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ABSTRACT. In this paper we introduce the notions of ag-Z,-open sets, gp-Z.,-
open sets, gs-Z,-open sets, gwi-Z-sets, gwq*-Z-sets and gwg-Z-sets in ideal
topological spaces and investigate some of their properties. Using these notions
we obtain decompositions of gw-continuity.

1. Introduction

In 1961, Levine [7] obtained a decomposition of continuity which was later
improved by Rose [16]. Tong [18] decomposed continuity into A-continuity and
showed that his decomposition is independent of Levine’s. The concept of gw-
continuity was introduced and studied by Khalid Y. Al-Zoubi [4]. In 2000, Sun-
daram and Rajamani [17] obtained two different decompositions of g-continuity
by introducing the notions of C(S)-sets and C*-sets in topological spaces. Noiri
et al [11] introduced «g-Z-open sets, gp-Z-open sets, gs-Z-open sets, C(S)-Z-sets,
C*-Z-sets and S*-Z-sets to obtain decompositions of g-continuity. In this paper we
introduce ag-Z,-open sets, gp-Z,-open sets, gs-Z,-open sets, gws-Z-sets, gwq«-I-
sets and gwg-Z-sets to obtain decompositions of gw-continuity.

2. Preliminaries

Throughout this paper, R (resp. N,Q,R — Q, (R — Q)) denotes the set of all
real numbers (resp. the set of all natural numbers, the set of all rational numbers,
the set of all irrational numbers, the set of all positive irrational numbers).
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By a space (X, 7), we always mean a topological space (X, 7) with no separation
axioms assumed. For a subset A of a space (X, 7), cl(A) and int(A) denote the
closure of A and the interior of A respectively.

DEFINITION 2.1. A subset A of a space (X, T) is called semi-open [6] (resp. pre-
open [8], a-open [9]) if A C cl(int(A)) (resp. A C int(cl(A)), A Cint(cl(int(A)))).
The complement of a semi-open (resp. a preopen, an a-open) set is called semi-
closed (resp. preclosed, a-closed).

DEFINITION 2.2. [11] The largest semi-open (resp. preopen, a-open) set con-
tained in A is called the semi-interior (resp. pre-interior, a-interior) of A and is
denoted by s-int(A) (resp. p-int(A), a-int(A)). The smallest semi-closed (resp.
preclosed, a-closed) set containing A is called the semi-closure (resp. preclosure,
a-closure) of A and is denoted by s-cl(A) (resp. p-cl(A), a-cl(A)).

DEFINITION 2.3. [21] Let A be a subset of a space (X,7), a point p in X is

called a condensation point of A if for each open set U containing p, U N A is
uncountable.

DEFINITION 2.4. [3] A subset A of a space (X, T) is called w-closed if it contains
all its condensation points.
The complement of an w-closed set is called w-open.

It is well known that a subset W of a space (X,7) is w-open if and only if
for each x € W, there exists U € 7 such that x € U and U — W is countable.
The family of all w-open sets, denoted by 7, is a topology on X, which is finer
than 7. The interior and closure operator in (X, 7,) are denoted by int, and cl,
respectively.

LEMMA 2.1. [3] Let A be a subset of a space (X, 7). Then
(1) A is w-closed in X if and only if A = cl,(A).

x € cl,(A) if and only if ANG # ¢ for each w-open set G containing x.
cl,(A) Ccl(A).
) int(A) Cint,(A).
REMARK 2.1. [2, 3] In a space (X,T), every closed set is w-closed but not
conversely.

DEFINITION 2.5. [10] A subset A of a space (X, T) is said to be
(1) a-w-open if A C int,(cl(int,(A))).
(2) pre-w-open if A C int,(cl(A)).
DEFINITION 2.6. [12] A subset A of a space (X, T) is said to be
semi-w-open if A C cl(int,(A)).

)
) cl,(A) is w-closed in X.
)
)

In the light of these definitions, we have
a-int,(A) = ANint, (cl(int, (A))),
p-int,,(A) = ANint,(cl(A)) and
s-int,,(A) = ANcl(int,(A)),
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where a-int,,(A) denotes a-w-interior of A in (X, 7) which is the union of all a-w-
open sets of (X, 7) contained in A. p-int,,(A) and s-int,, (A) have similar meanings.
REMARK 2.2. [19] Let A be a subset of a space (X, 7). Then the following
results are true:
(1) A is a~w-open = A is pre-w-open.
(2) A is a-w-open = A is semi-w-open.
where (1) and (2) follow from Definitions 2.5 and 2.6.
(3) a-int,(A) C p-int,(A) by (1).
(4) a-int,(A) C s-int,(A) by (2).
DEFINITION 2.7. A subset A of a space (X,T) is said to be
(1) gw-open if F Cint,(A) whenever F C A and F is closed in (X, 7). [4]
(2) ag-w-open if F C a-int,(A) whenever F' C A and F is closed in (X, 7).
[19]
(3) gp-w-open if F C p-int,,(A) whenever FF C A and F' is closed in (X, 7).
19
(4) gs-w-open if F C s-int,(A) whenever F C A and F is closed in (X, 7).
[19]
(5) a w*-t-set if int,,(A) = int,(cl(A)). [12]
(6) an a*-w*-set if int,(A) = int,(cl(int,(A))). [19]
(7) agw-setif A=UNV, where U is gw-open and V is a w*-t-set in (X, 7).

