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ON FIELD I'~-SEMIRING AND
COMPLEMENTED I'-SEMIRING WITH IDENTITY

Marapureddy Murali Krishna Rao

ABSTRACT. In this paper we study the properties of structures of the semi-
group (M, +) and the I'—semigroup M of field '—semiring M, totally ordered
I'—semiring M and totally ordered field I'—semiring M satisfying the identity
a4+ aab = a for all a,b € M, € I'and we also introduce the notion of com-
plemented I'—semiring and totally ordered complemented I'—semiring. We
prove that, if semigroup (M, +) is positively ordered of totally ordered field
I'—semiring satisfying the identity a 4+ aab = a for all a,b € M,a € T', then
I'-semigroup M is positively ordered and study their properties.

1. Introduction

In 1995, Murali Krishna Rao [5, 6, 7] introduced the notion of a I'-semiring as a
generalization of I'-ring, ring, ternary semiring and semiring. The set of all negative
integers Z~ is not a semiring with respect to usual addition and multiplication but
Z~ forms a I'-semiring where I' = Z. Historically semirings first appear implicitly in
Dedekind and later in Macaulay, Neither and Lorenzen in connection with the study
of a ring. However semirings first appear explicitly in Vandiver, also in connection
with the axiomatization of Arithmetic of natural numbers. Semirings have been
studied by various researchers in an attempt to broaden techniques coming from
semigroup theory, ring theory or in connection with applications. The concept of
semirings was first introduced by Vandiver [13] in 1934. However the developments
of the theory in semirings have been taking place since 1950. Semirings abound in
the Mathematical world around us. A universal algebra (S, +, -) is called a semiring
if and only if (S, +), (S, ) are semigroups which are connected by distributive laws,
ie.,

a(b+c) =ab+ ac, (a+b)ec=ac+ be, for all a,b,c € S.
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A semiring is one of the fundamental structures in Mathematics. Indeed the first
Mathematical structure we encounter the set of natural numbers is a semiring.
The theory of semirings and ordered semirings have wide applications in linear and
combinatorial optimization problems such as path problems, transformation and
assignment problems, matching problems and Eigen value problems. The theory
of ordered semirings is very popular since it has wide applications in the theory of
computer sciences, optimization theory and theoretical physics. Satyanaraya [11]
studied additive semigroup structure of semiring and ordered semiring. Comple-
mented elements play an important role in the study of lattices. Such elements
play an important part in the semiring representation of the semantics of computer
programmes. In structure, semirings lie between semigroups and rings. Vasanthi et
al. [14, 15] studied semiring satisfying the identity Hanumanthachari and Venuraju
[4] studied the additive semigroup structure of semiring. Additive and multiplica-
tive structures of a semiring play an important role in determining the structure
of a semiring. Semirings are useful in the areas of theoretical computer science
as well as in the solutions of graph theory and optimization theory in particular
for studying automata, coding theory and formal languages. Semiring theory has
many applications in other branches.

As a generalization of ring, the notion of a I'-ring was introduced by Nobusawa
[10] in 1964. In 1981 Sen [12] introduced the notion of I'—semigroup as a general-
ization of semigroup. The notion of Ternary algebraic system was introduced by
Lehmer [2] in 1932, Lister [3] introduced ternary ring. Dutta & Kar [1] introduced
the notion of ternary semiring which is a generalization of ternary ring and semir-
ing. Also as a generalization of I'—ring, ring, ternary semiring and semiring, The
important reason for the development of I'—semiring is a generalization of results
of rings, I'—rings, semirings, semigroups and ternary semirings. Murali Krishna
Rao and Venkateswarlu [8, 9] introduced the notion I'—incline, zero divisors free
I'—semiring and field I'—semiring and studied properties of regular I'—incline and
field I'—semiring.

In this paper we study the properties of additive structure (M,+) and T -
semigroup structure of field I'-semiring M satisfying the identity a + aab = a, for
all a,b € M, a € I' and we also introduce the notion of complemented I'-semiring
and totally ordered complemented I'-semiring and study their properties.

2. Preliminaries

In this section we recall some important definitions introduced by pioneers in
this field earlier that will be required to this paper.

DEFINITION 2.1. A semigroup M is a non-empty set equipped with a binary
operation ' - ', which is associative.

