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ABSTRACT. The setting of this article is Classical algebra and Bishop’s con-
structive algebra (the algebra based on the Intuitionistic logic). The Esakia’s
concept in the classical mathematics of strongly isotone mapping between or-
dered sets is extended onto two different concepts of mappings: on the concept
of weakly isotone and the concept of strongly reverse isotone mapping of rela-
tional systems. Some characterizations of those mappings are given and some
application of those mappings in ordered semigroup theory are given.

1. Introduction

This investigation in Classical algebra and in Bishop’s constructive mathemat-
ics (in sense of well-known books [1, 2, 3, 7, 8, 13| and papers [9, 10, 11]) is a
continuation of the author’s paper [12].

Bishop’s constructive mathematics is develop on Constructive Logic / Intuition-
istic Logic - logic without the Law of Excluded Middle PV —P. Let us note that in
the Intuitionistic Logic the 'Double Negation Law’ P <= == P does not hold, but
the following implication P = ——P holds even in the Minimal Logic. Since the
Intuitionistic Logic is a part of the Classical Logic, these results in the Constructive
mathematics are compatible with suitable results in the Classical mathematics. Let
us recall that the following deduction principle AV B, - B F A is acceptable in the
Intuitionistic Logic.

Let (A,=,#) be a set in the sense of books [1, 2, 3, 7, 8, 13] , where '#’ is a
binary relation on A which satisfies the following properties:
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@A)ty yte, ot a Ay VYt sEYAy—z—a iz,
called apartness (A. Heyting, [7]). Let Y be a subset of A and x € A. The subset
Y of A is strongly extensional subset in A if and only if (Vz € X)(y €Y = y #
zVaeeY)([1], [8]). For x € A the subset C,(x) = {t € A :t #4 z} is the
principal strongly extensional subset of A generated by the element .

Let ¢ : (A,=,#) — (B,=,#) be a mapping. We say that it is ¢ is strongly
extensional, in short se-mapping, if (Va,b € A)(p(a) # ¢(b) = a # b) holds.

Let « € Ax Band 8 C BxC berelations. The filled product ([9]) of relations
«a and S is the relation

Bxa={(a,c)e AxC:(vbe B)((a,b) €V (b,c) € 5)}.
A relation o on A is an co-order ([5, 9, 10, 11]) on A if and only if
aC# aCa*rxa, #C aUa™ 1.
In that case, for (A, a) we say co-ordered relational system.
Asin [5, 9, 10], a relation 7 C A X A is a co-quasiorder on A, and (A, T) is a
co-quasiordered relational system, if and only if
TC(Ca)# 7CTxT.

For undefined notions and notations we refereed to the books [1, 2, 3, 7, 8, 13]
and to articles [5, 9, 10, 11].

What is specificity in this text? In the first place, it is the application of the
Intuitionistic Logic instead of the Classical Logic. In mathematics based on the
Intuitionistic logic, there is a need to determine the so-called negative concepts
through a positive approach. This aspect fragmented classical concepts in a num-
ber of different concepts mutually inequivalent within mathematics founded on the
Intuitionistic logic. For example, the classical concept of order (quasi-order) rela-
tion < C A x A on a set A in the Constructive mathematics is divided into the
associated pair of concepts: order and co-order (co-quasiorder) relation £ C A x A.
Of course, there is a need to understand their mutual connections.

New in this article are:

- Introduction of the concept of weakly isotone mapping;

- Introduction of the concept of strongly reverse isotone mapping;

- Characterizations of weakly isotone (strongly reverse isotone) mapping: Theorem
3.2 (Theorem 3.1) and Theorem 3.3; and

- Characterization of weakly isotone (strongly reverse isotone) mapping linking this
mapping with the lower and the upper cones (Theorem 3.4).

