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ABSTRACT 

 

The state of stress around cavities of the revolving ellipsoidal shape (prolate or oblate) in the extreme 

cases of their degeneration is a very complex problem. Namely, the shape of cavities is defined by an 

appropriate curvilinear coordinate system, which contains hyperbolic and trigonometric functions. In 

this paper, the treatment of revolving ellipsoid coordinates has been presented, along with 

transformations of ellipsoids for corresponding limiting values of their coordinates. Various forms of 

cracking can be defined through the ellipsoid degeneration process. In addition, the paper is dealing 

with a definition of the stress state for the limiting cases of degeneration. 

 

Keywords: revolving ellipsoid, ultimate degeneration process, crack, state of stress 

 

 

INTRODUCTION 

 

When considering the stress state around hollow rotating bodies, with an aim to simplify the obtained 

analytical expressions, systems of curvilinear coordinates that correspond to a given cavity shape are 

introduced. In addition to the above mentioned reasons, there is another quite important motive, and 

that is to obtain the components of the stress tensor in perpendicular or tangential directions with 

respect to a cavity surface. In such a way, a more realistic representation of stresses that are relevant 

for the analysis is achieved, figure 1,2. 

 

When it comes to cavities of revolving ellipsoidal shape, a corresponding curvilinear coordinate 

system is introduced in the following manner [1,2]: 

 

Prolate (elongated) ellipsoid 
 

                            x = c shu sinϕ cosθ;  y = c shu sinϕ sinθ;  z = c chu cosϕ                                         (1)  
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Figure 1. The coordinate system of prolate ellipsoid 

     

Oblate (flattened) ellipsoid 

 

                            x = c chu sinϕ cosθ ;  y = c chu sinϕ sinθ ; z = c shu cosϕ                                       (2) 

 
 

Figure 2. The coordinate system of oblate ellipsoid 

 

where:  

u, ϕ, θ -   elliptical coordinates; 

            c –      adistance between foci. 
          

 

DEFINITION OF STRESSES AND THE ULTIMATE DEGENERATION PROCESS  

OF THE PROLATE ELLIPSOID 

 

In order to define cracks, a stress state in the ultimate deformation process of revolving ellipsoids is 

observed. Starting from the approximate solutions for the stress tensor of the prolate and oblate 

ellipsoids, two stresses σϕ  and σθ have been analysed. Residual stresses and their analysis in the 

ultimate degeneration process are irrelevant for definition of a crack, and therefore, the expressions for 

their determination are not presented in this paper. Crack analysis is frequently used in the theory of 

fractures, as well as the definition of new materials in high technology [3]. 

 

The approximate solution for the stresses [1] (for n=2) is introduced in the following form: 
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It can be shown that the constants may be presented as: 

                                            
          

                                                                                                                                                            (5) 
                                                                                                         

                                                                                                        

where ξ0, ξ2, η0, and η2 stand for constants. 

 

Introducing the relation (5), the stresses may be written in the following form [1,4,5,6,7]: 
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For the coordinate system given in (1), two limiting cases of the prolate revolving ellipsoid 

degeneration differ: 

 

When θ = const, c = const, and u → 0, the ellipsoid is degenerated into a thread of length 2c  [1].  
As  θ ≠ const, c→ 0, and u → ∞, the ellipsoid is converted into a sphere of radius R, figure 3, where c 

chu → c shu→ R. 

  

 
 

Figure 3. Degeneration of prolate ellipsoid 

 

Considering the two limiting cases of degeneration, the stress values σϕ  and σθ will be: 
 

                                                   
σ
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                                                                       (12) 

 

The resulting solution is consistent with the solutions reported in the literature for a crack of the 

ellipsoidal shape, i.e., for the case when the ellipsoid is degenerated into a thin filament of length 2c 

(the Griffith’s crack). 

 

In order to obtain a solution for a crack of a circular-disk-shape, which is also reported in the 

literature, it is necessary to point out the following facts: 
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With respect to the expression for the stress σθ, as ϕ approaches π⁄2, we have the following stress 

equation:  

  

 

                                                                                                                                                                              (13) 
                                                                                                                                                      

 

 

The stress value (13) as u→ 0, that is when the circular disk is degenerated to a point, is being infinite 

(σθ→∞). On the other hand, when along the contour of the circular disk is provided that u = u0, 

stresses are of final values. This indicates that the solution of a crack should be sought by analysing 

the limiting cases of degeneration process considering the oblate ellipsoid. 
 

 

DEFINITION OF STRESSES AND ULTIMATE DEGENERATING PROCESS  

OF THE OBLATE ELLIPSOID 

 

Expressions for determining the stresses σϕ  and σθ are obtained from the solution for the oblate 

ellipsoid and are given in the following form [3]: 
 

 

                                                                                                                                                              (14) 

 

                                                                                                                                                                  

                                                                                                                                                              (15) 
 

where: 
                                                                                                                                                                                        

 

 

                     

 

                                                                                                                                                                              (16) 

 

 

 

 

 

cosϕ = 0 (circular disc of radius chu). 

As θ = const, ϕ→π ⁄2 const, and u→ 0, the ellipsoid is converted into a circular disc, figure 4.  

 

 
Figure 4. Degeneration of oblate ellipsoid 
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By analysing the obtained expressions for the stresses and under the conditions u → 0 ⇒ shu → 0 ⇒  

z = shu cosϕ → 0, the circular disc is being reduced to a disc of radius r = 1, when the following 

conclusions arise: 
 

  

                                                                                                                                                                              (17) 
                                                                                                         

  

The above solution presents the required solution for a crack of a shape of a circular disc of radius r = 

1 (the Sneddon’s crack). 

 

 

CONCLUDING REMARKS 

 

In this work, the possibility of obtaining the solution in the field of fracture mechanics for crack 

analysis has been presented, based on the solutions for the stress state. The analysis of the limiting 

cases of the revolving ellipsoid degenerating process is very important, in particular when a shape of 

cracking in a material needs to be determined (whether it is the Griffith’s or the Sneddon’s crack). 

Moreover, the presented analysis reveals that the Griffith’s crack is to be determined by a stress 

analysis considering the elongated ellipsoid, whereas the Sneddon’s crack is being determined by 

analysing the flattened ellipsoid. Lastly, the importance of such analysis should be emphasized when 

rock materials that represent cracked media are under consideration, in which case it is often necessary 

to determine a shape of a crack.   
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