DEFINITION 2.2. A semigroup (M, +) is said to be band if a+a = a, for alla €
M.

DEFINITION 2.3. A semigroup (M, +) is said to be rectangular band if a+b+a =
a, for all a,b € M.
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DEFINITION 2.4. A semigroup (M, -) is said to be partially ordered if there exist
a relation < on M satisfying the following.
(i). a<a, forallae M
(ii). a<bb<a=a=0b, foralla,be M
(iii). a< bb<c=a<c
(iv). a < b= ac < bc and ca < ¢b, for all a,b,c € M.
Partially ordered semigroup may also be denoted by (M, -, <).

DEFINITION 2.5. A partially ordered semigroup in which every two elements
are comparable is said to be totally ordered semigroup .

DEFINITION 2.6. A totally ordered semigroup (M, -) is said to be non-negatively
ordered (non-positively ordered) if x> > x (2 < z), for all x € M.

DEFINITION 2.7. A totally ordered semigroup (M, +) is said to be non-negatively
ordered (non-positively ordered) if x +x >z (v +x < z), for all x € M.

DEFINITION 2.8. A semigroup (M,-) is said to be positively ordered (negatively
ordered)if vy > x and vy >y (xy < x and xy < x), for all x,y € M.

DEFINITION 2.9. A semiring (M,+,-) is an algebra with two binary opera-
tion '+ ' and ' -’ such that (M,+) and (M,-) are semigroups and the following
distributive laws hold

z(y+2)=zy+az, (z+y)z =2z +yz,
for all x,y,z € M.

DEFINITION 2.10. A semiring (M, +,-) is said to be totally ordered semiring if
there exists a partial order < on M such that
(). (M,+) is a totally ordered semigroup
(ii). (M,-) is a totally ordered semigroup
1t is usually denoted by (M, +, -, <).

DEFINITION 2.11. A semiring (M, +,-) is said to be mono semiring if a +b =
ab, for all a,b € M

DEFINITION 2.12. Let M and I" be two non-empty sets. Then M 1is called a
T'—semigroup if it satisfies
(i) zay e M
(ii) za(yBz) = (zay)Bz for all x,y,z € M,a,B € T.

DEFINITION 2.13. A T'—semigroup M is said to be commutative if aab =
baa, for all a,b € M and a € T.

DEFINITION 2.14. Let M be a I'—semigroup. An element a € M is said to be
idempotent of M if there exists a € I such that a = aaa and a is also said to be
a idempotent.

DEFINITION 2.15. Let M be a I'—semigroup. If every element of M is an
idempotent of M then I'—semigroup M is said to be band
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DEFINITION 2.16. A T'—semigroup M is called a rectangular band if for every
pair a,b € M there exist a, 8 € I' such that aabBa = a.

DEFINITION 2.17. A totally ordered I'—semigroup M is said to be positively
ordered (negatively ordered)if xay > x and zay > y (zay < x and zay <
x), for allz,y € M,a €T.

DEFINITION 2.18. A I'—semigroup M is called T'—semiring M if (M, +), (I',+)
are semigroups and satisfies the following conditions.
(i) aa(b+ ¢) = aab + aac
(ii) (@ +b)ac = aac+ bac
(iii) a(a + B)b = aab + aBb,for all a,b,c € M,«a, 8 € T.

EXAMPLE 2.1. Let S be a semiring and M), ,(S) denote the additive semigroup
of all p x ¢ matrices whose entries are from S. Then M, ,(5) is a I'—semiring with
I' = M, 4(S) and the ternary operation defined by the usual matrix multiplication
as zay = x(a')y, where a! denotes the transpose of the matrix «; for all z,y and

a € M, ,(S).

DEFINITION 2.19. A I'—semiring M is said to have zero element if there exists
an element 0 € M such that 0+x =2 =2+ 0 and Oax = xa0 =0, for all x € M.
and a € T.

DEFINITION 2.20. A I'—semiring M is said to be commutative I'—semiring if
ray =yar,r+y=y+x forallz,y € M and a € T.

DEFINITION 2.21. Let M be a I'—semiring. An element 1 € M is said to be
unity if for each x € M there exists a € I' such that zal = lax = .

DEFINITION 2.22. In a I'—semiring M with unity 1, an element a € M is
said to be left invertible (right invertible) if there exist b € M,a € T such that
baa = 1(aadb = 1).

