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RAINBOW CONNECTION
IN BRICK PRODUCT GRAPHS

K.Srinivasa Rao, R.Murali, and S.K.Rajendra

ABSTRACT. Let G be a nontrivial connected graph on which is defined a color-
ing ¢: E(G) — {1,2,--- ,k}, k € N, of the edges of G, where adjacent edges
may be colored the same. A path in G is called a rainbow path if no two edges
of it are colored the same. G is rainbow connected if G' contains a rainbow
u — v path for every two vertices u and v in it. The minimum k for which
there exists such a k-edge coloring is called the rainbow connection number
of G, denoted by rc(G). In this paper we determine rc(G) of brick product
graphs associated with even cycles. We also discuss the critical property of
these graphs with respect to rainbow coloring.

1. Introduction

Connectivity is perhaps the most fundamental graph-theoretic property, both
in the combinatorial sense and the algorithmic sense. There are many ways to
strengthen the connectivity property, such as requiring hamiltonicity, k-connectivity,
imposing bounds on the diameter, requiring the existence of edge-disjoint spanning
trees and so on. One among them is rainbow connectivity that strengthens the
connectivity requirement, introduced by Chartrand et. al. in 2008 [2].

Let G be a nontrivial connected graph with an edge coloring ¢ : E(G) —
{1,2,--- ,k}, k € N, where adjacent edges may be colored the same. A path in
G is called a rainbow path if no two edges of it are colored the same. An edge
colored graph G is said to be rainbow connected if for any two vertices in G, there
is a rainbow path in G connecting them. Clearly, if a graph is rainbow connected,
it must be connected. Conversely, any connected graph has a trivial edge coloring
that makes it rainbow connected. i.e., a coloring such that each edge has a distinct
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color. The minimum k for which there exist a rainbow k-coloring of G is called the
rainbow connection number of G, denoted by r¢(G).

For any two vertices u and v in G, d(u, v) is the distance between v and v. Let ¢
be a rainbow coloring of G. For any two vertices u and v of a rainbow u—v geodesic
in G is a rainbow u — v path of length G is termed strongly rainbow connected if G
contains a rainbow u — v geodesic for every two vertices v and v in G and in this
case the coloring c is called a strong rainbow coloring of G. The minimum k for
which there exists a coloring ¢ : E(G) — {1,2,--- ,k}, k € N, of the edges of G
such that G is strongly rainbow connected is called the strong rainbow connection
number of G, denoted by src(G). Thus r¢(G) < sre(G) for every connected graph
G.

The rainbow connection number and the strong rainbow connection number
are defined for every connected graph G, since every coloring that assigns distinct
colors to the edges of G is both a rainbow coloring and a strong rainbow coloring
and G is rainbow connected and strongly rainbow connected with respect to some
coloring of the edges of G.

In [2], Chartrand et.al. determined rc(G) for some classes of graphs like, the
cycle graph, the wheel graph etc., and src¢(G) for complete multipartite graphs.
In [5] and [6] K.Srinivasa Rao and R.Murali, determined r¢(G) and sre(G) of the
stacked book graph, the grid graph, the prism graph etc. Authors also discussed
the critical property of these graphs with respect to rainbow coloring. An overview
about rainbow connection number can be found in a book of Li and Sun in [4] and
a survey by Li et.al. in [3].

1.1. Definition. A graph G is said to be rainbow critical if the removal of
any edge from G increases the rainbow connection number of G, i.e. if r¢(G) = k
for some positive integer k, then rc¢(G — e) > k for any edge e in G.

The brick product of even cycles was introduced in a paper by B.Alspach et.al.
[1] in which the Hamiltonian laceability properties of brick products was explored.
In this paper we determine rc¢(G) of brick product graphs associated with even
cycles. We also discuss the critical property of these graphs with respect to rainbow
coloring.

1.2. Definition. Let m, n and r be positive integers. Let Cy,, = vg,v1, 09, -,
V(2n—1), Yo denote a cycle of order 2n. The (m,r)-brick product of Cy,, denoted by
C(2n,m,r) is defined as follows:

For m = 1, we require that r be odd and greater than 1. Then, C'(2n, m,r) is
obtained from Cs,, by adding chords vog(vog4yr), k = 1,2,--- ,n, where the com-
putation is performed under modulo 2n.

For m > 1, we require that m + r be even. Then, C'(2n, m,r) is obtained by
first taking disjoint union of m copies of Cs,, namely, Cs,,(1), C2,(2), C2,(3), - -

)

Copn(m) where for each i = 1,2,---,m, C2, (1) = vi1, Vi, Vi3, , -+, Vi(2n). Next, for
each odd i = 1,2,--- ,m — 1 and each even k = 0,1,--- ,2n — 2, an edge(called a
brick edge) drawn to join v to v(;41)r, Whereas, for each even i =1,2,--- ,m —1

and each odd k =1,2,--- ,2n — 1, an edge (also called a brick edge) is drawn to
join vig 10 V(4 1)k-
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Finally, for each odd k = 1,2,---,2n — 1, an edge (called a hooking edge)is
drawn to join vix t0 Up(k4r). An edge in C(2n,m,r) which is neither a brick edge
nor a hooking edge is called a flat edge.

