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SOME INEQUALITIES FOR THE BETA FUNCTION

B. Ravi and A. Venkat Lakshmi

ABSTRACT. In this paper we establish some inequalities involving the Euler
beta function. We use the ideas and methods that were used by A. McD.
Mercer in his paper [1] for Bessel functions.

1. Introduction

We first recall the Euler’s beta function [5], which has the integral represen-
tation

1
(1.1) B(z,y) = / t" Y1 — )Y tdt, x>0,y > 0.
0
Euler generalized the factorial function from the domain of natural numbers to the
gamma function and defined Euler’s gamma function [5]
(1.2) [(z) = / e dt, x> 0.
0

In 1994 Chaudary and Zubair [3] have introduced the following extension of gamma
function

(1.3) I‘b(x):/ T le Tt dt, b >0
0

In 1997, Chaudary et al. [2] introduced the following extension of Euler’s beta
function

1 —
(1.4) B(z,y,b) = / =11 — )y lermndt, >0,y >0,b> 0.
0
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In 2011, Y. S. Kim et al. [4] introduced the following extension of Euler’s beta
function

m

1
(1.5)  By(z,y,m) = / T A — )00 g > 0,y > 0,0 > 0.
0

Note that
BO(xa y) = B(l‘, Y, O) = B(xa y)
And it is easy to see that

THEOREM 1.1. The following integral representation for beta function (1.1),
(1.4) and (1.5) holds true :
/2
(1.6) B(x,y) = 2/ cos?* 1 9sin®~"10dh, x>0,y > 0.
0

(1.7)
/2 ) )
B(z,y,b) = 2/ cos?@ 7 gsin?V L ebsec 0T lqn 2 >0,y > 0,b > 0.
0

and
(1.8)

Tr/2 m m
By(z,y,m) = 2/ cos2® 1 g gin2—1 ge—bsec PO cse? 949, x>0,y >0,b>0.
0
ProoF. Equations (1.6), (1.7) and (1.8) can be obtained by the transformation
t = cos? 6. O

In section 2, we prove that some inequalities for the beta function (1.1) and
the extended beta functions (1.4) and (1.5). We use the ideas and methods that
were used by A. McD. Mercer in his paper [1].

2. Main Results

In this section, we prove the some inequalities for the beta function (1.1),(1.4)
and (1.5), we also prove inequality between beta and the extended beta function.

THEOREM 2.1. Holds
[+ B(x1,91) + £ B(w2,y2)| < 1+ 2 B(x1 + 22,51 + y2),
for all x1,y1,22,y2 2 1, and 0 < 0 < /2 .
PRrROOF. Let ¢1 = £1 and e9 = 1. We have
(1+ €1 cos?™ 71 Osin® 71 0)(1 + 5 cos®*2 7 fsin?271 ) > 0.
Multiplying out, integrating over [0, /2] and from (1.6), we get
T+ e2B(x2,y2) +€1B(21, 1) + €182B(21 + 22,91 + y2) > 0.
Take 1 =e2 =1 and 1 = €5 = —1, and we get
—(m 4+ B(x1 + 22,1 + y2) < B(x1,y1) + B(x2,92) < (7 + B(x1 + z2,y1 + y2)
which is the desired result. (]
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Clearly, other, similar results can be obtained by changing the factors of the
type (1 4 €cos®*1~1@sin?¥' 1 §) used in the above analysis. The simplest result
uses a single factor and proceeds from the inequality

(1+ecos®®1 1 gsin®1710) > 0,e = +1
yielding the trivial result
|B(x1,51)] <7
Similarly, we prove the inequality for the beta functions (1.4) and (1.5), which are
stated in the next two theorems.
THEOREM 2.2. Holds
|£B(z1,y1,b1) + £ B(22,y2,b2)] <1+ 2B(x1 + 22,51 + y2,b1 + ba),
for all x1,y1,22,y2 = 1, b1, bs 2 0 and 0 < @ < /2 .
THEOREM 2.3. Holds
|£ By, (#1,y1,m) + LBy, (x2,y2,m)| < 1+ 2By, 4, (21 + 2,91 + y2,mm),
for all x1,y1,22,y2 = 1, b1,ba,m 20 and 0 < 0 < /2 .

Next, we prove inequality between beta and the extended beta functions.

THEOREM 2.4. For z,y,b > 0, the By(z,y,m) < B(z,y,b) < B(z,y) and
equality holds if and only if b= 0.

PROOF. Since we have
e—bscc 2mQ csc®™ 0 < e—bsoc 20 csc? 0 < 1,
multiplying with 2 cos®** ™! #sin?¥ ' § and integrating over [0, 7/2] , we get
2 . _ 2m 2m
2 foﬂ'/ C0823071 051n2y 1 9671) sec 6 csc 9d9

2 _ . _ _ 2 2
< 2f077/ cos22~1 g gin?¥—1 ge—bsec “esc” gy

<2 [T cos2 =1 G sin® ! 0d6
and from (1.6), (1.7) and (1.8), we have
Bb($7yam) < B(l‘,y,b) < B(l‘,y)

Equality holds when b = 0.
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