DEFINITION 2.23. In a I'—semiring M with unity 1, an element a € M is said
to be invertible if there exist b € M, € I' such that aab = baa = 1.

DEFINITION 2.24. Let M be a T'—semiring is said to satisfy left(right)cancelation
law if and only if r;s,t € M,r # 0, € T such that ras = rat (sar = tar ) then
s=1.

DEFINITION 2.25. A T'—semiring M is called an ordered I'—semiring if it ad-
mits a compatible relation <, id.e. < is a partial ordering on M satisfying the
following conditions. If a < b and ¢ < d then

(i) a+c<b+d
(il) aac < bad
(iii) caa < dabd, for all a,b,c,d € M and a € T.

EXAMPLE 2.2. Let M = [0,1], ' = N and ' + ' and tbe ternary operation
defined by

x+y=max{x,y}, zyy=min{z,v,y} for all z,y € M and v € T.
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Then M is an ordered I'—semiring with respect to usual ordering.

DEFINITION 2.26. An ordered I'—semiring in which every two elements are
comparable is said to be totally ordered I'—semiring. .

DEFINITION 2.27. A TI'—semiring M is said to be field I'—semiring if M is a
commutative I'—semiring with unity 1 and every nonzero element of M is invertible.

ExXaMPLE 2.3. Let M be a set of all rational numbers and I' = M be a
commutative semigroup with respect to usual addition. If define the mapping
M xT'x M — M by aab as usual multiplication for all a,b € M and a € T', then
M is a field I'-semiring.

DEFINITION 2.28. A I'—semiring M is said to be mono I'—semiring if M is
a commutative I'—semiring with unity 1 and for every pair a,b € M there exists
v €T such that ayb = a +b.

DEFINITION 2.29. Let M be a I'—semiring. An element a € M is said to be
idempotent of M if there exists a € I' such that a = aaa and a is also said to be
a - idempotent.

DEFINITION 2.30. Let M be a I'—semiring.If every element of M is an idem-
potent of M then M is said to be idempotent I'—semiring M.

DEFINITION 2.31. A I'—semiring M with zero element is said to be zero sum
free '—semiring if t +x =0, for all x € M.

3. Field I'-semiring and totally ordered I'-semiring

In this section, we study the properties of additive semigroup structure and
I"'—semigroup structure of field I'-semiring, totally ordered I'-semiring and totally
ordered field I'-semiring satisfying the identity.

DEFINITION 3.1. In a totally ordered I'-semiring M we define

(i) Semigroup (M, +) is said to be positively ordered (negatively ordered) if
a+b>abla+b<ab) forallaeT,a,be M.
(ii) T'—Semigroup M is said to be positively ordered (negatively ordered) if
aadb = a,blaad < a,b) for all« € T,a,b € M.

DEFINITION 3.2. In a totally ordered I'-semiring M we define
(i) Semigroup (M, +) is said to be non-negatively ordered(non-positively or-
dered) if holds
a+a>a (a+a<a)foralacl anda e M.
(ii) D-semigroup M is said to be non positively ordered (non-negatively or-
dered) if holds
aca 2 a (aca < a) for alla €T and a € M.

DEFINITION 3.3. An element x in a totally ordered I'-semiring M is said to be
minimal (mazimal) if x < a (r > a) holds for all a € M.
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THEOREM 3.1. Let M be a field T'-semiring satisfying the identity a + aab = a
forall0#a,be M anda €. Then 1+ a=a for all0#a € M.

PRrROOF. Let M be a field I'-semiring satisfying the identity a + aab = a for all
0 # a, b € M. Then there exists a € I' such that aca™' = 1. Thus aca™ +a =a
and 1+ a = a. Hence the theorem. (]

THEOREM 3.2. Let M be a field I'-semiring satisfying the identity and a+aca =
a forall0#£a € M and a« € T'. Then 14+ a = a, and for all 0 # a € M. and for
each b € M there exists 6 € I' such that b+ adb = b.

PrOOF. Let M be a I'-semiring satisfying a + aaa = a for all @ € M and
a € I'. Then there exists v € I' such that ayl = a and there exists § € I" such that
10b=10. For all a € M and a € I" we have

at+aca=a= ayl+aya=a
= ay(l4a) =ayl
=1+a=1
= 16b+ adb = 16b
= b+ adb=".
Hence the theorem. O

THEOREM 3.3. Let M be a field I'—semiring satisfying the identity a+aab = a
for all0O#a,b€e M and a € I'. Then I'—semigroup M is a band.