[19]
(8) an gwyx-set if A=UNV, where U is gw-open and V is an o*-w*-set in
(X, 7). [19]

The collection of all gwi-sets (resp. gwas-sets) of X is denoted by gwi(X,T)
(resp. gwa-(X,T)).
PROPOSITION 2.1. [19] In a space (X, T), the following statements hold:
(1) Every ag-w-open set is gp-w-open but not conversely.
(2) Every ag-w-open set is gs-w-open but not conversely.

PRrROOF. It follows from Remark 2.2 and Definition 2.7. O

EXAMPLE 2.1. [19]

(1) InR with the topology 7 = {¢, R, R—Q}, the subset QU{+/2} is gp-w-open
but not ag-w-open.

(2) In (R, 7 = 7,), the subset [0,1] is gs-w-open but not ag-w-open.

SOLUTION.
(1) For the subset A = Q U {v/2}, Q is the only closed subset of R such that

Q C A. Also int,(cl(A)) = int,(R) = R. Thus
p —int,(A) = ANint,(cl(A) =ANR=A
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and
Q C p—inty,(A).
Hence A is gp-w-open. On the other hand, int, (cl(int,(A))) = int,(cl(¢)) = ¢.
Thus
a —int,(A) = ANint,(cl(int,(A))) = ¢
and so Q € a-int,,(A). Hence A is not ag-w-open.
(2) For the subset A = [0, 1], we have
cl(int,(A)) =cl((0,1)) =[0,1] = A
and
s —int,(A) = And(int,(A) =ANA= A

If B is any closed subset such that B C A, then B C A = s-int,,(A) and hence A
is gs-w-open. On the other hand,

inty,(cl(int,(A))) = int,(cl((0,1))) = int,([0,1]) = (0, 1).
Thus

a —int,(A) = ANint,(cl(int,(A))) = AN (0,1) = (0,1)
and so A ¢ a-int,(A). Hence A is not ag-w-open.

PROPOSITION 2.2. [19] Let S be a subset of (X, 7). If S is an gw-open set in
X, then S € gw(X,7) and S € gwa- (X, 7).

REMARK 2.3. [19] The converse of Proposition 2.2 need not be true.

EXAMPLE 2.2. [19] In (R, T,), the subset (0,1] is a gwi-set as well as a gwos-
set, but not gw-open.

SoLUTION. For the subset A = (0, 1],
inty,(cl(A)) = int,([0,1]) = (0,1) = int, (A)
and hence A is a w*-t-set and so a gw;-set. Also
inty, (cl(inty(A))) = int,(cl((0,1))) = int,([0,1]) = (0,1) = int,(A)
and hence A is an o*-w*-set and s0 a gwg+-set. On the other hand, [3,1] is a closed

subset of (R, 7,) such that [1,1] C A whereas [$,1] ¢ (0,1) = int,,(A). Hence A is
not gw-open.

DEFINITION 2.8. An ideal Z on a space (X,T) is a non-empty collection of
subsets of X which satisfies the following two conditions.

(1) AeZ and B C A imply B€ T and
(2) AcT and Be T imply AUB€eT.

Given a space (X, 7) with an ideal T on X if P(X) is the set of all subsets of
X, a set operator (.)* : P(X) — P(X), called a local function [5] of A with respect
to 7 and T is defined as follows: for A C X, A*(Z,7) ={x € X[UNA ¢ T for
every U € 7(x)} where 7(z) = {U € 7|z € U}.

A Kuratowski closure operator cl*(.) for a topology 7*(Z, ), called the x-topology,
finer than T is defined by cl*(A) = AU A*(Z,7) [20].
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We will simply write A* for A*(Z,7) and 7* for 7*(Z,7). If T is an ideal on
X, then (X,7,Z) is called an ideal topological space or an ideal space.
PROPOSITION 2.3. [1] Let (X, 7,Z) be an ideal topological space and A a subset
of X. If T = {¢} (resp. P(X)), then A* = cl(A) (resp. ¢) and cl*(A) = cl(A)
(resp. A).
DEFINITION 2.9. A subset A of an ideal space (X,7,T) is said to be
(1) pre-Z,-open [15] if A C int,(cl*(A)).
) semi-Z,,-open [14] if A C cl*(int,(A)).
) a-Z,-open [15] if A C int,(cl*(int,(A))).
(4) a t-I,+-set [14] if int,(cl*(A)) = int,(A).
) an o*-I,-set [13] if int,(cl*(int,(A))) = int,(A).
) an S-T,-set [13] if cl*(int,(A)) = int,(A).
the light of these definitions, we have

o — T —inty,(A) = ANint,(cl* (int,(A))),

p—TI —int,(A) = ANint,(cd*(A))
and

s —T —int,(A) = And*(int,(A4)),
where a-I-int,,(A) denotes a-I-w-interior of A in (X, 7,Z) which is the union of
all a-Z,,-open sets of (X, 7,T) contained in A. p-Z-int,(A) and s-Z-int,(A) have
similar meanings.

