal of I'—semigroup
M. Hence MT'a = M, for all a € M.

(i) = (iii) Suppose that MT'a = M, for all @ € M and (a) is the smallest bi-quasi ideal
of M containing a. Then MTa C (a) € M = M C (a) € M. Therefore
M = (a).

(iii) = (i) Suppose (a) is the smallest bi-quasi ideal generated by a, (a) = M, foralla € M
and A is a bi-quasi ideal of M and a € A. Then (a) € A C M. Therefore
A = M. Hence M is a bi-quasi simple I'—semigroup.

O

THEOREM 3.14. Let M be aI'—semigroup. Then M is a bi-quasi simple I'—semigroup
ifand only if MT'a Nal’'MT'a = M, forall a € M.

PROOF. Let M be a I'—semigroup. Suppose M is a bi-quasi simple I'—semigroup
and a € M. By Corollary 3.12, MT'a N al'MT'a is a bi-quasi ideal of I'—semigroup
M. Therefore MTI'a N al'MTI'a = M, for all @ € M, since M is a bi-quasi simple
I'—semigroup.

Conversely suppose that MT'a N al’MT'a = M, for all a € M. Let T be a bi-quasi
ideal of I'—semigroup M and a € T.

M =MTI'anNnael'MI'a C MTT NTTMIT CT CM
Therefore M = T'. Hence M is a bi-quasi simple I'—semigroup. O

THEOREM 3.15. Let M be a I'—semigroup. If M = MTa, for all a € M then every
left bi-quasi ideal of I'—semigroup is a quasi ideal.

PROOF. Suppose M is a I'—semigroup with M = MTa, forall a € M and L is a left
bi-quasi ideal of I'—semigroup. Then MI'L N LI'MT'L C L. Leta € L. Thus MT'a C
MT'L and M C MI'L C M. Finally, MI'L = M. Therefore MI'L N LI'M C L. 0
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COROLLARY 3.16. Let M be a I"'—semigroup. If M = MTa, for all a € M then
every bi-quasi ideal of I'—semigroup is a quasi ideal.

The following two theorems are wellborn theorems on I'—semigroups.

THEOREM 3.17. Let M be a regular I' - semigroup. Then every quasi ideal of T’
-semigroup M is an ideal of T - semigroup M.

THEOREM 3.18. M is a regular T'—semigroup if and only if ATB = AN B, for any
right ideal A and left ideal B of T'—semigroup M.

THEOREM 3.19. Let M be a regular I'—semigroup. Then every left bi-quasi ideal of
T - semigroup M is an ideal of " - semigroup M.

PROOF. Let M be a regular I'—semigroup and L be a left bi-quasi ideal of I - semi-
group M. Then MT'L N LI'MT'L C L. We know that LI'M and MT'L are right ideal and
left ideal of I'—semigroup M. By Theorem 3.18, we have LM TMTL = LM N MTL.
Therefore LI'M "MT'L = LTMTMI'L C MTL and L'MNMTL = LTMTMT'L C
LTMT'L Hence LI'M N MT'L C MTL N LTMI'L C L. Thus L is a quasi ideal of
I'—semigroup M. Therefore, by Theorem[3.17]. L is an ideal of I'—semigroup M. U

COROLLARY 3.20. Let M be a regular I'—semigroup. Then every bi-quasi ideal of
I'—semigroup M is an ideal of T'—semigroup M.

THEOREM 3.21. Let M be a I'—semigroup. M is a regular I'—semigroup if and only
if B= MI'BN BI'MT'B for every left bi-quasi ideal B of M.

PROOF. Suppose B is a left bi-quasi ideal of a regular I'—semigroup M. and x € B.
We have MT'BN BI'MTI'B C B, since B is a left bi-quasi ideal of M. As M is a regular,
there exist y € M, «, € T such that x = zaypz. Then x € MT'B and BT MTB.
Therefore B C BI'MT'B N MI'B. Hence BT MI'BN MI'B = B.