PrROOF. Let M be a field I'—semiring. By Theorem 3.1 we have 1 + a = a for
all @ € M. Since a € M there exists o € I" such that aal = a.
aca =aa(l+a) = aal + aca = a + aca = a.
Hence the theorem. (]

THEOREM 3.4. Let M be a field I'—semiring satisfying the identity a + aab =
a, for all0# a,b € M,«a € T'. Then additive semigroup (M,+) is a band.

PRrROOF. Let M be a field I'—semiring. By Theorem 3.1 we have a + 1 = a for
all0 # a € M. Let 0 # a € M. Then there exists a € I' such that aal = a. Further
on

a=aal =aa(l+1)=aal +aal =a+a.
Hence an additive semigroup (M, +) of I'—semiring M is a band. O

THEOREM 3.5. Let M be a field I'—semiring satisfying the identity a+aab = a

foralla,be M and o € I'. Then a+ ayb+b = a for all a, b € M and for some
vyel.

PrOOF. Let M be a field I'—semiring. By Theorem 3.1 we have a + 1 =
a, for all a € M. Suppose b € M. Since b € M there exists v € I" such that 1vb = b.
Now we have

a+ayb+b=a+ayb+1lyb=a+ (a+1)yb=a+ayb=a.
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Hence a + avb+ b= a, for all a,b € M. O

THEOREM 3.6. Let M be a field I'—semiring satisfying the identity aab+a = a
forallae M and a € T'. Then a = a + aaxBa for all a, 8 €T and x € M.

PRrROOF. Let M be a field I'—semiring. By Theorem 3.1 we have a + 1 = a for
all0 #a € M. Let a, x € M and a, 8 € I'. Since a € M, there exists § € I" such
that adl = a.

a+ aazfa =adl + adlazfa = ad(l + lazfa) = adl = a.
Hence a = a + aazfa, for all a, 8 € ',z € M. O
THEOREM 3.7. Let M be a field I'—semiring satisfying a + aab = a for all

0#a,be M and a € T'. If for every pair a, b € M there exists v € I' such that
1va = a and 1vb = b then M is mono I'—semiring.

ProOOF. By Theorem 3.1 we have 1 + a = a for all a € M since M is a field
I'—semiring. Let a,b € M.. Then there exists v € I' such that 1ya = a and
1vb = b.

ayb=(1+a)y(1+0b)

ayb =191+ ayl + 1vb + avb

= avyb=1v1+1yva+ 1vb+ avyb
=1y(1+a)+b+ayb
=1ya+ b+ avyb
=a+b+ bya
=a+0b.
Hence M is a mono I'—semiring. O
THEOREM 3.8. If M is a I'—semiring with unity satisfying the identity aab+a =

a for alla € M and o €T for all a € M and suppose (M, +) is right cancellative,
then | M |=1.

PrROOF. Let a € M. Thena+1=1=a+1=1+1= a = 1. Hence
| M |=1. O

THEOREM 3.9. Let M be a totally ordered I'—semiring with unity 1. Then
additive semigroup (M,+) is non negatively ordered or non positively ordered .

PROOF. Let M be a totally ordered I'—semiring with unity 1 and x € M. Then
1+41>1o0or1+1<1. Thus

za(l+1) > zal or za(l+1) < zal, foralla €T
= zal +zal > zal or rzal + xal < zal, foralla € T

=>xcx+r>2zxorx+ax<T.

Hence additive semigroup (M, +) is non negatively ordered or non positively or-
dered. 0



196 MARAPUREDDY MURALI KRISHNA RAO

THEOREM 3.10. Let M be a totally ordered I'—semiring satisfying aca + a =
a, foralla € M, € T. If (M, +) is non-negatively ordered then T'—semigroup M
is mon-positively ordered.

PROOF. Suppose semigroup (M,+) of I'—semiring M is non-negatively or-
dered. We have aca+a =a, foralla € M,a € I'. Now a = aca+a > aca = a >
aaa. Hence I'—semigroup M is non-positively ordered. (|

Proof of the following theorem is similar to above theorem.

