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ODD HARMONIOUS LABELING OF PLUS GRAPHS

P. Jeyanthi and S. Philo

ABSTRACT. A graph G(p,q) is said to be odd harmonious if there exists an
injection f: V(G) — {0,1,2,--- ,2q — 1} such that the induced function f* :
E(G) — {1,3,--+ ,2q — 1} defined by f*(uv) = f(u) + f(v) is a bijection. In
this paper we prove that the plus graph Pl, , open star of plus graph S(t.Ply),
path union of plus graph Pl,,, joining of C), and plus graph Pl,, with a path,
one point union of path of plus graph P! (t.n.Pl,) are odd harmonious graphs.

1. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected one.
For standard terminology and notation we follow Harary [5]. A graph G = (V, E)
with p vertices and ¢ edges is called a (p,q) — graph. The graph labeling is an
assignment of integers to the set of vertices or edges or both, subject to certain
conditions have often been motivated by practical problems. An extensive survey
of various graph labeling problems is available in [3]. Labeled graphs serves as
useful mathematical models for many applications such as coding theory, includ-
ing the design of good radar type codes, synch-set codes, missile guidance codes
and convolution codes with optimal autocorrelation properties. They facilitate the
optimal nonstandard encoding of integers. Graham and Sloane [4] introduced har-
monious labeling during their study of modular versions of additive bases problems
stemming from error correcting codes. A graph G is said to be harmonious if there
exists an injection f : V(G) — Z, such that the induced function f* : E(G) — Z,
defined by

fr(uv) = (f(u) + f(v))  (mod q)

is a bijection and f is called harmonious labeling of G. The concept of odd har-
monious labeling was due to Liang and Bai [6]. A graph G is said to be odd
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harmonious if there exists an injection f : V(G) — {0,1,2,--- ,2¢ — 1} such that
the induced function f*: E(G) — {1,3,---,2¢q — 1} defined by

fr(uv) = fu) + f(v)

is a bijection. If f(V(G)) ={0,1,2,....q} then f is called as strongly odd harmo-
nious labeling and G is called as strongly odd harmonious graph.The odd harmo-
niousness of graph is useful for the solution of undetermined equations. Several
results have been published on odd harmonious labeling.

In [6], the following results have been proved: 1. If G is an odd harmonious
graph, then G is a bipartite graph. Hence any graph that contains an odd cycle is
not an odd harmonious.

2.If a (p,q) — graph G is odd harmonious, then 2,/g < p < (2¢ — 1).
3.If G is an odd harmonious Eulerian graph with ¢ edges, then ¢ = 0, 2(mod 4).

We [7, 8] proved that the shadow and splitting of graph K, , C, for n =
0(mod 4) and the graph H, , are odd harmonious. Also, we proved that any two
even cycles sharing a common vertex and a common edge are also odd harmonious
graph. For further results, the interested reader can refer to [3, 6, 9, 10].

We use the following definitions in the subsequent section.

DEFINITION 1.1. [1] Let G be a graph and G1,G3,......,Gp,n = 2 be n copies
of graph G. Then the graph obtained by adding an edge from G; to Giy1, (1 <i <
n — 1) is called path union of G.

DEFINITION 1.2. [12] Let G be a graph on n vertices. The graph obtained by

replacing each vertex of the star K1, by a copy of G is called a star of G denoted
by G*.

DEFINITION 1.3. [1] Take P,, Py, ...... s P,_9,Py_4,...., Py, Py paths on

nn,....n—2,n—4,..4,2

)

vertices and arrange them centrally horizontal, where n = 0(mod 2), n # 2. A graph
obtained by joining vertical vertices of given successive paths is called a double step
grid graph of size n denoted by DSy, .

DEFINITION 1.4. [1] Take Py, Py, ...., Py_2, Pp, Py, Py_a, ...., Py, P> paths on
2,4,...n—2,n,n,n—2,...,4,2

vertices and arrange them centrally horizontal, where n = 0(mod 2), n # 2. A graph
obtained by vertical vertices of given successive paths is known as a plus graph of

size n denoted by Pl,,. Obviously, |V (G)| = % +n and |[E(G)| = n?.