The brick products C(10,1,5),C(10,2,4) and C(10,3,5) are shown in figures
1, 2 and 3.

FIGURE 3. The brick product C(10, 3,5)
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In the next section, we determine the values of r¢(G) for the brick product
graph C'(2n,m,r) for m = 1,n > 3,7 = n and for m = 1,n > 4,7 = 3. In our
results, we denote the vertices of the cycle Cy,, as vg, vy, -+ ,Van_1, V2, = Vg.

2. Main Results
THEOREM 2.1. Let G = C(2n,m,r). Then form =1,n> 3 and r = n,

2 for n=3
re(G) =43 for n=5
[5]+1 for n>7 and odd

PROOF. We consider the vertex set of G as V(G) = {vg,v1,*+ ,Vop—1,V2n =
vo} and the edge set of G as E(G) = {e; : 1 <i < 2n}U{e; : 1 <i < n}, where ¢;
is the edge (v;—1,v;) and e; is the edge (vog, vak+r), K =0,1,--+ ,n. Here 2k + r is
computed modulo 2n.

We prove this theorem in different cases as follows.

Case 1: n = 3.

Since diam(G) = 2, it follows that r¢(G) > 2. It remains to show that r¢(G) <
2. Define a coloring ¢ : E(G) — {1, 2} and consider the assignment of colors to the
edges of G as

c(e) =

1 if e = wgu; = v9U3 = V4U5 = VU3 = Va5
2 if e= V1V = V304 = V5V = V1U4

Then, for any two vertices z,y € V(G), the above assignment gives a rainbow
x — y path in G.

Hence rc¢(G) < 2.

This proves rc¢(G) = 2.
(An illustration for the assignment of colors in C(6, 1, 3) is provided in figure 4).

FIGURE 4. Assignment of colors in C(6,1,3)
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Case 2: n =5.

Since diam(G) = 3, it follows that r¢(G) > 3. It remains to show that re(G) <
3. Define a coloring ¢ : E(G) — {1,2,3} and consider the assignment of colors to
the edges of G as

1 if e =wgv1 = vaU3 = V4U5 = VgU7 = VgVg
cle) =42 if e=v1vy = v3V4 = V5V = V7U8 = Vg
3 if e = wvopvopy, where k=0,1,--- n
For any two vertices z,y € V(G), the above assignment gives a rainbow = — y
path in G. Hence r¢(G) < 3.
This proves r¢(G) = 3.
(An illustration for the assignment of colors in C(10,1,5) is provided in figure 5).

FIGURE 5. Assignment of colors in C(10,1,5)

Case 3: n > 7 and odd.

In this case diam(G) = [4] and hence it follows that rc¢(G) > [§]. But, as in
case 2, if we assign the colors to the edges of G, we fail to obtain a rainbow path
between the vertices v; — Usnin) Vn. (This is illustrated in figure 6).

Accordingly, we define a coloring ¢ : E(G) — {1,2,---,[5] 41} and assign the
colors to the edges of G as

i if 1<i<[3]
ey — 181 i [glH1<i<n
YT Yi—(m+1) i n42<i<[] 41
i—([22]+1) if [2]+2<i<2n

and /
cle)) =151+1
From the above assignment, it is easy to verify that for every two distinct

vertices z,y € V(G), there exists an x — y rainbow path with coloring ¢. Hence
re(G) < [5] + 1
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FIGURE 6. Assignment of colors in C'(14,1,7)

This proves re(G) = [§] + 1.
Hence the proof.
(An illustration for the assignment of colors in C'(14, 1,7) is provided in figure 7).

FIGURE 7. Assignment of colors in C(14,1,7)

O

The critical nature of the brick product graph in theorem 2.1 has been observed.
This is illustrated in our next result.

LEMMA 2.1. Let G = C(2n,m,r), where m =1 and r =n. Then G is rainbow
critical for n = 3.
ie, re(G—e)=3 for n=3
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PROOF. Since diam(G) = 2, deletion of any edge in G, increases the diameter
by 1. i.e., diam(G — e) = 3 and therefore r¢(G — e) > 3. It remains to show that
re(G —e) < 3.

Define a coloring ¢ : E(G) — {1,2,3} and consider the assignment of colors to
the edges of G as

1 if e= VU1 = V4V5 = V27V5
cle) =192 if e=wvivy = V34 = V5Vg = V1

3 if e=uwqus

From the above assignment, for any two vertices z,y € V(G — ¢), we obtain a
rainbow x — y path in G —e. This holds Ve € E(G).
Hence r¢(G —e) < 3.
This proves r¢(G — e) = 3.
Hence the proof.
O

REMARK 2.1. Let G = C(2n,m,r) where m =1 and r = n. Then, forn > 5
and odd, G is not rainbow critical, since, from theorem 2.1, we have,

@) 3 for n=15
re(G) =
[514+1  for n>T and odd

If we delete of any brick edge vervak+r, where k =0,1,--- ,n, we immediately
obtain the rainbow path between the selected vertices.
(For illustration see figure 8).