THEOREM 3.11. Let M be a totally ordered I'—semiring satisfying aca + a =
a, for all a,b € M,a € T. If (M,+) is a non-positively ordered then T'—semigroup
M is non-negatively ordered.

THEOREM 3.12. Let M be a totally ordered I'—semiring satisfying the identity
aca+a=a, foralla e M,a €T.
(i). If (M, +) is positively ordered then I'—semigroup M is negatively ordered.
(ii). If (M, +) is negatively ordered then I'—semigroup M is positively ordered.

PrOOF. (i). Let M be a totally ordered I'—semiring satisfying the identity
aab+a=aforall a, b€ M and o € I and let (M, +) be positively ordered. Then

a=aob+a>aab= a > aab.
Suppose aab > b. Then

=aab+a>b+a
=a>b+a
which is a contradiction to semigroup (M, +) is positively ordered. Hence aab < b.

There fore aab < a,b. Hence I'—semigroup M is negatively ordered.
(ii). Proof is similar to (i). O

THEOREM 3.13. Let M be a totally ordered I'—semiring with unity satisfying
a+ aab = a, for all a,b € M,a € T. If semigroup (M, +) is positively ordered then
1 is the maximal element.

PROOF. Let semigroup (M, +) be positively ordered semigroup of totally or-
dered I'—semiring with a + aab = a, for all a,b € M,a €T
=14+ laa=1, forallae M,a el
=1l4+a=1
=l=14+a>a, forallae M.

Hence 1 is the maximal element. O

THEOREM 3.14. Let M be a totally ordered I'—semiring with unity satisfying
a+ aab = a, for all a,b € M, € T'. If semigroup (M,+) is negatively ordered
semigroup then 1 is the minimal element of a totally ordered I'—semiring M.
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PROOF. Let M be a totally ordered I'—semiring with a + aab = a, for all
a,b € M,« € T'. Suppose (M, +) is negatively ordered. We have a 4+ aab = a, for
all a,b € M, €T'. Since b € M there exists v € I" such that byl = 1yb = 0.

=1l+lab=1, foralael',be M

=1+1vb=1

=1+b=1
Therefore 1 = 1+ b < b for all b € M. Hence 1 is the minimal element of a
I"'—semiring M. U

THEOREM 3.15. Let M be a totally ordered I'—semiring satisfying the identity
a+ aab = a, for all a,b € M, € T. If semigroup (M, +) is positively ordered then
I'—semigroup M is negatively ordered.

PRrROOF. Let M be a totally ordered I'—semiring satisfying the identity a +
aab = a, for all a,b € M, € T'. Suppose (M, +) is positively ordered. We have a =
a+aab > aab, for all a,b € M, a € T'. Similarly we can prove b > aab, for all a,b €
M,« € T'. Hence I'—semigroup M is negatively ordered. U

THEOREM 3.16. If M is a totally ordered mono I'—semiring with a + aab =
a, for alla,b € M,a € T' and semigroup (M, +) is positively ordered then semigroup
(M, +) is left singular.
PROOF. Suppose M is a totally ordered mono I'—semiring. We have a+aab =
a, for all a,b € M, €T.
a=a+aab>aab=a>a+b,
since M is a mono I'—semiring. Since (M, +) is positively ordered, then a +b > a.

Therefore a = a + b. Hence the Theorem. O

THEOREM 3.17. Let M be a totally ordered idempotent I'— semiring with unity
1 and zero element 0. satisfying the identity a + aab = a, for all a,b € M, € T.
and T'—semigroup M is negatively ordered. If a,b € M,a < b and a+b = b then
there exists a € I' such that a = aab = baa = aaa.

PROOF. Let a,b € M and a < b. Since M is a totally ordered idempotent I'—
semiring, there exists o € I' such that aaa = a
a<b= a+b=0>

= aa(a+b) = aad

= aaa + aab = aadb
a+ aab = aad
a = aab
and a < b aca < baa

a<baa<a

R

a = baa

Hence a = aab = baa = aaa. O
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THEOREM 3.18. If M is a field T'— semiring satisfying the identity aab + a =
a, for all a,b € M, € L. with unity 1. If semigroup (M, +) is a negatively ordered
then 1 is the greatest element of M.