3. Properties and relationships of sets

PROPOSITION 3.1. In an ideal space (X, T,T), the following results are true for

a subset A of X.
(1) A is a-I,-open = A is a-w-open.
A is pre-I,-open = A is pre-w-open.
A is semi-Z,-open = A is semi-w-open.
a-Z-int,(A) C a-int,(A).

p-Z-int,(A) C p-int,(A).
6) s-Z-int,(A) C s-int,(A).
PRrROOF. (1), (2) and (3) follow from the fact that, in any ideal space (X, 7,7),

)
cl*(A) C cl(A) and definitions 2.6 and 2.9. Also (4), (5) and (6) follow respectively
from (1), (2) and (3). O

PROPOSITION 3.2. Let (X, 7,Z) be an ideal space and A a subset of X. Then
the following statements hold:

(1) If A is a w*-t-set, then A is a t-Z,»-set.
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(2) If A is a t-I-set, then A is an a*-T,,-set.
(3) If A is an a*-w*-set, then A is an a*-1,-set.
(4) If A is a S-T,,-set, then A is an o*-I,,-set.

REMARK 3.1. The separate converses of Proposition 3.2 are mot necessarily
true as seen from the following example.

EXAMPLE 3.1. (1) In R with the topology T = {$, R,R—Q} and ideal T = P(R),
the subset (R — Q)4 is a t-Z,«-set but not a w*-t-set.

(2) In R with the topology 7 = {¢,R,R — Q} and ideal T = {¢}, the subset
QU {V2} is an a*-T,-set but not a t-T,--set.
(3)In (R,7 = 7,,Z = P(R)), the subset R — Q is an o*-I,-set but not an

o -w*-set.
(4) In (R, 7 =74, Z = {¢}), the subset [0,1] is a*-I,,-set but not a S-I,-set.
SOLUTION. (1) For the subset A = (R — Q)+, int,(cl*(A)) = int,(A). Hence
A is a t-Z,«-set. On the other hand,
int,(cl(A)) = int,(R) =R # ¢ = int, (A).

Hence A is not a w*-t-set.
(2) For the subset A = QU {v/2},

inty, (cl* (int,(A))) = int, (™ (P)) = ¢ = int,,(A).
Hence A is an a*-Z,-set. On the other hand,
int, (cl*(A)) = int,(cl(A)) = int,(R) = R # int,(A)

and hence A is not a t-Z,,«-set.

(3) For the subset A = (R — Q),

int,, (cl* (int,, (A))) = int,(cl*(A)) = int,(A).
Hence A is an a*-Z,-set. On the other hand,
inty(cl(int,(A))) = inty(cl(A)) = int,(R) =R # (R — Q) = int,,(A)

and hence A is not an a*-w*-set.

(4) For the subset A = [0,1],
inty, (cl* (int,, (A))) = int,(c*((0,1))) = int,(cl((0,1))) = int,([0,1]) = (0,1) = int,(A).
Hence A is an a*-Z,-set. On the other hand,

cl*(int,, (A)) = el*((0,1)) = l((0,1)) = [0,1] # (0,1) = int,(A).

Hence A is not a S-Z,-set.

REMARK 3.2. In an ideal topological space (X,7,T), the following results are
true for a subset A of X.
(1) A is w-open = A is a-I,,-open.
(2) A is a-Z,-open = A is pre-I,-open.
(3) A is a-L,-open = A is semi-L,,-open.
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(4) int,(A) C a-Z-int,(A).
(5) a-Z-int,(A) C p-Z-int,(A).
(6) a-Z-int,(A) C s-I-int,(A).

PRrROOF. (1), (2) and (3) follow directly from definition 2.9. Also (4), (5) and
(6) respectively follow from (1), (2) and (3). O

4. ag-Z,-open sets, gp-Z,-open sets and gs-Z,-open sets

DEFINITION 4.1. A subset A of an ideal space (X, 7,7Z) is said to be
(1) ag-Z,-open if F C a-I-int,(A) whenever F C A and F is closed in X.
(2) gp-Z.,-open if FTp-T-int,(A) whenever F C A and F is closed in X.
(3) gs-I,,-open if FCs-Z-int,(A) whenever F C A and F is closed in X.
PROPOSITION 4.1. In an ideal space (X, T,T), the following statements hold:
(1) Every ag-I,-open set is ag-w-open.
(2) Every gp-Z.,-open set is gp-w-open.
(3) Ewvery gs-I.,-open set is gs-w-open.
PRrROOF. (1), (2) and (3) follow respectively from (4), (5) and (6) of Proposition
3.1. U

PROPOSITION 4.2. In an ideal topological space, the following statements hold:
(1) Every gw-open set is ag-Z,,-open.
(2) Every ag-I,-open set is gp-L,,-open.
(3) Ewvery ag-L,-open set is gs-I,,-open.

PrOOF. (1), (2) and (3) follow respectively from (4), (5) and (6) of Remark
3.2. U

REMARK 4.1. The converses of Propositions 4.1 and 4.2 need not be true as
seen from the next siz Examples.

EXAMPLE 4.1. In R with the topology 7 = {$,R,R — N,Q — N} and ideal
T =P(R), the subset Q is ag-w-open but not ag-I,,-open.

