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PRODUCT VERSION OF
RECIPROCAL DEGREE DISTANCE OF GRAPHS

K. Pattabiraman

ABSTRACT. In this paper, we present the various upper and lower bounds
for the product version of reciprocal degree distance in terms of other graph
inavriants. Finally, we obtain the upper bounds for the product version of
reciprocal degree distance of the composition, Cartesian product and double
of a graph in terms of other graph invariants including the Harary index and
Zagreb indices. .

1. Introduction

All the graphs considered in this paper are simple and connected. For vertices
u,v € V(G), the distance between u and v in G, denoted by dg(u,v), is the length
of a shortest (u,v)-path in G and let dg(v) be the degree of a vertex v € V(G).
A topological index of a graph is a real number related to the graph; it does not
depend on labeling or pictorial representation of a graph. In theoretical chemistry,
molecular structure descriptors (also called topological indices) are used for mod-
eling physicochemical, pharmacologic, toxicologic, biological and other properties
of chemical compounds. There exist several types of such indices, especially those
based on vertex and edge distances. One of the most intensively studied topological
indices is the Wiener index; for other related topological indices see [17].

Let G be a connected graph. Then Wiener index of G is defined as W(G) =

> dg(u,v) with the summation going over all pairs of distinct vertices
u,v € V(G)
P . . 1 1
of G. Similarly, the Harary index of G is defined as H(G) = 3 EZ‘:/(G) FETORDE

N|—=
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Gutman et al. [7,8] were introduced the product version of Wiener index which is
defined as W*(G) = 1 de(u,v).
{u,w}CV(G)

Dobrynin and Kochetova [3] and Gutman [6] independently proposed a vertex-
degree-weighted version of Wiener index called degree distance or Schultz molec-
ular topological index, which is defined for a connected graph G as DD(G) =
1Y (dg(u) + da(v))de(u,v), where de(u) is the degree of the vertex u in

u,veV(G)
G. Note that the degree distance is a degree-weight version of the Wiener index.
Hua and Zhang [10] introduced a new graph invariant named reciprocal degree
distance, which can be seen as a degree-weight version of Harary index, that is,

Hu(G) =1 Ez‘;(G) %. Hua and Zhang [10] have obtained lower and
U,v
upper bounds for the reciprocal degree distance of graph in terms of other graph
invariants including the degree distance, Harary index, the first Zagreb index, the
first Zagreb coindex, pendent vertices, independence number, chromatic number
and vertex and edge-connectivity. In this sequence, the product version of recipro-
cal degree distance is defined as H (G) = I1 %—W_
{u,0}CV(G)
The first Zagreb index and second Zagerb index are defined as
Mi(G)= ¥ de(u)?®= Y (dg(u)+de(v))and Mx(G)= Y dc(u)de(v).
uweV(G) wEE(G) uwveEE(G)
Similarly, the first Zagreb coindex and second Zagerb coindez are defined as
Mi(G)= ¥ (de(u)+dc(v))
uwvg E(G)
and
My(G)= Y dg(u)dg(v).
w¢ E(G)
The Zagreb indices are found to have appilications in QSPR and QSAR studies as
well, see [4]. Various topological indices on tensor product, strong product have
been studied various authors, see [1,2,9,11-13,15,16]. In this paper, we present
the upper bounds for the product version of reciprocal degree distance of the tensor
product, join and strong product of two graphs in terms of other graph invariants
including the Harary index and Zagreb indices.

2. Bounds for H}

In this section, we obtain the lower and upper bounds for H} for a connected
graph.

THEOREM 2.1. For any graph G, H%(G) < DD*(G) with equality if and only
if G2 K,.

PROOF. Let u,v € V(G). Clearly, m < dg(u,v) with equality if and only
if dg(u,v) = 1. Therefore

. da(u) +da(v) .
Hy(G = ][] —=5—2< ] (e +de@))dg(u,v)=DD*(G).
! funtcviey  26®) (w2} V(@)
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equality holds if and only if dg(u,v) = 1, for any two vertices u,v € V(G). Hence
G2 K,. O

THEOREM 2.2. For any graph G, H}(G) < Mf(G)MI (G) with equality if and
only if G =2 K,,.