PrOOF. Let M be a field I'— semiring satisfying the identity aab + a =
a, forall a,b € M, € T'. and x € M. Then there exists @ € I' such that
x = xal < 1. Hence 1 is the greatest element of M. O

THEOREM 3.19. Let M be a totally ordered field I'—semiring satisfying the
identity aab + a = a, for alla,b e M,a €T.
(i). If semigroup (M,+) is a negatively ordered then 1 is the maximal element.
(ii). If semigroup (M, +) is a positively ordered then 1 is the minimal element.

PROOF. (i). Suppose semigroup (M, +) is a negatively ordered. We have aab+
a=a, forall a,b € M,a €T. Since a € M there exists a~! € M there exists such
that aca™ = 1. Then

aca '=1=aaa ' +a=a

=1l+a=a
a=14+a<1
= a< 1.
Hence 1 is the maximal element.
(ii). Proof is similar to (i) O

THEOREM 3.20. Let M be a totally ordered field I'—semiring and satisfying the
identity aab + a = a, for all a,b € M,a €T.
(i). If semigroup (M, +) is a non-negatively ordered then T'—semigroup M is a non-
negatively ordered.
(ii). If semigroup (M,+) is a non-positively ordered then I'—semigroup M is a
non-positively ordered.

PRrROOF. (i). Let M be a field I'—semiring. We have 1 + a = a, for all a € M.
Let a € M. Since a € M there exists v € I" such that ayl = a.

l+a=a= ayl+avya=avya
= a+ aya = avya.

Suppose (M, +) is a non-negatively totally ordered. Then aya = a + avya >
a= aya = a.

Hence I'—semigroup M is a non-negatively ordered.
(ii) Proof is similar to (i). O

THEOREM 3.21. Let M be a totally ordered field I'—semiring and satisfying the
identity aab + a = a, for all a,b € M,a €T.

(i). If semigroup (M, +) is positively ordered then T'—semigroup M is positively
ordered.

(ii). If semigroup (M, +) is negatively ordered then I'—semigroup M is a neg-
atively ordered.
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PROOF. (i). Let M be a field I'—semiring. We have 14+ b = b, for all b € M.
Let a € M. Since a € M there exists v € I' such that ayl = a.
1+b=0b= ayl+ayb=avyb
= a+ ayb = anb.
Suppose that (M, +) is a positively ordered. Then
avyb=a+avyb>2a = ayb>a.

Similarly we can prove ayb > b. Hence I'—semigroup M is a positively ordered.
(ii) Proof is similar to (i). O

4. Complemented I'—semiring

In this section, we introduce the notion of complemented I'—semiring and to-
tally ordered complemented I'—semiring and study their properties.

DEFINITION 4.1. An element a of I'—semiring M is said to be complemented
if there exists an element b € M such that a +b = 1,baa = 0 and aab = 0, for all
acl.

DEFINITION 4.2. A T'—semiring M is said to be complemented if for every
element of M is complemented.

THEOREM 4.1. Let M be a I'—semiring. If b is a complement of a and a+c =1
then there exists o € I' such that bac = cab = bab = b.

PROOF. Let b be the complement of a and ¢ € M such that a + ¢ = 1.Then
there exists a a € I' such that b = bal = lab, b+ a = 1,and bya = ayb = 0, for all
vyel.

b =ba(l) = ba(a+ ¢) = baa + bac = 0 + bac = bac.

b=1lab= (a+c)ab = aab+ cab =0+ cab = cab.

b+a=1
by(b+a) =byl, forallyeT
= byb+bya=by1, forally €T
= bab + baa = bal
= bab+ 0 =bal

Therefore bab = b. Hence bac = cab = bab = b. [l

THEOREM 4.2. Let M be a zero sum free I'—semiring. If a,b € M are comple-
mented elements of M then aabBc =0, for all B € I, for some o € ', where c is
the complement of a.
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PROOF. Let M be a zero sum free ['—semiring and ¢, d be complements of a
and b respectively and § € I'. Since 1 is the unity, there exists a € I" such that
aal = a.

aabfc + aadfec = aa(b+ d)fc = aalBe = afec = 0.
Hence aabfc = 0. (]

THEOREM 4.3. Let M be an idempotent I'—semiring. If a is a complement of
b then there exists v € I' such that a + byb = byb + a.

PROOF. Let M be an idempotent I'—semiring. Suppose a is a complement of
b.Then a + b = 1 and aab = baa = 0, for all @ € T' and there exists v € I' such
that aya = a.