2. Definition and preliminaries

Let ¢ : (A,a) — (B, 8) be a mapping of relational systems.
- ¢ is called isotone if
(Va,y € A)((2,y) € a = (¢(x), ¢ (y)) € B);
-  is called reverse isotone if and only if
(v, y € A)((p(x), 0(y) € B = (z,y) € ).
Define
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71 (B) ={(z,2') € Ax A: (p(2), (")) € B}.
It is easy to see that ¢ is:
- isotone if and only if @ C p~1(3);
- reverse isotone if and only if =1(3) C a.
Let us note if ¢ : ((A,=,#),) — ((B,=,#),0) is a se-mapping of co-
quasiordered systems, then the relation

71 (B) ={(z,y) € Ax A (p(2), ¢(y)) € B}

is also a co-quasiorder in A. Particulary, since apartnesses are relations on sets, in
case of mapping ¢ : (A,#4) — (B, #p) we have:
- ¢ is an isotone mapping if and only if

(Vz, 2’ € A)(x #a 2" = @(x) #a p(z'))
holds. In Constructive mathematics, in this special case, for mapping ¢ we say
that it is an embedding.
-  is a reverse isotone mapping if and only if

(va,a’ € A)(@(x) £5 p(a')) = @ #4 2')
holds. So, in this case, reverse isotone mapping is a se-mapping.

Let (A, «) be a relational system. For a binary relation o on A and a € A
denote Uy(a) = {t € A : (a,t) € a} and L, = {t € A : (t,a) € a}. The set
U, (a), the left class of « generated by a, is called upper class generated by a; the
set Lo (a), the right class of « generated by a, is called down class generated by a.
In case v =# 4, we have Uy, (z) = Cx, (x) for any = € A.

The following two lemmas show what kind of connections exist between map-
pings of relational systems and down and upper classes of those relational systems.

LEMMA 2.1. If ¢ is a reverse isotone surjective mapping, then Ug(p(z)) C
P(Ua(z))-

PRrROOF. Indeed, let z € Ug(p(x)), i.e. let (p(x),2) € 5. Since ¢ is a surjective
mapping, then there exists an element ¢ of A such that z = ¢(t) and (¢(z), p(t)) €
B. Since @ is a reverse isotone mapping, we have (z,t) € a. Thus, t € U,(x) and

z=¢(t) € p(Ua(2)). O
LEMMA 2.2. If ¢ is an isotone surjective mapping, then Ug(p(x)) D @(Uq(x)).

PROOF. Indeed, let z € (U, (z)). Then, there exists an element ¢ of A such
that z = p(t) and (z,t) € a. Since ¢ is a isotone mapping, we have (p(z), ¢(t)) € 8.
Thus, z = ¢(t) € Us(p(z)). O

For a strongly extensional and embedding mapping ¢ : (A,#4) — (B,#5),
particulary, we have

P(Coy (1)) = Cotp(p(2))-

Let RC X xY and S CY X Z be relations. With 'o’ we denote composition
between relations in the following sense

SoR={(z,2) e XxZ:FyeY)(z,y) e RA (y,2) €S9} .
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Assertions exposed in the main theorem of paper [9] and review’s comment
on article [12] are motivations for this investigation. The following theorem is the
main result of paper [10] (For mapping ¢ : A — B we say that it is U-mapping if
and only if Ug(p(z)) = ¢(Ua(x)) holds for any element z € A):

THEOREM 2.1. ([10], Theorem 2.2) Let (A,«) and (B, ) be co-quasiordered
relational systems and ¢ : A — B a surjective se-mapping. Then:
(1) ¢ is an U-mapping if and only if « C ¢~ *(B) C Kerypoa holds.
(2) ¢ is an U-mapping if and only if ~1(8) € a C Kery oo~ 1(3) holds.

Strongly isotone mappings, in classical mathematics, were introduced by Esakia
in his well-known article [6]. Recall that a mapping ¢ of an ordered set (A, <4) into
an ordered set (B, <p) is said to be strongly isotone in classical sense if p(x) <py
holds for (x,y) € A x B if and only if there exists 2’ € A such that z <4 2’ and
e(@') =y.

For our needs, a weakly isotone (a strongly reverse isotone) mapping of a re-
lational system into another one is a special case of a strong homomorphism of
relational systems in the sense of papers [6, 10, 12] modified for our needs.

DEFINITION 2.1. Let ¢ : A — B be a mapping of a relational system (A, «)
into a relational system (B, 8). It is said that ¢ to be:
- weakly isotone if (¢(z),y) € B holds for (x,y) € A x B if there exists 2’ € A such
that (z,2") € @ and p(2') = y;
- strongly reverse isotone if (¢(x),y) € B holds for (x,y) € A x B than there exists
an element 2’ € A such that (z,2’) € a and ¢(2’) = y.