SOLUTION. For the subset A = Q, N is the only closed subset of R such that
N C A. Also

int, (cl(int,(A))) = int,(cl(A — N)) =int,(R) = R.
Thus

a—int,(A) = ANint,(c(int,(A))) = ANR=A
and N C a-int,,(A). Hence A is ag-w-open. On the other hand

inty, (el (int, (A))) = int, (int,(A)) = int,(A) = A —N.
Thus
a—7 —int,(A) = Anint, (" (int,(A) =AN(A-N)=A-N

and so N ¢ A — N = a-Z-int,,(A). Hence A is not ag-Z,-open.
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EXAMPLE 4.2. Let R,7 and T be as in Example 3.1(1). Then the subset Q U
{2} is gp-w-open, but not gp-T,,-open.

SOLUTION. The subset A = Q U {V/2} is gp-w-open by (1) of Example 2.1.
On the other hand, int,(cl*(A)) = int,(A) = ¢. Thus p-Z-int,(A) = AN
int,(cl*(A)) = ¢. The closed subset Q is such that Q C A whereas Q € ¢ = p-Z-
int,(A) and hence A is not gp-Z,-open.

EXAMPLE 4.3. Let R,7 and T be as in Example 3.1(3). Then the subset [0,1]
is gs-w-open, but not gs-L,-open.

SoLUTION. The subset A = [0,1] is gs-w-open by (2) of Example 2.1. On
the other hand, cl*(int,(A)) = ¢*((0,1)) = (0,1). Thus s-Z-int,(A) = AN
cl*(int,(A)) = (0,1). The closed subset A is such that A C A whereas A ¢ s-Z-
int,(A) and hence A is not gs-Z,,-open.

EXAMPLE 4.4. In R with the topology 7 = {$,R,R — N,Q — N} and ideal
T = {¢}, the subset Q is ag-I,,-open but not gw-open.

SOLUTION. For the subset A = Q, N is the only closed subset of R such that
N C A. Also

int,, (cl” (int,(A))) = int, (cl(Q — N)) = int,(R) = R.
Thus
a—T —int,(A) = ANint, (" (int,(A)) =ANR=A
and N C a-Z-int,(A). Hence A is ag-Z,-open. On the other hand, N C A whereas
N ¢ Q — N = int,(A). Hence A is not gw-open.
EXAMPLE 4.5. Let R,7 and T be as in Example 3.1(2). Then the subset Q U
{\/2} is gp-T,,-open, but not ag-T,,-open.

SOLUTION. For the subset A = QU{v/2}, Q is the only closed subset of R such
that Q C A. Also

int,(cl*(A)) = int,(cl(A)) = int,(R) = R.
Thus
p—7T —int,(A) = Anint,(cl*(4)) = A.
Thus Q C A = p-Z-int,,(A) and hence A is gp-Z,,-open. On the other hand,
inty, (cl* (int,, (A))) = int, (cl*(9)) = ¢.
Thus a-Z-int,(A) = AN ¢ = ¢. Since the closed set Q is such that Q C A whereas
Q¢ ¢ = a-I-int,,(A), A is not ag-Z,-open.

EXAMPLE 4.6. Let R,7 and T be as in Example 3.1(4). Then the subset [0,1]
is gs-L,,-open, but neither ag-L,,-open nor gw-open.
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SOLUTION. For the subset A = [0, 1],
cl* (int,(A)) = cl*((0,1)) = cl((0,1)) = [0, 1].

Thus s-Z-int,(A) = AN c*(int,(A)) = A. If B is any closed subset such that
B C A, then B C A = s-Z-int,,(A). Hence A is gs-Z,-open. On the other hand,

into(cl* (intw(A))) = int,([0,1]) = (0,1).

Thus a-Z-int,(A) = AN (0,1) = (0,1). Since A is closed and A C A, but A ¢
(0,1) = a-Z-int,(A), A is not ag-Z,-open. Also A is closed and A C A but
A ¢ (0,1) =int,(A). Hence A is not gw-open.

REMARK 4.2. The following two Examples show that the concepts of gs-Z,,-

openness and gp-L,-openness are independent.

EXAMPLE 4.7. Let R,7 and T be as in Example 4.6. Then the subset [0,1] is
gs-L,-open, but not gp-Z,,-open.

SOLUTION. The subset A = [0,1] is gs-Z,,-open by Example 4.6. On the other
hand,

inty,(cl*(A)) = inty,(cl(A)) = int,([0,1]) = (0, 1).
Thus
p—7I —int,(A) = Anint,(cl*(4)) = AN (0,1) = (0,1).

Since A is closed and A C A whereas A ¢ (0,1) = p-Z-int,(A), A is not gp-Z,-
open.

EXAMPLE 4.8. Let R, 7 and T be as in Example 3.1(2). Then the subset Q U
{\/2} is gp-T.,-open, but not gs-T,,-open.

SOLUTION. The subset A = QU {v/2} is gp-Z,,-open by Example 4.5. On the

other hand, cl*(int,,(A)) = cl*(¢) = ¢. Thus s-Z-int,(A) = AN ¢ = ¢. Since Q is
closed and Q C A whereas Q € ¢ = s-Z-int,,(A), A is not gs-Z,,-open.

REMARK 4.3. We have the following Diagram-I from Propositions 2.1, 4.1 and
4.2.

Diagram-1
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gw-open ag-L,,-open - gp-Z.,-open
gs-L,,-open ag-w-open —— »  gp-w-open
gs-w-open

In Diagram-I, none of the implications is reversible as seen from examples 4.1
to 4.6 in Remark 4.1 and (1), (2) in Example 2.1.