The example for the plus graph Plg is shown below (Figure 0):



ODD HARMONIOUS LABELING OF PLUS GRAPHS 517

u1,1 u1,2
e o
u2,1 u2,3 U2,4
P .u2,2 ’ ’
us,1 ’u3’2 .US,S .u3,4 us3.5 U3,6
Uy, Uq,2 u4,3 U4,4 Uu4,5 u4,6
® | * ®
us5,2 us,3
U571‘ j} 7' ) ® U574
u6,1 u6,2

2. Main Results

In this section we prove that the plus graph Pl, , open star of plus graph
S(t.Pl,,), path union of plus graph Pl,,, joining of C,, and plus graph Pl,, with a
path of arbitrary length, one point union of path of plus graph P!(t.n.Pl,) are odd
harmonious graphs.

THEOREM 2.1. A plus graph Pl, is odd harmonious, where n = 0(mod 2),
n # 2.

PROOF. Let G = Pl, be any graph of size n, n = 0(mod 2), n # 2. We denote

each vertices of first row as u;; (1 < j < 2) and 2" row as ug; (1 <j<4).
th

th
Similarly (g—l) TOW as un 1 ; (1 <j<n-—2)and (g) TOW as Up j

th
(1<j<n)and (% + 1) row as uz 415 (1 < j

< g th
as up—1,; (1 <j <4)and n'" row as u,; (1 <j <

n). Similarly (n — 1) row
2).
vertices in G = Pl,, is |[V(G)| = % +n and |E(GQ)| = n?.

We define a labeling f : V(G) — {O, 1,2,---,2n% — 1} as follows:

Note that the number of

oy

Fluij)=mnj—2i+j—1, j:L35g~,n—lmﬂi:zéigig§¢~,%
2

uig) =n(i=2)+n—2i+j+1, j=24, nandi=2 122 2

fluij)=nj+2in—n?>—2n+5—2, i=g+1,%+2,~~~,nand
j=2,4,--- ;n—[2i—n-—2].
fluij) =nj+ 2in —n? — 3n+ 7, i:ﬁ+1,ﬁ+2,---,nand

2 2
j=1,3,5,- ,n—[2i—n—1].
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The induced edge labels are
F(uijuijer) =2nj —4i+2j+1, j=1,2,3,---,n—landi=12,.., g
f*(uiyjumﬁ_l) = 2n] + 4in — 277,2 —4n + 2] - 1, ] = 17 2,3, Y £ and

n n
= 4+1,=+2-,n.
i=g L +2

-2
F(unguigngen) =2nj —4i+2j—1Li=12 "= andj =12 ,n—2.
f*(ui,juiﬂ,]-):2nj+2in—n2—n—2i+2j—1,i:gandj:1,2,--- , M.

+1,g+2,---,n—1and

|3

f*(ui,jui+1’j71) = 2nj + 4in — 2712 —4n + 2j —3,1=
71=2,3,---,n—1.

In the view of above defined labeling pattern, the plus graph PI,, is odd har-
monious, where n = 0(mod 2), n # 2. O

The odd harmonious labeling of Plg is shown in Figure 1.

U1,1 U1,2
4p— 7
U211 U2.4
2@ e 22 o 2.3 ®
5 16 19
us1 ’u3,2 'U3,3 .U3,4 U35 U3, 6
0 3 14 17 28 31
Uq,1 Uy Ug 6
1 29 40
Us,4
38

)

25 36

FIGURE 1: Odd harmonious labeling of Plg.

THEOREM 2.2. Path union of finite copies of the plus graph Pl, is odd harmo-
nious, where n = 0(mod 2), n # 2.

