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GRAPH OPERATIONS
ON WEAKLY COVERED GRAPHS

K.Angaleeswari and V. Swaminathan

ABSTRACT. Let G be a finite simple undirected graph. G is said to be a well
covered graph if every maximal independent set is a maximum independent
set. A graph is weakly well covered if every non-maximal independent set is
contained in a maximum independent set. In an earlier paper, some results on
weakly well covered graphs are derived. In this paper, a study of weakly well
covered nature of GUH, G+ H, G x H, GOH, GX H is made when G and
H are weakly well covered graphs.

1. Introduction

(u1,v1), In graph theory an independent set is a set of vertices in a graph,
no two of which are adjacent. A maximal independent set is either an independent
set such that adding any other vertex to the set forces the set to contain an edge
(or) the set of all vertices of the empty graph. A maximum independent set is
an independent set of largest possible size for a given graph G, and the maximum
cardinality is denoted by Bo(G).

There are several ways to combine two graphs G; and G5. Suppose that Gy
has vertex set V7 and edge set E; and that G5 has vertex set V5 and edge set Es.
The union of the two graphs, written G; U G5 will have vertex set V3 UV, and edge
set 1 UFEs. The sum of two graphs G; and G4, written G + G5 is obtained by first
forming the union G; U G5 and then making every vertex of G; adjacent to every
vertex of Go. The cartesian product GOH of graphs G and H is a graph such that,
the vertex set of GOH is the cartesian product V(G) x V(H) and any two vertices
(u1,u2) and (v1,vs) are adjacent in GOH if and only if either uy = vy and ug is
adjacent with ve in H (or) us = ve and wuy is adjacent with v; in G. The tensor
product G x H of graphs GG and H is a graph such that, the vertex set of G x H is
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the cartesian product V(G) x V(H) and any two vertices (u1,us) and (v, vs) are
adjacent in G x H if and only if us is adjacent with vo and wu; is adjacent with v;.

The strong product G X H of graphs G and H is a graph such that, the vertex
set of G H is the cartesian product V(G) x V(H) and any two vertices (uq,uz) and
(v1,v2) are adjacent in GX H if and only if u; is adjacent with v1 and ug = vy (or)
u; = v1 and ug is adjacent with vy (or) ug is adjacent with vy and uy is adjacent
with v1. In this paper we verify whether the sum, unoin, Cartesion product, Tensor
product, Strong product of two weakly well covered graphs are weakly well covered
are not.

2. Weakly well covered graphs

DEFINITION 1. A graph G is said to be well covered if every mazimal indepen-
dent set of G is a maximum independent set of G.

EXAMPLE 2.
(i) Cy is well covered.
(#) K is well covered.

DEFINITION 3. A graph G is said to be weakly well covered if every non-maximal
independent set of G is contained in a maximum independent set of G.

EXAMPLE 4. Let G = Wy. Here $y(G) = 3. Also, {u1,us,us}, {us,uq,ug} are
mazimum independent sets of G. Clearly any non-mazximal independent set of G
is contained in a By-set of G. Therefore G is a weakly well covered graph.

uy

us 3

Ug

3. Graph operations on Weakly well covered graphs

PROPOSITION 5. Let G and H be weakly well covered. Then G U H need not
be weakly well covered.

For example, let G; = Cig, Go = Ci2. Both G; and G5 are weakly well
covered. Let V(G1) = {ui,ua,...,uio} and V(G2) = {v1,vse,...,v12} and let
S1 = {u1,us, us,uz, ug} and Sz = {vy,v4,v7,v10}. Sz is not contained in any
maximum independent set in G5. S7 U S is a non-maximal independent set in
G1 U G5, which is not contained in a maximum independent set of G1 U G5 .
Therefore Co U Cy2 is not weakly well covered.

REMARK 6. Let G and H be weakly well covered. let S be a non-mazimal
independent set in GU H. Let SNV (G) =51 and SNV (H) = Sy. Let Sy and
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Sy be non-mazimal. Then Sy U Sy is contained in a maximum independent set of
GUH.

PrROOF. Let S; and Sy be non-maximal. By hypothesis, there exist maximum
independent sets T7 and T5 in G and H respectively such that S; C 77 and Sy C T5.
Clearly T1 UT5 is a maximum independent set in GUH and S1US2 = S C (T3 UT3).
Therefore G U H is weakly well covered. O

REMARK 7. Let G be weakly well covered and H be well covered. Let S be a
non-mazimal independent set in GU H. Let S; = V(G)NS and So =V(H)NS.
Let S1 be non-maximal. Then S is contained in a mazimum independent set of
GUH.

PROOF. Let S; be non-maximal and S5 be a maximal independent set. Since
G is weakly well covered, there exists a maximum independent set 77 in G such
that S; C Ti. Since H is well covered, S5 is a maximum independent set of H.
Therefore S C (T U S3) and T7 U Sy is a maximum independent set in G U H.
Therefore G U H is weakly well covered. O

REMARK 8. If G and H are well covered, then GU H is well covered and hence
weakly well covered.

THEOREM 9. Let G and H be weakly well covered graphs and Bo(G) = Bo(H).
Then G + H is weakly well covered.

PROOF. Let S be a non-maximal independent set in G + H. Then S is ei-
ther completely contained in V(G) (or) completely contained in V' (H). Since S is
non-maximal, either S is a non-maximal independent set in G (or) non-maximal
independent set in H. Since G and H are weakly well covered and 8o(G) = Bo(H).
S is contained in a maximum independent set of G+ H. Therefore G+ H is weakly
well covered. O

EXAMPLE 10. Let G = Wy and H = FPs. Let V(G) = {uy,us,...,ur} and
V(H) ={v1,v2,...,v6}. Let S = {uy,us}. Then S is a non-mazimal independent
setin G+H. S is contained in a mazimum independent set namely T = {u1, us, us}
in G. T is also a mazimum independent set in G + H.