(a+b)ab+a) =aa(b+a)+ba(b+a), foralla €T
=aab+ aaa + bab + baa, for all « € T
=a+bydb

(a+b)ab+a) =(a+b)ab+ (a+bdb)aa, for all a €T
=aab + bab + aaa + baa, for all « € T
=bvyb+ a.

Hence a + byb = byb + a. U

DEFINITION 4.3. Let M be a I'—semiring. An element a € M is said to be
strongly idempotent if a = aaa; for all o € T'.

DEFINITION 4.4. Let M be a I'—semiring.If every element of M is a strongly
idempotent of M then M is said to be strongly idempotent I'—semiring M.

COROLLARY 4.1. If M s a strongly idempotent complemented I'—semiring then
semigroup (M, +) is commutative .

THEOREM 4.4. If I'—semigroup of complemented I'—semiring M holds cancel-
lation law then every element in M has an unique complement.

PrROOF. Let I'—semigroup of complemented I'—semiring M holds cancellation
law. Suppose b and ¢ are complements of a then a+b =1,a4+c = 1,aab = 0,aac =
0, for all & € . Then

aab = 0 = aac = aab = aac
=b=c

Hence the Theorem. O

THEOREM 4.5. If M is a complemented I'—semiring then M is an idempotent
I'—semiring.
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PROOF. Suppose M is a complemented I'—semiring and a € M. Then there
exists a € I" such that aal =a,a+b=1and ayb=0, for all y € I

a+b=1=ay(a+b) =ayl, forally el
=aala+b) =aal
= aaa + aab = aal
=aaa+ 0 = aal
= aaa = a.

Therefore a is an a—idempotent. Hence M is an idempotent I'—semiring. O

THEOREM 4.6. Let M be a totally ordered complemented I'—semiring. If semi-
group (M, +) is a positively ordered semigroup then 0 is the minimal element of M
and I'—semigroup M is negatively ordered.

PROOF. Let M be a totally ordered complemented I'—semiring. Let a,c € M.
There exists b € M such that a+b = 1,baa = aab =0, for alla € I'. Now a+0 =«
and a +0 > 0. So, a > 0. Therefore 0 is the minimal element.

Suppose I'—semigroup M is a positively ordered. Then

acc > ¢, a = balacc) = bac and (baa)ac) = bac = 0 = bac,

which is a contradiction. Therefore I'—semigroup M is negatively ordered. Hence
the Theorem. O

THEOREM 4.7. Let M be a totally ordered complemented I' - semiring. If T -
semigroup M is a positively ordered then 1 is the minimal element of M and (M, +)
is negatively ordered .

PROOF. Let M be a totally ordered complemented I' - semiring .Suppose I'
- semigroup M is a positively ordered and a € M. There exists § € I' such that
afl =a = a=afl > 1. Therefore 1 is the minimal element of M. Suppose (M, +)
is a positively ordered semigroup and a € M. Then there exists ¢ € M such that
a+c=1= 12>aand a > 1. Therefore a = 1, which is a contradiction. Hence
(M, +) is negatively ordered. O

THEOREM 4.8. Let M be a totally ordered complemented I'—semiring.  If
I'—semigroup M is a positively ordered then semigroup (M,+) is a band.

PrOOF. Let M be a totally ordered complemented I'—semiring. Suppose
I'—semigroup M is positively ordered. Then by Theorem 4.7, (M, +) is negatively
ordered and 1 is the minimal element of M and 1 + 1 > 1 since 1 is the minimal
element. Thus za(l + 1) > xzal for all x € M and o € T since z € M. So, there
exists v € I' such that 2yl = x and

xy(1+1) 2 2yl = zyl + 2y1 > 271
>z+rT =T

We have z +x < z, since (M, +) is negatively ordered. Hence =+ x = x. Therefore
(M,+) is a band. O
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5. Conclusion:

We studied the properties of structures of the semigroup (M,+) and the T

-semigroup M of field I'—semiring M, totally ordered field I'—semiring M com-
plemented I'—semiring M and totally ordered complemented I'—semiring M .We
proved,if (M,+) is negatively ordered ( positively ordered ) of totally ordered
I'—semiring (field I"'—semiring) satisfying the identity a + aab = a, for all a,b €
M, « €T then I'—semigroup M is positively ordered (positively ordered).
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