PROOF. Let G be a path union of r copies of the plus graph pl,,, where n =
O(mod 2), n # 2. Let up;; (Vi = 1,2,---,5 and Vj = 1,2,---,20 and Vi =
5+1,---,n and Vj = 1,2,---,2n — 2i + 2) be the vertices of the kt"copy of
Pl,,Vk =1,2,--- ,r, where the vertices of k*" copy of Pl, is p = "72 + n and the
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edges of the k" copy of Pl,, is ¢ = n%. Join the vertices Uk, 241,n 60 Upy1,241,1 for
k=1,2,--- ,r —1 by an edge.
2
Note that in the graph G, the vertices |V (G)| = (T; —l—n) r and |E(G)| =
rm? 41— 1.
We define the labeling

f:V(G)—>{0,1,2,~- ,2[rn2+r—1]—1}

as follows:

flugs;)=n(i—-1)4+n—-2i+j—14+nn+1)(k—-1), 7=1,3,5--- ,n—1and

i:%,¥,~~,%, k=1,2,--,r.
f(uk,w):n(]—2)+n—21+]+1+[n(n—1)+2}(k—1), j:274767"' ,nand
i dt2 o
7'_2’ 2 ) 727 k_lvzv 5T

Flurig) =nj+2in—n® —3n+j+[n(n—1)+2)(k—1), j=1,3,5-- ,n—1and
..n n
z:§+1,§+2,---,n,k:1,2,-~~,r.

Flurig) =nj+2in—n —2n+j—2+n(n+1)(k-1), j=2,4,6,-,nand
.on n
z:§+1,§+2,---,n,k:1,2,---,r.

The induced edge labels are

F* (ki unyigjr1) = 2nj +2n°k —4i —2n® + 25 +2k—1, j=1,2,3,--- ,n—1 and
i:Lang,k:Llnwn

[ (Unig k1) = 2nj +2nk 4+ 4in —4n® —4n + 25 +2k -3, j=1,2,3,--- ,n—1
mﬂi:g+L~~m,k:LZ~wn

F (unyi unyit,;) = 2nj +2n%k +2in —3n® —n —2i+2j +2k -3, j=1,2,--- ,n and

i:g,k:LZ~wr

F (ugig unyiv1,j—1) = 2nj + 2n’k +4in —4n® —4n +25 +2k -5, j=2,3,--- ,n—1

andi= 241, ,n—1, k=1,2,---,7

2
P (Whyij Ukyit1,j41) = 205 +2n°k — 46 —2n? 4254+ 2k -3, §=1,2,3,--- ,n—2 and
i:LZ~qﬁ%2,k:LZ~Wh

F (Un,in Uks1,6,1) =din+2n’k —2n® —4dn+2k—1, j=2,3,--- ,n—1 andi:g_|_17
k=1,2,--,r—1.

In the view of above defined labeling pattern, path union of finite copies of the
plus graph P, is odd harmonious, where n = 0(mod 2), n # 2. O

The odd harmonious labeling of path union of 3 copies of the plus graph Pl,
is shown in Figure 2.
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FIGURE 2: Odd harmonious lableing path union of 8 copies of Ply

THEOREM 2.3. Open star of plus graph S(t.Ply,) is odd harmonious, where
n =0(mod 2), n # 2 and if t is odd.

PRrROOF. Let G = S(t.Pl,,) be a graph obtained by replacing all vertices of K7 ¢

except the apex vertex of K;; by the graph Pl,,. Let uy be the apex vertex of

Ki . That is it is the central vertex of the graph G. Let uy;; (Vi = 1,2,--- ,%

and Vj = 1,2,--- ,2¢ and Vi = g+1,~~~ ,n and Vj = 1,2,--- ,2n — 2i + 2) be
the vertices of the k"copy of Pl, in G, Vk = 1,2,--- ,t, where the vertices of k"
2

copy of Pl, isp = % +n and the edges of the k*" copy of Pl,, is ¢ = n?. Join the

vertices uy z 111 with the vertex ug by an edge, Vk =1,2,--- 1.

n2

In graph G, |V (G)| = t(? +n)+1and |E(Q)| = t(n? +1).
We define the labeling f : V(G) — {O, 1,2,---,2t(n? +1) — 1} as follows:
f(uo) =0.