5. gwi-I-sets, gwy~-I-sets and gwg-Z-sets

DEFINITION 5.1. A subset A of an ideal space (X, 7,T) is said to be
(1) a gwi-I-setif A=UNYV, where U is gw-open and V is a t-I,«-set.
(2) a gwa-Z-set if A=UNV, where U is gw-open and V is an o*-T,-set.
(3) a gws-Z-setif A=UNV, where U is gw-open and V is a S-T,-set.
PROPOSITION 5.1. In an ideal topological space, the following statements hold:
(1) Bvery t-I«-set is a gwy-L-set.
(2) BEvery a*-T,-set is a guwo~-L-set.
(3) Ewvery S-I,-set is a gwg-I-set.
(4) Every gw-open set is a gw;-L-set.
(5) Every gw-open set is a gwq-L-set.
(6) Every gw-open set is a gwg-L-set.
PROOF. The proof is obvious. O

REMARK 5.1. The converses of Proposition 5.1 need not be true as seen from
the following examples.

EXAMPLE 5.1. Let R, 7 and T be as in Example 4.6. Then the subset R — Q is
a gwi-I-set, but not a t-1,,«-set.

SOLUTION. The subset A = R—Q is w-open and hence gw-open. It shows that
A is a gws-Z-set. On the other hand,

int, (cl*(A)) = int,(cl(A)) = int,(R) = R # A = int, (A4).
Hence A is not a t-Z,«-set.

EXAMPLE 5.2. Let R, 7 and T be as in Example 4.6. Then the subset R — Q is
a gwea~-L-set, but not an a*-I,-set.



DECOMPOSITIONS OF gw-CONTINUITY VIA IDEALIZATION 111

SOLUTION. The subset A =R — Q is gw-open and hence a gw,«-Z-set. On the
other hand,

inty, (cl* (int,(A))) = int,(cl*(A)) = int,(cl(A)) = int,(R) = R # A = int,(A).
Hence A is not an a*-Z,,-set.
EXAMPLE 5.3. Let R, 7 and T be as in Example 4.6. Then the subset R — Q is
a gwg-L-set, but not a S-I,,-set.
SOLUTION. The subset A =R — Q is gw-open and hence a gwg-Z-set. On the
other hand,
cd*(int,(A)) = c*(A) = c(4) =R # (R — Q) = int, (A).
Hence A is not a S-Z,,-set.
EXAMPLE 5.4. Let R,7 and T be as in Example 4.6. Then the subset [0,1] is
a gw-L-set as well as a gwy-L-set, but not gw-open.
SOLUTION. For the subset A = [0, 1],
int,(cl*(A)) = int,(cl(A)) = int,([0,1]) = (0,1) = int,(A).
Hence A is a t-Z,,+-set and hence a gw;-Z-set. Also,
int, (cl*(int,(A))) = int,(cl*((0,1))) = int, (cl((0,1))) = int,([0,1]) = (0,1) =
int,(A).
Hence A is an a*-Z,-set and hence a gw,+-Z-set. On the other hand, A is not
gw-open, since A is closed and A C A whereas A ¢ (0,1) = int,,(A).
EXAMPLE 5.5. Let R, 7 and Z be as in Example 4.6. Then the subset Q is a
gws-L-set, but not gw-open.

SOLUTION. For the subset A = Q, cl*(int,(A)) = cd*(¢) = ¢ = int,(A).
Hence A is a S-Z,,-set and hence a gwg-Z-set. On the other hand, {1} is closed and
{1} C Q whereas {1} € ¢ = int,,(A). Hence A is not gw-open.

PROPOSITION 5.2. In an ideal topological space, the following statements hold:
(1) Every gw;-set is a gw;-L-set.
(2) Every gwi-set is a gwqs«-set.
(3) Every gwa--set is a gwq~-L-set.
(4) Every gw:-I-set is a gwex-L-set.
(5) Every gws-I-set is a gwq~-L-set.
ProOOF. (1), (2), (3) and (4) follow from Proposition 3.2.

(5) If K is a gws-Z-set then K = U N A where U is gw-open and A is a S-Z,,-set
and so A is an o*-Z,-set by (4) of Proposition 3.2. Hence K is a gwy+-Z-set. [

REMARK 5.2. The converses of Proposition 5.2 need not be true as seen from
the next four Examples.

EXAMPLE 5.6. Let R, 7 and T be as in Example 3.1(1). Then the subset Q U
{V/2} is a gws-T-set, but not a gw;-set.
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SOLUTION. For the subset A = QU{v/2}, int,(cl*(A)) = int,(A). Thus Ais a
t-7,+-set and hence a gw;-Z-set. On the other hand if A = UNV', where U is gw-open
and V is a w*-t-set, then A C V. So int,(cl(A)) C int,(cl(V)) = int, (V) C V.
But int,(cl(A)) = R which implies R C V. Hence R=V. Thus A=UNR=U
which implies that A is gw-open which is a contradiction since A is not gw-open,
for the closed subset Q C A whereas Q € ¢ = int,(A).

EXAMPLE 5.7. Let R and 7 be as in Ezample 2.1(1). Then the subset QU{v/2}
1S @ gWer-set, but not a gws-set.