Let us note that in our special case, a mapping ¢ : (A, #4) — (B, #p) is:
- a weakly isotone if p(z) #p y holds if there exists an element 2’ € A such that
z#a 2" and (') = y;
- a strongly reverse isotone if the following implication holds
o(x) #py = (I’ € A)(z #a 2" A p(z') =y).
In the following proposition we show connection between isotone (reverse iso-
tone) and weakly isotone (strongly reverse isotone) mappings.

THEOREM 2.2. Let ¢ : A — B a mapping from relational system (A, ) into
relational system (B, ). Then:

(1) If ¢ is weakly isotone mapping, then ¢ is an isotone mapping.

(2) If ¢ is reverse isotone mapping, then ¢ is a strongly reverse isotone mapping.

PROOF. (1) Let ¢ be a weakly isotone mapping and let z, z’ arbitrary elements
of A such that (z,z") € «. Since ¢ is a correspondence, then z, 2" € domp and there
exists an element y € B such that (2',y) € ¢. Thus, (z,y) € p o «. Since p is a
weakly isotone mapping, then (¢(z),y) € B. Therefore, we have (¢(z), p(z')) € S.
So, the mapping ¢ is an isotone mapping.

(2) Let ¢ be a reverse isotone mapping and let (p(z),y) € B for (z,y) €
A x imep. Then, there exists an element 2’ € A such that (2/,y) € ¢. Since ¢
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is a reverse isotone mapping, then from (p(z),¢(2')) € B we have (z,2') € a.
Therefore, there exists an element ' € A such that (z,2') € a and ¢(2’) = y.
Thus, the mapping ¢ is a strongly reverse isotone mapping. O

So, the notion of weakly isotone mapping is weaker then notion of isotone
mapping and the notion of strongly reverse isotone mapping is stronger then notion
of reverse isotone mapping.

In the next section we analyze some characteristics of weakly isotone and
strongly reverse isotone mappings between relational systems. In addition, we
prove Theorem 3.4 as a generalization of well-known Easkia’s theorem.

All material exposed here, in this paper, is acceptable in the classical math-
ematics. We used classical notions. The use of specific constructive notions is in
Theorem 2.1 only. The difference between constructive approach and classical ap-
proach is in use the Intuitionistic logic instead the classical logic. But, since the
Intuitionistic logic is a part of the Classical logic, all propositions proved here are
acceptable and in the classical domain.

3. The main results

Our first characterization of strongly reverse isotone mapping is given in the
following proposition:

THEOREM 3.1. Let ¢ : A — B be a mapping between two relational systems.
Then, ¢ is a strongly reverse isotone mapping if and only if ¢~ 1(8) C Kery o «
holds.

PROOF. (=) Let (z,2’) be arbitrary element of ¢ ~1(), i.e. let (¢(x), p(z')) €
B. Since ¢ is a strongly reverse isotone, then there exists an element z” € A such
that (z,2") € a and ¢(a”) = p(2’). Thus, we have (z,2") € Kery o a.

(«<=) Let (¢(z),y) € B be holds for (x,y) € A x imep. Since y € imep, there
exists an element 2’ € A such that ¢(z') = y. Out of (z,2') € p~1(B) C Kerpoa
we conclude that there exists an element 2/ € A such that (z,2"”) € « and p(2") =
o(z’) = y. So, @ is a strongly reverse isotone mapping. O

REMARK 3.1. Let us note that benefiting above result, we have another proof
for point (2) of Theorem 2.2. Suppose that ¢ is a reverse isotone mapping, i.e. let
¢ Y(B) € a holds. Thus, p~1(8) C a € Asoa C Kerpoa. So, by Theorem
3.1, ¢ is a strongly isotone mapping.