PROOF. One can see that ﬁ

w,v)
for any two vertices u,v € V(G). Therefore

. dg(u) + dg(v)
me = L =y
{u,v}CV(G) ’

< H (da(u) + da(v))

{u,w}CV(G)
H (da(u) + da(v)) H (da(u) + da(v))

uwveE(G) wg E(G)

——

= M{(G)M,(G).

< 1 with equality if and only if dg(u,v) =1,

equality holds if and only if dg(u,v) = 1, for any two vertices u,v € V(G). Hence
G2 K,. O

THEOREM 2.3. For any connected graph G, H}(G) < Mf(G)MI (G) with either
equality if and only if G is regular.

PROOF. One can observe that 2§ < dg(u)+dg(v) < 2A for two vertices u and
vin G. So

da(u) 4 dg(v)
iy = fe\y Teal)
A(G) H dG('LL, U)
{uv}CV(G)
1
< 28 ]
uarcvic) 26 (Y)
= 2A H*(G).
Hence 20 H*(G) < H4(G) < 2A H*(G). This completes the proof. O

2
(Mf (G)M] (G)>
THEOREM 2.4. For any graph G, H%(G) > ~—5pG with equality if
and only if G = K,.

ProoF. By the definitions of H} and DD*,

H(G)DD*(G)
- (I W)( [I (o) +do(v)de(u,v))
{u,w}CV(G) ’ {u,w}CV(Q)

> (T e +da))
{uv}CV(G)
195



= (I ot +dew) TI (ot +date))’

wveE(G) wvg E(G)
. 2
- (MM (@)
o 2
(MT(G)MI(G)) . L . .
Thus H%(G) > 557G with equality if and only if dg(u,v) is a constant.
Hence G = K,. O

THEOREM 2.5. Let G be a connected graph. Then
26(G) (H*(G) + H*(é)) < H3(G) + H3(G) > 2A(G) (H*(G) + H*(é)).

PRrROOF. Consider

dg(u) + dg(v) dc(u) + dg(v)

H3(G)+ H4(G) = dolu) +dev) |
1(G) + H3(@) {u,v}gm) doluo) {M}IEV(G) de(u)
< 2A(G)H*(G) +2A@G) H ()
= 2A(G)H*(G)+20(G)H*(G)
< M@ H( ‘@)
(

)
G)H*(G) + 2A(G)H
2A G)(H*( ) + (6)).

On the other hand,
HA(G)+ HAG) > 20(G)H*(G)+20(G)H*(G)
26(GYH*(G) + 2A(G)H*(G)
25(G) (H*(G) + H*(é)).

3. Product graphs

In this section, we obtain the upper bounds for i of composition, Cartesian
product and double of a graphs.

REMARK 3.1. (Arithmetic Geometric Inequality) Let a1, as, . . ., a, be non neg-
ative n numbers. Then

W < a1+a2+ tan

3.1. Composition. The composition of G and H, denoted by G[H], has ver-
tex set V(G) x V(H) in which (g1, h1)(g2, h2) is an edge whenever g; g, is an edge
in G or, g1 = go and hihs is an edge in H. In this section, we obtain the product
version of reciprocal degree distance of the composition of two graphs.

THEOREM 3.1. Let G; be the connected graphs with n; vertices and m; edges,
3ninsg

1=1,2. Then HZ(GI[GZD < (ﬁ) [ngml(ng + 2mo — TLQ) + %(2M1(G2) +
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M1 (Ga))] e (13 Ha(Gh) +4ma H(G)] e (1302 — 1) HA(G1) +2 H(G1)(Mi (o)
+M1(Gz))]”1”2

PROOF. Let V(G1) = {u1,ua,...,un, } and let V(G2) = {v1,va,...,vp,}. Let
x;; denote the vertex (u;,v;) of G1[G2]. The degree of the vertex z;; in G1[G2] is
nada, (ui) + da, (v5). By the definition of HY