FIGURE 8. Assignment of colors in C(10,1,5)

When m =1 and r = 3, we have the following result.
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THEOREM 2.2. Let G = C(2n,m,r). Then form =1 and r = 3,

7+1 for n >4 and even
re(G) =43 for n=15
[5]+1 for n>7 and odd

PROOF. We consider the vertex set V(G) and the edge set E(G) defined in
Theorem 2.1. We prove this result in different cases as follows.

Case 1: n=5.
Since diam(G) = 3, it follows that r¢(G) > 3. It remains to show that r¢(G) <
3. Define a coloring ¢ : E(G) — {1,2,3} and consider the assignment of colors to

the edges of G as
1 if e =wgui = Va3 = VoU3 = V5V = V78
cle) =<2 if e=wv1vy = V304 = VU7 = Vg9 = Vgly
3 if e=1vgug = VU8 = VaU5 = VU5 = V47
It is easy to verify that for any two vertices z,y € V(G), the above assignment
gives a rainbow x — y path in G. Hence rc¢(G) < 3.

This proves r¢(G) = 3.
(An illustration for the assignment of colors in C(10, 1, 3) is provided in figure 9).

FIGURE 9. Assignment of colors in C(10,1,3)

Case 2: n > 4 and even.
Since diam(G) = § + 1, it follows that rc(G) > 4§ + 1. In order to show that

rce(G) < § + 1, we construct an edge coloring ¢ : E(G) — {1,2,---,4% + 1} as
follows _
% ifiisevenand 2<i<n
cle;) = ¢ 52 ifiisevenand n+2 << 2n

5+1 ifiisoddand 1<¢<2n

and
/ ) if 1<i<3g
i—g5 if $4+1<i<n
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It is easy to verify that for any two vertices z,y € V(G), the above assignment
gives a rainbow z — y path in G. Hence re(G) < § + 1.

This proves re(G) = § + 1.
(An illustration for the assignment of colors in C(16, 1, 3) is provided in figure 10).

FIGURE 10. Assignment of colors in C(16,1, 3)

Case 3: n > 7 and odd.

In this case, diam(G) = [4] and hence it follows that rc(G) > [4]. Suppose
that c is a [ 5] rainbow coloring, if we color the edges as in case 2, this will not give
a rainbow vy — V4o path Vn. (See figure 11).

w

FIGURE 11. Assignment of colors in C'(14,1, 3)

Accordingly, we construct an edge coloring ¢ : E(G) — {1,2,---,[5]+ 1} and
assign the colors to the edges of G as

% ifiisevenand 2<i<n—1
NI ifiisevenand n+1<i<2n—2
eled) = (2141 ifiisodd 1<i<n—2 and n+2<i<2n—1
(5] elsewhere
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and
T if 1<i<L%J—1
cle;) = i—n+[2]+1 if [3]+1<i<n—1
(%1 elsewhere

From the above assignment, it is easy to verify that for every two distinct
vertices x,y € V(G), there exists an x — y rainbow path with coloring c.

Hence r¢(G) < [5] + 1.

This proves rc(G) = [§] + 1.

Hence the proof.
(An illustration for the assignment of colors in C'(14, 1, 3) is provided in figure 12).

FIGURE 12. Assignment of colors in C(14,1, 3)

O

The critical nature of the brick product graph in theorem 2.2 has been observed
for even n > 4. This is illustrated in our next result.

LEMMA 2.2. Let G = C(2n,m,r), where m =1 and r = 3. Then G is rainbow
critical for even n > 4.

o re(G—e)=5+2 for n>4 and even

i.e
PROOF. Let ¢ = (x,y) be any edge in G (edge in cycle or brick edge). Then
every €’ is an edge of some sub graph H = Cj; in G. If we follow a coloring as
in Theorem 2.2, it is clear that the edges of this sub graph can be colored by two
colors. Deletion of ¢’ from any sub graph H = C4 will give d(z,y) = 3. Let P
be the path from x to y in H. Then, since two edges in P have the same color,
a z — y rainbow path in G is not possible. This holds for every ¢’ in G. Hence,
to obtain a rainbow path, one more color is required other than the § + 1 colors
already assigned in G.
This proves rc(G —e”) = § + 2.
(An illustration for the assignment of colors in C(16, 1, 3) is provided in figure 13).
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FIGURE 13. Assignment of colors in C(16,1, 3)

O

REMARK 2.2. Let G = C(2n,m,r) where m =1 and r = 3. Then, forn > 5
and odd, G is not rainbow critical graph, since, from theorem 2.2, we have,

re(G) = 3 for n=5
- [5]+1 for n>7 and odd

If we delete of any brick edge v| » |v;,, we immediately obtain the rainbow path
between the selected vertices. This holds for v,,_1 — v,19 also. (For illustration see
figure 14).

FIGURE 14. Assignment of colors in C'(10,1,3)

3. Conclusion

In this paper, we have determined the rainbow connection number of brick
product graphs C(2n,m,r) associated with even cycles. In some cases, the critical
property of brick product graphs with respect to rainbow coloring is also investi-
gated.
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