COROLLARY 3.1. Let ¢ : (A,#4) — (B,#p) be a mapping. Then ¢ is a
strongly reverse isotone if the following implication holds

o(x) #p p(a') = (3z" € A)(x #a 2" A (") = p(z')).
For weakly isotone mapping we have the following assertion:

THEOREM 3.2. A mapping ¢ : (A,a) — (B, 3) between relational systems is
a weakly isotone mapping if and only if « C o~ 1(B) o Kery holds.
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PROOF. Suppose that for given (x,y) € A Ximp there exists an element 2’ € A
such that (z,2') € a and p(2’) = y. Out of (z,2') € a C p 1(B) o Keryp
we conclude that there exists an element 2/ € A such that (z,2"”) € Kery and
(2",2) € p=1(8). Since p(z) = p(z") and (p(z"), p(x")) € B, we have (p(z),y) €
B. So, p is a weakly isotone mapping.

Opposite, let ¢ be a weakly isotone mapping. Then, by Theorem 2.2 (point 1),
¢ is an isotone mapping and o C ¢ ~1() holds. Thus, we have

aC e (B) St (B)ola C e (B)o Kerp.
0

COROLLARY 3.2. Let ¢ : (A,#4) — (B,#p) be a mapping. Then ¢ is a
weakly isotone if the following implication holds

zFax = (2" € A)(p(x) = p(z") N p(2") #p p(2')).

In the following proposition we give another description of strongly reverse
isotone mapping (weakly isotone mapping).

THEOREM 3.3. Mapping ¢ : (A,a) — (B, ) is a strongly reverse isotone
mapping if and only if Boyw C poa holds.
Mapping ¢ is a weakly isotone if and only if poa C S o holds.

PROOF. Let ¢ be a strongly reverse isotone mapping between two relational
systems. Then, for arbitrary element (z,y) € So there exists an element 3 € imep
such that ¢(x) = v and (y,y’) € B. Thus, (p(z),y) € 5. Since ¢ is a strongly
reverse isotone mapping, there exists an element z’ € A such that (x,2') € @ and
(',y) € ¢. Therefore, we have (z,y) € p o a.

Opposite, assume that inclusion fo¢ C @ o« holds. Let (z,y) € A X imy be
element such that (p(z),y) € 8. Hence, (z,y) € Sop C @oa. Thus, we conclude
that there exists an element z’ € A such that (z,2') € a and (2/,y) € ¢. It means
 is a strongly reverse isotone mapping.

The second part of this theorem is proven by analogy to the proof of the first
part. Indeed. Let ¢ is a weakly isotone mapping and let (z,y) € ¢ o a be an
arbitrary element. Thus, there exists an element 2’ € A such that (z,2') € «
and p(x) = y. Since ¢ is a weakly isotone mapping, then (¢(z),y) € B. So,
(z,y) € Bop.

Let oo C o be holds and let for element (x,y) € A X imyp there exists
an element =’ € A such that (z,2') € a and (2/,y) € . Out of (z,y) € poa C
B o ¢, we conclude that there exists an element y’' € imep such that p(z) =y’ and
(y',y) € B. Hence, (¢(x),y) € B. So, ¢ is a weakly isotone mapping. O

As a consequent of this theorem we have:

COROLLARY 3.3. A mapping ¢ : A — B is a weakly isotone and strongly
reverse isotone mapping if and only if 5o p = po a.

Previous proposition gives an explanation what happen in the special case of
an embedding se-mapping ¢ : (A,#4) — (B, #B): £ 0@ = po #4.
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The following proposition gives us an explanation what happen in the classical
approach:

COROLLARY 3.4. A mapping ¢ : (A,<a) — (B,<p) is a strongly isotone in
the classical sense if and only if <p oy = o <4 holds.

In the following theorem we show some characteristics of such mappings binding
requests for weakly isotone and strongly reverse isotone mapping with lower and
upper cones.

THEOREM 3.4. Let ¢ : A — B be a mapping from relational system (A, )
into relational system (B, ). Then:
(1) If ¢ is a strongly reverse isotone mapping, then holds ¢~ (Ls(y)) C La(¢~1(y))
for any element y € imp and Ug(¢(x)) C p(Uq(x)) for any element x € A.

Opposite, if holds ¢ (Lg(y)) C La(p~(y)) for any element y € ime or
Us(p(z)) C o(Un(z)) for any element xz € A, then ¢ is a strongly reverse isotone
mapping.
(2) If v is weakly isotone mapping, then holds p(Uy(x)) C Ug(p(z)) for any element
z €A and Lo(o7 (y)) C o Y (Ls(y)) for any element y € imep.