Conversely suppose that B = MT'B N BT'MT B, for any left bi-quasi ideal B of M.
Let R and L be right ideal and left ideal of M respectively. Then by Corollary 3.12, RN L
is a bi-quasi ideal. Then

RNL=MI(RNL)N(RNLIMI(RNL)
C (RNL)TMT(RN L)

C RTMTL

C RTL.
We have RI'LL C L and RT'L C R. Therefore RI'L. C RN L. Hence RI'L = RN L. By
Theorem [3.18] , M is a regular I'—semigroup. U

COROLLARY 3.22. Let M be a I'—semigroup. M is a regular I'—semigroup if and
only if B= MT'B N BT MT'B for every bi-quasi ideal B of M.
4. Fuzzy bi-quasi ideals of I'—semigroups:

In this section we introduce the notion of fuzzy bi-quasi ideal as a generalization of
fuzzy bi-ideal of I'—semigroup and study the properties of fuzzy bi-quasi ideals
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DEFINITION 4.1. A fuzzy subset p of I'—semigroup M is called a fuzzy left (right)
bi-quasi ideal if xps o N o xpr o C /,L(/,LOXJW NpoxapopC N)-

A fuzzy subset p of I'—semigroup M is called a fuzzy bi-quasi ideal if it is both a
fuzzzy left bi-quasi ideal and a fuzzy right bi-quasi ideal of M.

EXAMPLE 4.2. Let ) be the set of all rational numbers,

M{(g lc)>|a,b,c€Q}andF{<g i)a,b,cEN}

Ternary operation is defined as the usual matrix multiplication then M is a I'—semigroup.

If A = {( 8 2 ) |a,0#b¢€ Q}, then A is a bi-quasi ideal but not a bi-ideal of

1 ifzeA, .
I'—semigroup M. Define p : M — [0, 1] such that p(z) == ne . Then uis
0, otherwise.

a fuzzy bi-quasi ideal of M.

THEOREM 4.3. Every fuzzy left ideal of T'—semigroup M is a fuzzy bi-quasi ideal of
M.

PROOF. Let p be a fuzzy left ideal of I'— semigroup M and x € M.
Xar o pw) = sup {minfxa(a), p(b)}}

r=acx

= supb{min{ Lu(b)}}

r=acx

= sup {u(b)}

r=aob

< sup {u(aab)}

r=aab
= wilﬁb{”(x)}}
= p(x)
= xmop(r) <

().
poxaen(z) = sup {min{u(u) xaren(oB}) < sup {min{ulu) n(us)}} =
(). Therefore xpr o N o xar o C . Now pro xar N o xar o p(x) = min{p o
X (), poxarop(z)} < p(x). Hence p is a fuzzy bi-quasi ideal of M. O

THEOREM 4.4. Every fuzzy right ideal of I" - semigroup M is a fuzzy bi-quasi ideal
of M.

PROOF. Let i be a fuzzy right ideal of I'— semigroup M and x € M.
poxn(x) = sup min{u(a), xar(b)}

r=aab

= sup pu(a)
r=aab

< sup p(aad)

r=aab

= p().
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Therefore p o xar(z) < p(z). Now

poxmop(x)= sup min{poxn(uav),u(s)}

rz=uavfBs

< sup  min{u(uav), u(s)}

r=uavfBs
= p(z)

and

po xar Mo xar o p(x) = min{p o xar (@), o xar o p(@)} < p(w).

Therefore 1 is a fuzzy right bi-quasi ideal of I'— semigroup M. Similarly we can prove
Xnm o N poxar op C p. Hence p is a fuzzy bi-quasi ideal of M. (]

THEOREM 4.5. Let M be a I'—semigroup and 1 be a non-empty fuzzy subset of M.
Then  is a fuzzy bi-quasi ideal of I'— semigroup M if and only if the level subset ;. of i
is a bi-quasi ideal of T'— semigroup M for every t € [0, 1],

PROOF. Let M be al'— semigroup and p be a non-empty fuzzy subset of M. Suppose
w is a fuzzy bi-quasi ideal of I'— semigroup , u+ # ¢,t € [0,1] and a,b € ps, a0 € T.
Letx € MT s N 'MT py. Then x = baa = cfBdye, where b,d € M, a,c,e € u and
a, B,y € I'. Then

X o p(x) = tand pioxar o pu(x)

>t

=p(x) > (xpropNpoxa op)(z) >t
Therefore © € . Hence i is a left bi-quasi ideal of M.

Similarly we can prove p, is a right bi-quasi ideal of M. Conversely suppose that p; is
a bi-quasi ideal of I'—semiring M, for all t € Im(u). Letz,y € M, p(z) = t1, p(y) = to
and t; > to. Then z,y € p, and zay € p, = plxay) > to = min{u(z), p(y)}.
We have M Ty Ny T'MTp; C py, forall I € Im(u). Suppose t = min{Im(u)}. Then
MT py O ppe 'MT 1y € . Therefore xar o N o xar o 0 € p. Hence i is a fuzzy left
bi-quasi ideal of I'— semigroup M.