SoLUTION. For the subset A = Q U {v/2}, int, (cl(int,(A))) = int,(cl(¢)) =
¢ = int,(A). Thus A is an a*-w*-set and hence a gw,--set. But A is not a gw;-set
by Example 5.6.

EXAMPLE 5.8.
(1) In R with the topology T = {¢$,R,R — N, Q — N} and ideal Z = P(R), the subset
Q is a gwa-L-set but not a gwe~-set.
(2) Let R, 7 and T be as in Example 3.1(2). Then the subset QU {v/2} is a gwa--
I-set, but not a gw;-IZ-set.

SOLUTION.

For the subset A = Q, int,, (cl*(int,(A))) = int,(int,(A)) = int,(A). Thus A
is an a*-Z,-set and hence a gw,«-Z-set. On the other hand if A =U NV where U
is gw-open and V is an a*-w*-set, then A C V. This implies int, (cl(int,(A))) C
inty(cl(int,(V))) = int,(V) by assumption. Thus R C int,(V) C V and so
V = R. Then A = U which implies that A is gw-open which is a contradiction
since A is not gw-open for N is closed and N C A whereas N ¢ A — N = int,,(A).
Thus A is not a gwe,=-set.

For the subset A = QU {v/2}, A is an a*-Z,-set by (2) of Example 3.1 and
hence a gw,«-Z-set. On the other hand, if A = UNV, where U is gw-open and V is
a t-Z,+-set, then A C V. This implies int, (cl*(A)) C int,(cl*(V)) = int,(V) C V.
But int,(cl*(A)) = int,(cl(A)) = int,(R) = R which implies that R C V and
V =R. Hence A = U which implies that A is gw-open by assumption on U. This
is a contradiction since A is not gw-open for the closed subset Q C A whereas
Q ¢ ¢ = int,(A). This proves that A is not a gw-Z-set.

EXAMPLE 5.9. In R with the topology 7 = {¢,R,NR —Q,NU (R — Q)} and
ideal T = {¢}, the subset Q is a gwa~-I-set but not a gwg-I-set.

SOLUTION. For the subset A = Q, int, (cl*(int,(A))) = int, (cl(N)) = int,(Q) =
N = int,(A). Thus A is an o*-Z,-set and hence a gw,«-Z-set. On the other hand if
A =UnNYV where U is gw-open and V is a S-Z,-set, then A C U and A C V. Since
Q is closed and Q = A C U and U is gw-open, Q C int,(U). Also A C V implies
cl*(int,(A)) C c*(int,(V)) = int,(V) by assumption. Thus Q C int, (V). Then
Q C int,(U) Nint, (V) = int,(UNV) = int,(A) = N which is a contradiction.
This proves that A is not a gwg-Z-set.
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By Propositions 2.2, 3.2, 5.1 and 5.2, we have the following Diagram-II.
t-T,,+-set gwi-L-set gwy-set

| | |

a*-T-set  ——» guor-I-set +~—— GWqa--set <« gw-open

T T ...............................................................................................................

S-T,-set gws—I—sgt

None of the implications in Diagram-II is reversible as seen from the above Exam-
ples 2.2, (2) and (4) of 3.1, 5.1 to 5.5, 5.6 to 5.9.

REMARK 5.3. (1) The notions of gwi-I-sets and gwqx-sets are independent as
seen from Examples 5.10 and 5.11.

(2) The notions of gw:-I-sets and gws-I-sets are independent as seen from
Ezxamples 5.12 and 5.13.

(3) The notions of gp-L.,-open sets and gws-I-sets are independent as seen from
Ezxamples 5.14 and 5.15.

(4) The notions of ag-I,-open sets and gw~-L-sets are independent as seen
from Examples 5.16 and 5.17.

(5) The notions of gs-I,-open sets and gwg-I-sets are independent as seen
from Examples 5.18 and 5.19.

ExXAMPLE 5.10. Let R,7 and I be as in Example 3.1(2). Then the subset
QU {V2} is a gwa--set, but not a gw;-I-set.

SOLUTION. For the subset A = QU {V/2}, int, (cl(int,(A))) = int,(A) = ¢.
Thus A is an a*-w*-set and hence a gwq--set. But A is not a gw;-Z-set by (2) of
Example 5.8.

ExXAMPLE 5.11. Let R, 7 and Z be as in Example 4.1. Then the subset Q is a
guwe-L-set but not a gwq--set.

SOLUTION. For the subset A = Q, int,,(cl*(A)) =int,(A). So A is a t-I~-set
and hence a gws-Z-set. On the other hand if A = UNV where U is gw-open and V is
an a*-w*-set, then A C V. Since A C V, int,(cl(int,(A))) C int,(cl(int,(V))) =
int, (V) by assumption. Thus R C int, (V) =V. SoV=Rand A=UNR=U
which means A is gw-open. This is a contradiction since A is not gw-open for N is
closed and N C Q = A whereas N ¢ Q — N = int,,(A). Thus A is not a gw,«-set.

EXAMPLE 5.12. Let R,7 and Z be as in Example 3.1(2). Then the subset
QU {V2} is a gws-I-set, but not a gw;-I-set.