* dG1 G2 (xl) +dG1 G2 (xkf)
HyGieah= I S P

Lii, L
zij,cre €V (G1[G2]) Gl[GQ]( A M)

ni—1 na—1 ni—1 na—1

- 11 10 d,(G.](Tij) + da, (o) (Tie) <11 11 da,(G.](Ti5) + da, (G,) (Tky)
i=0jt=0 dGl[G2](x1]7$z€ i k=0j=0 dGl GQ](J?”,LI}]CJ)
. ik

ni—1 no—1

% H H dGl [G2] le +dG1[G2](mkf)
da, 1G] (Tijs Tre)

i,k=07,£=0
i;ék YEZA

We shall calculate the above sums are separately. First we compute

—1 —1
m ni—[ da,165](Tij)+da [(@s] (ow)

day ey (Tij,Tic)

i=0 j,£=0

J#L
ni—1 ng—1
{17 st gt
i=04,0=0 dG1[G2]($1J7xz€)
j#L
ni—1 no—1
= H ﬁ 2n2dg, (ul) +dg, (’UJ) + dgr (UE>
1=03,¢=0 dGz(U]aUK)
j#L
lnlfl ny—1 2ngda, (ui)+da, (vj)+da, (ve)
2 =0 5,20 day (v5,ve) -
s l : by Remark 3.1
ning
ning
_ S1
B nine ’
where

n1 1 ny—1 ni—1 ngo—1

2nod 1 d )+d
Sy = Z Z dTZ i;,w Z Y e (vj) + das (ve)

250, 0520 e
g¢z j#e
ny—1 1 1
no Z G (uz) Z ng ('Uj,vl) Z dG2 ('Uja'UZ)
i=0 vjue€E(G2) vjve ¢ E(G2)
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77,1 1

+ 3 > dcz(vj)+daz(ve)+ 3 d, (v;) + dag, (ve)

dG2 (UJ7U£) dGz (vjavf)

i=0 \vucB(G2) vjve € E(G2)

= omem | Y daso)t Y S0m—dauey) - 1)

v; EV(G2) v; EV(G2)
n1 1
da, (vj) + da, (ve)
+ Yol X Waw) tde,(w)+ Y
i=0 \v;v€E(G2) vijveE E(G2)

since each row
1, if vju, € E(Ga)
27 if V¢ ¢ E(GQ)

n R
= ngml(ng + 2mg — ’ILQ) + ?1(2M1(G2) + Ml(GQ))

induces a copy of G and dg, [, (T, Tir) = {

ni—1 na—1

Next we obtain [ T[]
i, k=035=0
itk

d(@ij)+d(T;)
dGl [G2] (Tij zrs) "

ni—1 ngo—1 ni—1 ng—1

H Hdggg”ﬂ H H no(d(u; —&—d(uk))—&-2d(vj)7

ikZo joo danlca (@i Tg) 20 Sy de, (ui, ug)
i#k i#k
since the distance between a pair of vertices in a column is

same as the distance between the corresponding vertices of

other column

ning
l 52 ] , by Remark 3.1
n1ng

where

ni—1 na—1

Sy 4722 E:na uz+du0)+2a%x

i k=0j=0 de, (i, ur)
i#k

n 1 na—1 n 1n 1

DID e A D D D
d Us, U da, (u;,u

Zk—O] G1 s k zk 0= G1 Q9 k

i#£k i#k

= n2HA(Gy) +4moH(GY).

nlfl ’I’Lgfl
Finally, we compute ] ]]
i,k=04,£=0
itk j#L
for all j and k and further the distance between the corresponding vertices of the
198
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layers is counted in previous sum. Hence

ni—1 no—1

1 ngd(u1)+d(v7)+n2d(uk)+d(vg)
2 . dgy (uiuk)
ni—1 ng—1 i,k=07,=0 nins2
H H d(zj) + d(zie) < A )
i,k=04,£=0 deyea) (g, Tre) b ning
l;ék VECR4
S. nino
= [ 3} , by Remark 3.1
ning
where
nllngln qudu nllnzl 'U+d’l}
531*2221 2 ZZﬂ Zv
i k=0j,0=0 de, (ui, ur) zk o]eodGlu“uk
z;ék Jj#L z;ék j#L
Combine the aboves we get the desired result. 0

3.2. Cartesian product. The Cartesian product, GO H, of graphs G and H
has the vertex set V(GO H) = V(G) x V(H) and (u,z)(v,y) is an edge of GO H
if u=wvand zy € E(H) or, uv € E(G) and x = y. To each vertex u € V(G), there
is an isomorphic copy of H in GO H and to each vertex v € V(H), there is an
isomorphic copy of G in G H. The following lemma follows from the structure of
GUH.