Similarly we can prove p is a fuzzy right bi-quasi ideal of I'—semigroup M. ]

THEOREM 4.6. Let I be a non-empty subset of a I'—semigroup M and x1 be the
characteristic function of I. Then I is a bi-quasi ideal of I'—semigroup M if and only if
X1 is a fuzzy bi-quasi ideal of I'—semigroup M.

PROOF. Let I be a non-empty subset of a I'—semigroup M and x; be the character-
istic function of I. Suppose I is a bi-quasi ideal of I'—semigroup M. Obviously x; is a
fuzzy I'—subsemigroup of M. We have MT'I N IT'MTI'I C I. Then

XM O X1 N XroXm©oXT = XMmrr N XITMTT = XMTINITMTI € XTI

Therefore x is a fuzzy left bi-quasi ideal of I'—semigroup M. Similarly we can prove x
is a fuzzy right bi-quasi ideal of I'—semigroup M. Conversely suppose that y; is a fuzzy
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bi-quasi ideal of M. Then I is a I'—subsemiring of M. We have

XM o x1MNxroxmoxr<xr
=Xmr1 N xirmrr € X1
=Xmrinirmrr € X1

Therefore MT'I N IT'MT'I C I. Hence [ is a left bi-quasi ideal of I'—semigroup M.
Similarly we can prove [ is a right bi-quasi ideal of I'—semigroup M. Therefore [ is
a fuzzy bi-quasi ideal of I'—semigroup M. (]

THEOREM 4.7. If i and X are fuzzy bi-quasi ideals of I'—semigroup M then pN X is
a fuzzy bi-quasi ideal of I'— semigroup M.

PROOF. Let i and X be fuzzy left bi- quasi ideals of I'— semigroup M and z € M.
Then

xar o pNA(x) = sup {min{xar(a), pNAb)}}

rz=aab
= Iilir;b{min{xM(a)7 min{y(b), A(b)}}}
= Isztigb{min{min{w(a% p(b)}, min{xar(a), \(b)}}}
= min{ziﬁ {min{xar(a), u(b)} ,mszhgb{min{w(a), A(b)}}}

= min{xas o p(z).xn o A(x)}
= Xar © N xar © A()

Therefore
XM O NA=xar0pN X oA
and

pnXoxa opNA(x)
= I:Sivlzﬁc{min{u NA(a), xar © LN A(bBe)}}
= wf;fﬁ,@c{min{“ N A(a), Xm0 1N xar o A(bBe)
= mzsigﬁc{min{min{u(a), A(a)}}, min{xas o pu(bBe), xar 0 A(bBe)}}
= zzstllarzﬁc{min{min{u(a), Xum © p(bBe)}}, min{A(a), xar o A(bBc)}}
= min{wzsipwc{min{u(a% X o p(bpe)}}, S min{A(a), xar © A(bBc)}}}

= min{z o xar 0 (), Ao xar 0 A(z)}
=poxmopmunNAoxn o).
Therefore N AoxpopuNA=poxyopunNAioxy o\ Hence

XMOopuNANuNAoxpyropuNA=
(xar o) N (o xar o ) N (xar 0 A) N (Ao xar o A) S p A
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Hence p N A is a fuzzy left bi-quasi ideal of M.
Similarly we can prove p N A is a fuzzy right bi-quasi ideal of I'—semigroup M.
Therefore p N A is a fuzzy bi-quasi ideal of I'—semigroup M. O

THEOREM 4.8. Let p and \ be fuzzy right ideal and fuzzy left ideal of I'— semigroup
M respectively. Then p N X is a fuzzy bi-quasi ideal of I'— semigroup M.

PROOF. Let p and A be fuzzy right ideal and fuzzy left ideal of I'— semigroup M
respectively. Then By Theorem 4.7, we have

X o (N A) = xaropuNxm oA
and
pOAXoxpopuNA=poxpopunNAoxa oA
= xmo(@NA)NuNioxyopunA
= (xar o) N (o xar o) N (xar 0 A) N (Ao xaroA)
CpunAi

Hence p N A is a fuzzy left bi-quasi ideal of I'— semigroup M. Similarly we can prove
1N Ais a fuzzy right bi-quasi ideal of I'—semigroup M. Hence the theorem. U

The following two theorems are well-known theorems in I'— semigroups. So we omit
the proofs.