P41
f(’LLk,i,j):jnt+(j+3)t—2it—2—4(k’—1),i:%7¥7---,g7j:1,37---,71—1,
E=1,2,--- t.

. ) ) . o+ 2
Plunag) = G = Dnt+jt = 2it+ 1420 = 1), i = 212500 25— 2.4 m,

k=1,2,-- 1.
Flugiy;) = jnt +2int —n*t —3nt+ (G — Dt +1+2(k — 1), i= E+1,g+2,.-.,n,
j=1,3- n—[2i-n—1], k=1,2,--- L.

fluk,ij) = jnt 4+ 2int —nt —2nt 4+ (j +2)t — 2 —4(k - 1), i= 5t Ly +2m,
j=24, n—[2i-n—-2, k=12t
The induced edge labels are

F* (kg Ukiji1) = 2jnt+ 25t + 4t —dit—1—2(k—1), i = 1,2, ,
k=1,2,- L

P (kg Ukigji1) = 2jnt-+dint —2n2t—Ant+2jt+2t—1—2(k—1), i = g+1, g+2,--- .,
j=1,2 - n—1, k=12 -t

2
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F (Ukyiyj Uk,it1,541) = 2jnt + 25t + 2t — 4it — 1 —2(k — 1), = 1,2,---,
1,2, m—2k=1,2--- ¢

P (Wig Ukip1j1) = 2jnt + dint — 22t — dnt +2jt — 1 — 2(k — 1), i = g 1, ,n—1,
j=23, m—1,k=1,2--- ¢

I (Uhyij Uk yiv1,j) = 29nt4-2int —n2t—nt 425t —2it+2t—1-2(k—1), i =
k=1,2,---t.

frugziiguw)=1+2(k—-1), k=12t

7j:172,"' y Ty

V|3

In the view of above defined labeling pattern, open star of plus graph S(t.Pl,)
is odd harmonious. (]

The odd harmonious labeling of S(5.Ply) is shown in Figure 3.

24 23

14 13|64 63

53 20 25
5 104
1 15 |60 65
4 94
28 o1 55
5 5 100
18 |11 |68 61
90
1 51
53 108
1 98 16 27
12 29 6 |17 |56 67
2 19 |52 69 16 | 57
6
42 | 59 7
9 92 4 86

4 82

FIGURE 3: Odd harmonious labeling of S(5.Ply).

THEOREM 2.4. A graph obtained by joining Cp,, m = 0(mod 4) and a plus
graph Pl,,;n = 0(mod 2), n # 2 with a path of arbitrary length t is odd harmonious.

PROOF. Let G be a graph obtained by joining a cycle Cy,,, m = 0(mod 4) and
a plus graph Pl,, with P;, a path of length ¢ on ¢+ 1 vertices. Let uy,us, - , umy, be
the vertices of the cycle C), and v1 = up,, va, - -+ , vep1 be the vertices of path P, of ¢
length and w; ;, (Vi =1,2,--- ,g andVj=1,2,---,2; and Vi = g+1,«-~ ,n and
Vj=1,2,---,2n—2i+2) be the vertices of the plus graph Pl,,, where v;41 = Wz
if t is odd and v;11 = wa if ¢ is even.
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2
In G, |V(G)] =m+(t—1)+%+n and |E(G)| = m +t + n?.
We define the labeling f : V(G) — {0,1,2,--- ,2(m 4+t +n?) — 1} as follows:
f(ui):i—1,1<i<%.

i+1 if7is odd m
2

N — <i<m.
f (i) {i—l if 7 is even, tlsism

m+1—2 if iis odd .
) = <i< ,
Flvi) {m—i—i if 4 is even, Isist+l
If ¢ is even D
f(wm')=nj72i+j71+m+t71,j:1,3,-‘«,nflandi:%,%,---,g.
i 7+ 2
f(ww):n(]—2)+n—21+]+1+m+t+1,j:2,4,,nandz:%,%,,g

wij) =nj+2n—n—2n+j-24m+t—1i=2+1,242... 9nj=
3J 2 2
2,4, ,n—[2i—n—2].