LEMMA 3.1. Let G and H be two connected graphs with ni and ns vertices,
respectively. Then
(i) The distance between two vertices of GOH s given by

deom ((ui; v5), (up, vg)) = da(ui, up) + du (vj,vy)-
(#3) The degree of a vertex (u;,v;) of GOH is dg(u;) + dp(vj).

Now we obtain the upper bound for product version of reciprocal degree dis-
tance of Cartesian product of two connected graphs.

THEOREM 3.2. Let G; be the connected graphs with n; vertices and m; edges,
i=1,2. Then
H%(G10Gs) < [ngHA(G1)+n1HA(G2)+4m1H(G2)+4m2H(G1)

nin2

ning

PROOF. By the definition of HY,

H3(G1OG») = 11
(u.2),(v.y)EV(C1OG)

de,o6, (4, ) + da, 06, (v, 7))
dG1DG2((u7x)’(U’y)) .

By Lemma 3.1, we have

H4(G10G,) = II
(u,2),(v,y) €V (G10Gs)
199
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dg, (u)+dg, (2)+de; (v)+da, (v)

dg, (u,v)+da, (z,y) ninz
< l(uw)’(my)ev(gﬂgz) ] by Remark 3.1
ning
ning
_ A
- ning ’
where
A - dg, (u) + dg, (¥) + dg, (v) + da, ()
(w,2),(0:9) €V (G10G2) de (u,v) + das (@,y)
< Z Z (dGl(u)+dG1( )+dG2( )+dG2( ))
reV (e ayevics | Goa(TY) H1 da, (x,y) +1
dg, (u) +dg,(v) | da,(z)+da,(y)
+ > le uv);t + dzg(uv)jt )
u,veV(G1) 2z€V(G2) 1 A
= nQHA(Gl) + anA(GQ) + 4m1H(G2) + 4m2H(G1).
Hence
ning
HA(G1OGs) < [”QHA(GI) + 1 Ha(G2) +4mi H(Gs) + 4maH(G1)
ning
O

3.3. Double graph. Let us denote the double graph of a graphG by G*,
which is constructed from two copies of G in the following manner. Let the vertex
set of G be V(G) = {v1,ve,...,v,}, and the vertices of G* are given by the two sets
X ={x,29,...,zp} and Y = {y1,y2,...,Yn}. Thus for each vertex v; € V(G),
there are two vertices z; and y; in V(G*). The double graph G* includes the initial
edge set of each copies of G, and for any edge v;v; € E(G), two more edges z;y;
and z;y; are added. Now we obtain the ' of double graph.

THEOREM 3.3. Let G be a connected graph. Then

s < )]

nén

PROOF. From the structure of the double graph, the distance between two
vertices of G* are given as follows.

dag+ (mi,xj) = dg(.’L‘i,.'L‘j), 1,] € {1,2, . ,n}.
de= (x4, yj) = dg(a?i,l‘j), 1,] € {1, 2,... ,n}.
dG*("E'L7yZ) = 2’ Z’ 6 {1727 A 7n}'
Similarly, the degree of the vertex of G* is
do-(2:) = d- (i) = 2dg(w),i € {1,2,...,n}.

dg-(vi) + de-(vj)
dG* (’Ui7 ’Uj)
200
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il

2

3

4

[5]

6

[7

(8]

[

(10]
(11]
(12]
(13]
(14]

(15]

H dG*<$i)+dG*(xj)X H de-(yi) + de-(y;)

1<i<j<n dg- (w4, ) 1<i<j<n da- (i, ;)
n n
< TI dg- (zi) +dg-(y;) 11 dg+ (i) + de-(yi)
Wy da= (i, y;) o dos (T, yi)
E Qdc(xi)+2dc(£x]‘) Qdc(wi)+2dc($j)
< [1<¢<j<n de(@i,25) r" [1<i<j<n de(@i,25) r“
= 2n 2n
2dg (z;)+2dg (z;) > 2dg (zi)+2da (i)
e da(zi,aj) My 2 2n
[w—laﬁ’éﬂ } [ i€V(G) } by Remark 3.1
2n 2n
n n n 2n
6n 2n
(Ha(@) " (m(c))
= ndn :
O
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