Opposite, if holds p(Uy(x)) C Ug(p(x)) for any element x € A, or Lo (¢ (y))
C o YH(Ls(y)) for any element y € imy then ¢ is a weakly isotone mapping.

PROOF. (1) Let ¢ be a strongly reverse isotone mapping. Then:
v € o7 (Lp(y)) <= e(x) € Lp(y)
= (p(2),y) € 5
= (z,y) €poa
= (32" € A)((=, ) ca A (zy) €p)
= (z,07'(y) €
= zc L (o™ (y )).
y € Us(p(x)) <= (p(x),y) € 6
= (T’ € A)((z,2') € a A (') =
— (' € A)(a’ € Uy(x) N p(2) = y)
=y = ¢(a') € p(Ua(z)).

Opposite, suppose that holds = (Lg(y)) C La(p~t(y)) for any element y €
imp. Let (z,y) € A X zm<p such that (p(z),y) € 8. Thus ¢(z) € Lg(y) and
z €@ Y Lg(y )) C Lo(pY(y)), ie. (z,97(y)) € . Since there exists an element
¢ Yy) € A such that (m,tp‘l(y)) €« and (0™ 1(y),y) € ¢, then ¢ is a strongly
reverse isotone mapping.

Now, suppose that holds Ug(¢(z)) C ¢(Ua(z)) for any element € A and
let (z,y) € A x imp be an arbitrary element such that (¢(x),y) € . Thus
y € Ug(p(x)) C ¢(Uy(x)), and there exists an element 2’ € A such that ¢(z') =y
and (x,2') € a. Therefore, ¢ is a strongly reverse isotone mapping.

\_/

(2) Let ¢ be a weakly isotone mapping. Then ¢ is an isotone mapping (by
point (2) of Theorem 2.2) and by Lemma 2.2, we have (U, (x)) C Ug(p(x)).
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Opposite, suppose that for (z,y) € A X imy there exists an element 2’ € A
such that (z,2’) € o and @(a’) = y. Thus, 2’ € Uy(x) and y = ¢(2') € p(Uas(z) C
Us(p(z)). It means (p(x),y) € 8. So, ¢ is a weakly isotone mapping.

A proof for the second part of assertion is given by the following sequence:

2 € La(p™' () <= (2,07 (y)) €
= (1,07 () €a (7 (y),y) €p
= (z,y) Epoa
— (p(),y) € 5
= ¢(z) € Ls(y)
=z €9 H(Ls(y))

At other side, suppose that for (x,y) € A X imyp exists an element z’ € A such
that (z,2') € a and (2/,y) € . Thus, z € Lo(z') = Lo (v)) C ¢ 1 (Ls(y)).
So, p(z) € Lg(y), i.e. (p(z),y) € B. Therefore, ¢ is a weakly isotone mapping. O

In view of the above natural results, we now investigate under what conditions
the inverse image of a principal lower-set is also a principal lower-set. Out of above
theorem immediately follows the following assertion:

COROLLARY 3.5. Let ¢ : A — B be a mapping from relational system (A, @)
into relational system (B, ). Then the following conditions are equivalent:
1. The mapping ¢ is a weakly isotone and strongly reverse isotone mapping.
2. oY (Lg(y)) = Lalp(y)) for any element y € imep.
3. Ug(p(x)) = p(Uqs(x)) for any element z € A.

According to previous assertion, weakly isotone and strongly reverse isotone
mapping between two relational systems coincide with U-mapping.

At the end of this article, we give a classical approach of these equivalences for

ordered sets:

COROLLARY 3.6. Let ¢ : A — B be a mapping from ordered set (A,<4) into
ordered set (B,<p). Then the following conditions are equivalent:

1. The mapping ¢ is a strongly tsotone mapping in the classical sense.
2. 97 (L<p(y)) = L, (¢ (y)) for any element y € imep.
3. Ugy (@) = o(Ug , (x)) for any element x € A.

4. Some examples

Let X be a subset of semigroup (5,-) and a € S. We define
aX ={ar:z € X} and Xa = {za: 2 € X}.
This section we will start with the following consequents of Theorem 3.3 and
Theorem 3.4.