SOLUTION. For the subset A = Q U {2}, cl*(int,(A)) = cl(int,(A)) =
c(¢) = ¢ = int,(A). Hence A is a S-Z,-set and hence a gwg-Z-set. But A is
not a gw-Z-set by (2) of Example 5.8.
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EXAMPLE 5.13. Let R, 7 and Z be as in Example 4.6. Then the subset [0,1] is
a gwi-L-set but not a gwg-L-set.

SOLUTION. For the subset A = [0, 1],
inty,(cl*(A)) = inty(cl(A)) = int,([0,1]) = (0,1) = int,(A).

So A is a t-Z,+-set and hence a gwi-Z-set. On the other hand if A = U NV
where U is gw-open and V is a S-Z,-set, then A C U and A C V. Since A is
closed and A C U, U being gw-open by assumption, A C int,(U). Also A CV
implies cl*(int,, (A)) C cl*(int,(V)) = int,, (V) by assumption. Thus cl(int,,(A4)) C
int,(V). Since cl(int,(A)) = cl((0,1)) = [0,1] = A, A C int,(V). Thus A C
int,(U) Nint,(V) = int,(UNV) = int,(A) = (0,1) which is a contradiction.
Hence A is not a gwg-Z-set.

EXAMPLE 5.14. Let R,7 and Z be as in Ezample 3.1(2). Then the subset
QU{V?2} is gp-T,,-open by Example 4.8, but not a gwi-I-set by (2) of Example 5.8.

EXAMPLE 5.15. Let R, 7 and Z be as in Example 3.1(3). Then the subset [0, 1]
is a gw¢-L-set, but not gp-Z,,-open.

SOLUTION. For the subset A = [0, 1], int,,(cl*(A)) = int,(A). Thus A is a ¢-
Z,~-set and hence a gw;-Z-set. On the other hand, int,,(cl*(A)) = int,(A) = (0,1)
and p-Z-int,(A) = AN (0,1) = (0,1). Since A is closed and A C A whereas
A ¢ (0,1) = p-Z-int,,(A), A is not gp-Z,,-open.

EXAMPLE 5.16. Let R, 7 and T be as in Fxample 4.4. Then the subset Q is
ag-L,,-open but not a gwa--L-set.

SOLUTION. The subset A = Q is ag-Z,-open by Example 4.4. On the other
hand if A = U NV where U is gw-open and V is an a*-Z,-set, then A C V.
This implies int,, (cl*(int,(A))) C int,(cl*(int,,(V))) = int,(V) by assumption.
Also int, (cl*(int,(A))) = int,(cl(int,(A))) = int,(cl(A — N)) = int,(R) = R
and thus R C V. SoV =Rand A = UNR = U. This means A is gw-open
which is a contradiction since A is not gw-open by Example 4.4. Hence A is not a
JWar-L-set.

EXAMPLE 5.17. Let R,7 and T be as in Example 3.1(3). Then the subset [0,1]
1S an gwex-L-set, but not ag-IL,,-open.

SoLUTION. For the subset A = [0, 1], int, (cl*(int,,(A4))) = int, (cl*((0,1))) =
int,((0,1)) = (0,1) = int,(A). Hence A is an a*-Z,-set and hence an gw,«-Z-set.
On the other hand, a-Z-int,(A) = A Nint,(cl*(int,(A4))) = AN(0,1) = (0,1).
Then A is not ag-Z,-open for A is closed and A C A whereas A ¢ (0,1) = a-Z-
int,(A).

EXAMPLE 5.18. Let R, 7 and Z be as in Example 5.9. Then the subset Q is
gs-L,-open but not a gws-Z-set
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SOLUTION. For the subset A = Q, Q — N and Q are the only closed subsets
of R such that Q C A and Q — N C A. Also s-Z-int,(A) = AN cl*(int,(4)) =
And(int,(A) =ANcd(N)=ANQ =Q. Thus Q — N C s-Z-int,(A) and Q C s-
Z-int,(A). Hence A is gs-Z,-open. But A = Q is not a gwg-Z-set by Example
5.9.

EXAMPLE 5.19. Let R, 7 and T be as in Example 3.1(3). Then the subset [0,1]
is an gws-L-set, but not gs-Z,-open set.

SoLUTION. For the subset A = [0, 1], cl*(int(A)) = int(A). Thus A is a S-Z,,-
set and hence a gwg-Z-set. But A is not gs-Z,-open by Example 4.3.

PROPOSITION 5.3. A subset A of (X,7,7) is gw-open if and only if it is gp-
Zo-open and a gwi-L-set.

PROOF. Necessity is trivial from Diagram-I and Diagram-II.

To prove sufficiency, let A be gp-Z,,-open and a gw;-Z-set in X. Let F' C A where
Fis closed in X. Since A is a gw;-Z-set in X, A =U NV, where U is gw-open and
Vis a t-Z,«-set. Then A C U and F' C U. Since F' is closed and U is gw-open,
F Cint,(U). Also A is gp-Z,-open implies F' C p-Z-int,(A) = AN int,(cl*(A)).
Hence F C int, (cl*(A)) Cint,(cl*(V)) = int,(V) for ACV and V is a t-Z,,«-set.
Thus F Cint, (V) and so F' C int,,(U)Nint, (V) = int,(UNV) = int,(A). Hence
A is gw-open in X. O

PROPOSITION 5.4. A subset A of (X,7,Z) is gw-open if and only if it is ag-
Zo-open and a gwqx-L-set.

PROOF. Necessity is trivial from Diagram-I and Diagram-II.