THEOREM 4.9. If n is a fuzzy quasi-ideal of a regular I'—semigroup M then p is a
fuzzy ideal of M.

THEOREM 4.10. A I'— semigroup M is a regular if and only if Ao n = AN, for any
Sfuzzy right ideal \ and fuzzy left ideal p of M.

THEOREM 4.11. Let M be a I'—semigroup. Then M is a regular if and only if p =
XM © N o xar o, for any fuzzy bi-quasi ideal p of I'—semigroup M.

PROOF. Let i be a fuzzy bi-quasi ideal of regular I'—semigroup M.
Then xprop N o xarop C p.

xmop(z) = sup {min{xm(zay),pu()}} = pu(x)

r=zayfx
froxn o pfx) = sup {min{p(z), xnm o pu(yBz)}}

= sup {min{u(x), sup min{xar(r),u(s)}}}
r=zayfr yBr=rds

= sup {min{u(x), sup min{l,pu(s)}}}
r=zayfx yBx=rds

> m:ilisﬁm{min{#(x), ()}

= p(z).

Therefore x pr o N o x pr o = p. Conversely suppose that po = x a7 0 N o x ar 0 4, for
any fuzzy bi-quasi ideal p of I'—semigroup M. Let B be a bi-quasi ideal of I'—semigroup
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M. Then by Theorem 4.6, x g is a fuzzy bi-quasi ideal of I'—semigroup M. Therefore
XB = XM©OXBMNXBOXMOXB = XMrB( XBrMIB

and B = MT'B N BI'MT' B. By Theorem 3.21, M is a regular I'— semigroup. t

THEOREM 4.12. Let M be a regular I'— semigroup. Then y is a fuzzy bi-quasi ideal
of M if and only if p is a fuzzy quasi ideal of M.

PROOF. Let p be a fuzzy bi-quasi ideal of I'— semigroup M and x € M. Then
XmMopnpoxmops

Suppose xas © p(xz) > p(x). Since M is a regular, there exist y € M, «, 8 € T such that
x = xayfz. Then

poxarop(e)= sup  min{u(zay), xar o p(x)})

r=zxayfx

> sup  min{u(zay), u(z)}

r=zxaypfx
= p(z)
Which is a contradiction. Therefore p o xar N xar ©  C p. By Theorem 4.9, converse is
true. (]

THEOREM 4.13. Let M be a I'— semigroup. Then M is a regular if and only if
pwNy CyopNpoyo u, for every fuzzy bi-quasi ideal v and every fuzzy idealy of T'—
semigroup M.

PROOF. Let M be a regular I'— semigroup,u be a fuzzy bi-quasi ideal,y be a fuzzy
ideal and z € M. Then there exist o, 8 € I' and y € M such that x = zayfz.
poyopu(x)= sup {min{uoy(y), u(z)}}

r=ydz
= sup {min{po~vy(zay),p(z)}}

r=zxayfx

> min{ sup {min{u(x),v(yBray)}, p(z)}}

zay=zayfray
> min{min{u(z), y(x)}, p(x)}
= min{u(z),v(x)}
= puNy(x).
Therefore puN~y C po~yo pu.
v o pulz) = Isigb{mm{v(a), () }}

= sup {min{fy(:vay),,u(x)}}

r=zayfzr
> min{y(z), p(z)} = p0y(z).
Hence uyNy CyopuNuoyo .
Conversely suppose that the condition holds. Let p be a fuzzy bi-quasi ideal of
I"'—semigroup M.
POYXM S X O M Lo XA O p
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Therefore p+ C xparopNpoxas o p. By Theorem 4.14, M is a regular I'— semigroup. [

5. Conclusion

As a further generalization of ideals, we introduced the notion of bi-quasi ideal of I'—
semigroup as a generalization of bi-ideal of I'—semigroup and studied the properties of
bi-quasi ideals, characterized the bi-quasi simple I'—semigroup and regular I'—semigroup
using bi-quasi ideals.We also introduced the notion of fuzzy bi-quasi ideal of I'—semigroup
as a generalization of fuzzy bi-ideal and characterized the regular I'—semigroup in terms
of fuzzy bi-quasi ideals of I'—semigroup.We plan to study maximal and minimal bi-quasi
ideals of I'— semigroup.
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