4.1. Examples of strongly reverse isotone mappings.

COROLLARY 4.1. For a semigroup (S,-) ordered under order < the following
conditions are equivalent:
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(1) A left translation l, : (S,<) > x — ax € (5,<X) is a strongly reverse
isotone mapping for any a € S.
(2) <oly, Clyo< foranya € S.
(3) For any pair of elements a,b € S we have Ug(ab) C a-Ug(D).
(4) For any elements a,b,c € S the following implication
ab<c= (3 € S)(c=ad NbL )
holds.

COROLLARY 4.2. For a semigroup (S,-) ordered under order < the following
conditions are equivalent:
(1) A right translation rq : (S,<) 3 z — za € (S, <) is a strongly reverse
isotone mapping for any a € S.
(2) <org Cryo< foranya€ S.
(3) For any pair of elements a,b € S we have Ug(ab) C Ug(a) - b.
(4) For any elements a,b,c € S the following implication
ab<e= (A € S)c=bNna<)
holds.

REMARK 4.1. Semigrous (S,-) which satisfies condition (4) of Corollary 4.1
(Corollary 4.2) are known ([4]) as LSC-ordered (RSC-ordered) semigroup.

COROLLARY 4.3. For a semigroup (S,=,%#,-) ordered under co-order & the
following conditions are equivalent:

(1) A left translation l, : (S, &) > z — ax € (S, %) is a strongly reverse
isotone mapping for any a € S.
(2) £ol, Clyo foranya € S.
(3) For any pair of elements a,b € S we have Ug (ab) C a- Ug\(b).
(4) For any elements a,b,c € S the following implication
abtc= (3¢ € S)(c=ac Nb£ )
holds.

COROLLARY 4.4. For a semigroup (S,=,%#,-) ordered under co-order & the
following conditions are equivalent:

(1) A right translation r, : (S, %) > x — za € (S,€) is a strongly reverse
isotone mapping for any a € S.
(2) £org Creok foranya€S.
(3) For any pair of elements a,b € S we have Ug (ab) C Ug(a)-b.
(4) For any elements a,b,c € S the following implication
abtc= (3¢ € S)c=cbANakd)
holds.

4.2. Examples of weakly isotone mappings.

COROLLARY 4.5. For a semigroup (S,-) ordered under order < the following
conditions are equivalent:
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(1) A left translation l, : (S,<) 3 ¢ — az € (5,<) is a weakly isotone
mapping for any a € S.
(2) lgo < C <K oly foranya € S.
(3) For any pair of elements a,b € S we have a - U¢(b) C Ug(ab).
(4) For any elements a,b,c € S the following implication
b<c=ab< ac

holds.

COROLLARY 4.6. For a semigroup (S,-) ordered under order < the following
conditions are equivalent:
(1) A right translation rq @ (S,<) 2  — ax € (5,<) is a weakly isotone
mapping for any a € S.
(2) rqo < C < org foranya e S.
(3) For any pair of elements a,b € S we have U¢(b) - a C Ug(ba).
(4) For any elements a,b,c € S the following implication
b<c=—=ba <ca

holds.

REMARK 4.2. Semigrous (5, -) which satisfies condition (4) of Corollary 4.5
(Corollary 4.6) are known ([4]) as semigroups with left (right) stable order.

COROLLARY 4.7. For a semigroup (S,=,#,-) ordered under co-order £ the
following conditions are equivalent:
(1) A left translation l, : (S, %) 2 © — ax € (5,%) is a weakly isotone
mapping for any a € S.
(2) loo ¢ C &L ol, foranya € S.
(3) For any pair of elements a,b € S we have a - Ug (b) C U;{(ab).
(4) For any elements a,b,c € S the following implication
bt c= ab<£ ac
holds.

COROLLARY 4.8. For a semigroup (S,=,#,-) ordered under co-order & the
following conditions are equivalent:
(1) A right translation r, : (S,£) 2 & — ax € (S,£) is a weakly isotone
mapping for any a € S.
(2) rq0 £ C & org foranya € S.
(3) For any pair of elements a,b € S we have Ug (b)-a C U?((ba).
(4) For any elements a,b,c € S the following implication
bk c=>ba < ca
holds.
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