To prove sufficiency, let A be ag-Z,-open and a gw,+-Z-set in X. Let FF C A
where F is closed in X. Since A is a gwa+-Z-set in X, A = U NV, where U is
gw-open and V is an a*-Z -set. Then A C U and F C U. Since F is closed and
U is gw-open, F' C int,(U). Also A is ag-Z,-open implies F' C o-Z-int,(A) =
A Nint,(cd*(int,(A))). Hence F' C int,(cl*(int,(A))) C int,(cl*(int,(V)))
int,(V) for A C V and V is an o*-Z,-set. Thus F C int,(V) and so F
int,(U) Nint, (V) = int,(UNV) = int,(A). Hence A is gw-open in X.

cme

PROPOSITION 5.5. A subset A of (X, 7,7) is gw-open if and only if it is gs-I,,-
open and a gws-L-set.

PROOF. Necessity is trivial from Diagram-I and Diagram-II.

To prove sufficiency, let A be gs-Z,-open and a gwg-Z-set in X. Let FF C A
where F is closed in X. Since A is a gwg-Z-set in X, A = UNV, where U is gw-open
and V is a S-Z,-set. Then A C U and F' C U. Since F' is closed and U is gw-open,
F Cint,(U). Also A is gs-Z,-open implies F' C s-Z-int,,(A) = AN cl*(int,(A)).
Hence F C cl*(int,(A)) C cl*(int,(V)) = int,(V) for ACV and V is a S-Z,,-set.
Thus F Cint, (V) and so F' C int,,(U)Nint, (V) = int,(UNV) = int,(A). Hence
A is gw-open in X. O
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REMARK 5.4. Proposition 5.3 together with Remark 5.3(3) proves that neither
gp-L,-openness nor being a gw:-L-set implies gw-openness and so gives a decom-
position of a gw-open set into a gp-I,,-open set and a gwy-Z-set.

REMARK 5.5. Proposition 5.4 together with Remark 5.3(4) proves that nei-
ther ag-Z,-openness nor being a gwa~-L-set implies gw-openness and so gives a
decomposition of a gw-open set into an ag-I,-open set and a gwy~-L-set.

REMARK 5.6. Proposition 5.5 together with Remark 5.3(5) proves that neither
gs-I,-openness nor being a gws-L-set implies gw-openness and so gives a decom-
position of a gw-open set into a gs-L,-open set and a gwg-L-set.

6. Decompositions of gw-continuity via idealization

DEFINITION 6.1. A function f: (X,7) — (Y,0) is called gw-continuous [4] if
for every V € o, f~H(V) is gw-open in (X, 7).

DEFINITION 6.2. [19] A function f: (X,7) — (Y, 0) is called ag-w-continuous
(resp. gp-w-continuous) if for every V € o, f~1(V) is ag-w-open (resp. gp-w-open)
in (X, 7).

DEFINITION 6.3. [19] A function f: (X, 1) — (Y, 0) is called

(1) gwg-continuous if for every V€ o, f~1(V) € gws(X, 7).
(2) gweas-continuous if for every V€ o, f~H(V) € gwa- (X, 7).

DEFINITION 6.4. A function f : (X,7,Z) — (Y,0) is called ag-T,,-continuous
(resp. gp-I.,-continuous, gs-I,,-continuous, gw:-I-continuous, gwqs-L-continuous,
gws-I-continuous) if for every V € o, f~1(V) is ag-L,-open (resp. gp-I.-open,
gs-L,-open, a gwi-L-set, a gwq~-L-set, a gwg-I-set) in (X, 7,T).

From Propositions 5.3, 5.4 and 5.5, we have the following

THEOREM 6.1. Let (X, 7,Z) be an ideal space. For a function f: (X, 7,7) —
(Y, 0), the following properties are equivalent.
(1) f is gw-continuous.
(2) f is gp-Z.,-continuous and gws-I-continuous.
(3) f is ag-I,-continuous and gwex-L-continuous.
(4) f is gs-I,,-continuous and gwg-I-continuous.

REMARK 6.1.

(1) Theorem 6.1 together with Remark 5.4 gives a decomposition of gw-continuity
into gp-I,,-continuity and gw:-I-continuity.

(2) Theorem 6.1 together with Remark 5.5 gives a decomposition of gw-continuity
into ag-L,-continuity and gwqs-L-continuity.

(3) Theorem 6.1 together with Remark 5.6 gives a decomposition of gw-continuity
into gs-L,,-continuity and gws-I-continuity.

COROLLARY 6.1. [19] Let (X,7,Z) be an ideal topological space and T = {0}.
For a function f : (X,7,Z) = (Y,0), the following properties are equivalent.
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(1) f is gw-continuous.
(2) f is gp-w-continuous and gwy-continuous.
(3) f is ag-w-continuous and gwesx -continuous.

PRrROOF. Since Z = {0}, A* = cl(A) and cl*(A) = A* U A = cl(A) for any

subset A of X. Thus:

A is ag-Z,,-open (resp. gp-Z,-open) if and only if it is ag-w-open (resp. gp-w-

open) and

[1

2]
(3]

A is gwi-T-set (resp. gwa+-Z-set) if and only if it is gwi-set (resp. gwqx-set).
The proof follows immediately from Theorem 6.1. (|
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