REMARK 11. If G and H are weakly well covered and Bo(G) # Po(H), then
G + H need not be weakly well covered.

For example, let Let G = W7 and H = Ps. [o(G) = 3 and [o(H) = 4.
Bo(G+ H) = 4. Any non-maximal independent set in G is contained in a maximum
independent set of G of cardinality 3. But 8o(G + H) = 4. Therefore G + H is not
weakly well covered.

PROPOSITION 12. Let G and H be weakly well covered. Then
(i) GOH need not be weakly well covered.

(i) G x H need not be weakly well covered.

(iti) G X H need not be weakly well covered.
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PRrOOF. (i) Let G; = Py and Gy = Ps. Both G; and Gy are weakly well
covered. Let V(G1) = {u1,ug,us,us} and V(Ga) = {v1,v2,...,v6}.In Gy = Py,
Bo(Py) = 2. Also every non maximal independent set is contained in Sy(Py). That
is Py is weakly well covered graph. Also Ga = Py, 8o(Ps) = 3, every non maximal
independent set is contained in Sy(Ps). That is P is weakly well covered graph.

In P4|:|P67

(u1,v2)  (u1,v3) (ug,vy) (u1,vs)
(u1,01) = o Q @) fu1,ve)
(u2, vz (uz, v3 (ug2,v4) (uz, vs5)
(2, v1) o G i o Nuz, ve)

(us, vzi (ug,vg) (us,vq)  (us, vs

U3, V6)

(us, Ul)T

(u47 Ul)o > 2

(ug,vq) (Ua,v3) (ua,04)  (uy, vs)

=0

o4, v6)

Here

Sl - (ulvvl); (ula '03), (ul,vf))v (u27v2); (UQ; '1)4), (u27U6)7 (ul’)vvl)a (U3,’U3),
(Ug, US); (U4, ,U2)7 (U4, 'U4), (u47 UG)’
SQ == (u171}2)7 (ulav4)a (Ul,'Uﬁ), (u27v1)7 (Ug,l}g),
('LLQ,’[}5), (Ug,'UQ), (US,U4), (Ug,’l}g), (U4,’U1)7 (U471)3), (U4,’U5)

are the maximum independent sets of cardinality 12. That is So(P,0Ps) = 12.

Here T' = {(u1,v2), (u1,vs), (u2, v4), (us, v1), (us, ve), (ug,vs)} is a non-maximal
independent set which is not contained in any [g-set of P,[0Ps. Hence P40P; is
not weakly well covered graph.

(ii) Let G1 = C5 and G2 = P4. Both G; and G4 are weakly well covered. Let
V(Gl) = {u1,u2,U3,u47u5} and V(Gg) = {Ul,vg,’l}g,v4}.ln Gl = 05, 50(05) =
2. Also every non maximal independent set is contained in 5y(C5). That is Cj
is weakly well covered graph. Also Go = Py, Bo(Ps) = 2, every non maximal
independent set is contained in So(Py). That is Py is weakly well covered graph.

In C5 X Py

(Here

Sy = {(u1,v1), (u1,v2), (u1,v3), (u1,v4), (us, v1), (us, v2), (u3,v3), (u3,v4)}
Sy = {(u%vl)v (u2,v2), (u2,v3), (u2,v4), (U, v1), (Ua, v2), (Us, v3), (U47U4)}
Sz = {(us, v1), (u3, v2), (us, v3), (us, va), (us, v1), (us, v2), (us, v3), (us,va)}

are the maximum independent sets of cardinality 8. That is 5o(Cs x Py) = 8.

Here T = {(u1,v1), (u1,v2), (ug,v1), (ug,v2)} is a non-maximal independent set
which is not contained in any Sg-set of Cs x Py. Hence C5 X Py is not weakly well
covered graph.)
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(iii) Let G; = P, and G2 = P,. Both G and G5 are weakly well covered. Let
V(Gy) = {u1,us,us,us} and V(Ga) = {v1,v9,v3,v4}.

In P4 X P4

Here
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St = {(u1,v1), (u1,v3), (uz, v1), (u3, v2), (us, va)}
Sy = {(ulva)v (ulvv4)v (U3,Ul), (U3,’U2), (U3,’U4)}
Sz = {(u1,v1), (u2,v4), (us, v1), (us, v2), (ua,v4)}
Sa = {(u1,v1), (u1,v3), (us, v1), (us, v2), (ua,v4)}

are the maximum independent sets of cardinality 5. That is So(Ps X Py) = 5.
Here T' = {(u1,v3), (ua,v1), (us,v3)} is a non-maximal independent set which

is not contained in any Sy-set of P4 X P;. Hence P4 X Py is not weakly well covered

graph. O

4. 1-k-extendable graphs

DEFINITION 13. A graph G is 1-k-extendable if for everyu € V(G), Bo(G—u) =
Bo(G) and G — u is k-extendable.

EXAMPLE 14. Let G be a component wise complete graph. Let uw € V(G). Let
G =Gy UGy U...UG,, where each G; is complete and |V (G;)| = 2 for every i,
1<i<r. Bo(G) =r. Bo(G—u) =r for any u in V(G). G is I-extendable.
Therefore G is 1-1-extendable. G is also k-extendable, 1 < k < (r — 1). Therefore
G is 1 — k-extendable for 1 < k < (Bo(G) — 1).

EXAMPLE 15. Let G = C,. Then Bo(G — u) = Bo(G) for every u in V(G). If
n is odd, P,_1 is 1-extendable. Therefore C,, is 1-1-extendable.
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