Fwi ;) = nj+2in—n2—3n+j+m+t+1,i= —+1, g+2, =13, ,n—[2i—n—1].

2
If ¢ is odd i1 a3
f(wi,j):nj—2i+j—1+m+t,j:1,3,m,n—landi:i,%,..-g.
Sy
f(wlvﬂ):n(j_2)+n_27/+j+l+m+t,j:274>7nandz:%7%77%

Fwi ;) = nj+2in—n’—2n+j—24+m+t, i = g+1, g+27 =24, n—[2i—n—2].

Fwi ;) = nj+2in—n®—3n+j+m-+t,i= g+1, g+2,--~ n,j=1,3 n—[2i—n—1].

The induced edge labels are
ff(us uig1) =2i—1, 1<i< %,1.

f*(u%u%_H) =m+ 1.
o (ui wipr) =20+ 1,

f(Um u1) =m—1.

%+1<z‘<m—1.

fflusvigr) =2m+2i—1, 1 <i<t

(v wz 1) =2m+2t — 1, if t is even.

[r(ve we 1) =2m+2t -1, if t is odd.

f*(’wi,j wi,jH)=2nj—4i+2j+2m+2t+17i:172,-~~ 7% andj:172,3,~~~ ,n—1.

FH(wiy wije1) = 2nj +din+2j — 202 —dn +2m + 2t — 1, i = g+1,g—|—2,---,n
and j =1,2,3,--- ,n—1.
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-2
f(wij wig1,j+1) = 2nj—4i+254+2m+2t—1,1=1,2,-- -, andj=1,2,3,--- ,n—2.

fH(wi; wis1,5) :2nj+2in—2i+2j—n2—n+2m+2t—1,i:g andj =1,23,---,n

Fr(wij wis1j-1) =2nj+4in+2j —2n> —4n+2m+2t -3, i = +1 +2 -n—1
and j =2,3,---,n—1.

In the view of above defined labeling pattern, the cycle C,,, m = 0(mod 4) and a
plus graph Pl, with a path of arbitrary length ¢ is odd harmonious. O

The odd harmonious labeling of cycle Cg and a plus graph Ply with a path of arbi-
trary length t =5 (odd) is shown in Figure 4.

15 18
16 23 26
24
2 31
22 29

6

FIGURE 4: Odd harmonious lableing of cycle Cs and a plus graph pls
with a path of length ¢ = 5.

The odd harmonious labeling of cycle Cg and a plus graph Plg with a path of
arbitrary length ¢ = 6 (even) is shown in Figure 5.

17 29
15 120 |29 34
1 1318 127 |30 |41 46
1 2
42 U51
1 25 37
49

FIGURE 5: Odd harmonious lablemg of cycle Cg and a plus graph pla
with a path of length t = 6.
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THEOREM 2.5. One point union for path of plus graph Pt(t.n.Ply,), m =
0(mod 2), m # 2 is odd harmonious if t is odd.

PRrROOF. Let G = P(t.n.Pl,,) be a graph obtained by replacing all vertices of
P! except the central vertex by the graph Pl,,,. That means G is the graph obtained
by replacing all vertices of K ; except the apex vertex by the path union of n copies
of the graph Pl,,. Let ug be the central vertex for the graph G with ¢ branches.

Let wsrs; (Vi = 12% Vi o= 1,2,---,2, Vi = %—I—l,w-,m, Vi =

1,2,---,2m — 2i + 2) be the vertices of k" copy of path union of n copies of
Pl,, lies in the s'* branch of the graph G, Vs = 1,2,---,t. Join the vertices of
Us,1,2 41,1 with ug by an edge. Also join the vertices Usk, 2 41,m S0 Us k41,2411
fork=1,2,--- ,n—1,s=1,2,--- t by an edge.

2
This graph G with [V(G)| = tn(% +m) + 1 and |E(G)| = tn(m? + 1).
We define the labeling f: V(G) — {0,1,2,--- ,2tn(m? 4+ 1) — 1} as follows:
f(uo) =0.
fuskyiz)=gdmt+ (G +3)t—2it—2—-4(s—1)+ (k—Dtm(m+1),j=1,3,--- ,m—1,
o EL I3 om0 —1.2,..
1= 2 ) 2 ) 727k_1127 ,n,5—1,2, 7t'

fus ki) = (J—1)mt+jt—2it+142(s—1)+(k—1)[tm(m+1)—2t(m—1)], j = 2,4,--- ,m,
D

i:%7T7"' 7%7k:1>27"' >TL75:1>27"' 7t'
flus ki) = gmt+2imt —m?t —3mt+(j— Dt +1+2(s— 1)+ (k— 1) [tm(m+1) —2t(m —1)],

i:%+1,%+2,m,m,j:1,3,~~~,m—[2i—m—1],k:1,2,m,n,s:1,2,~~~,t.

fluskiz) = jmt 4+ 2imt — m*t — 2mt + (j 4+ 2)t — 2 — 4(s — 1) + (k — Dtm(m + 1),
i:%+1,%+2,~»,m,j:2,4,---,m—[2i—m—2},k:1,2,~~,n,s:1,2,--~,t.
The induced edge labels are

F (s kying Uskyijr1) = 2Jmb+ (F+3)t+ gt —dit +¢ —2(s— 1)+ (k= 1)[2tm(m + 1) —
2t(m71)]71,z’:1,2,-~,%,j:l,l'n,mfl,s:1,2,~~,t,k:1,2,-~,n.

[ (s king Uskigi1l) = 2jmt + dimt — 2m?t — dmt + 25t + 2t — 1 — 2(s — 1) + (k —
D[2tm(m + 1) — 2t(m — 1)] — 1, i:%—&-l,---,m,j:l,Q,---,m—l,s:l,Q,---,t,

f*(us,k,i,j usyk,i+1,j+1) = 2jmt+2jt+2t—4it—1—2(8—1)+(l€—1)[2tm(m—|—1)—2t(m—1)]—1,

m— 2

i=1,2,---, 5

L j=1,2 om—2s=1,2- t, k=12 ,n.

I (s king Uskyit1,j) = 29mt + 2imt — m>t — mt + 25t — 2it + 2t — 1 — 2(s — 1) + (k —

1)[2tm(m+1)72t(m71)]71,i:%,jzl,Q,--- ,m,s=1,2 - t, k=1,2,---,n.

F* (Us kring Uskyit1j—1) = 2jmt+4imt — 2m2t — dmt +2jt —1—2(s — 1)+ (k — 1) [2tm(m +
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D=2t(m—1)]-1i= T4l m-1,j=12- m-Ls=12" k=12 n.

f*(UU Us 1 ﬂ+171) = 1-|—2(S—1)7 s = 1,27"' ,t.

i)
(s b, 2 1,m Us k1, 401,1) = tm(m+1)4+2t—1-2(s—1)+tm(m+1)(2k—1) —2kt(m—1),

s=1,2,--- ¢, k=1,2,--- ,n.
In the view of above defined labeling pattern, P (t.n.Pl,,) is odd harmonious.
(|

The odd harmonious labeling of P3(3.3.Ply) is shown in Figure 6.

16 13 76 55 136 97

49 [100 o

130 160 121

154

115
184

T

25 58 67 118 178

12 15 72 57

0
33 .
B

132 99

126 156 123
8 ..

1

1170 180

N 174
27 54 6 114
8 17 68 59 128 101
2 ]y ]
11 |30 41 62 53 |92 83 122 |95 |152 125
.. 4 .. '. 119
5 20 56 5. ¥ . 176
29 50 7 110 113 170

FIGURE 6:0dd harmonious labeling of P3(3.3.Pls)
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