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ABSTRACT

Efficiency of trigonometric levelling method for igat differences determination is better than those
determined by geometric levelling but its accuracgignificantly lower. Development of accuracy of

geodetic instruments increases possibilities for prowement accuracy of trigonometric

levelling.However, air refraction appears as ultenAmitation factor for accuracy of trigonometric

heights determination improvement. This paper aimsesearch the influence of air refraction on
accuracy of height differences determined by tragoatric levelling method. Basic statistical

hypothesis is that influence of air refraction aight differences is negligible. The case studyased

on the results of regular measurements on “Vlasidaim by using results of geometric and
trigonometric levelling.
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INTRODUCTION

Efficiency of trigonometric levelling method for igat differences determination is better than those
determined by geometric levelling but its accurercpast was significantly lower. Improved accuracy
of geodetic instruments in few past decades as ageimproved measurement efficiency reached by
automated total stations and theodolites implidatéher research of possibility of trigonometric
levelling method utilization especially for caseghashort distances between station and measured
points. Utilizing formulae for root mean square oerrof heights differences determined by
trigonometric levelling method results with valueapproximately 2 mm for distances up to 250 m
and zenith angles in range {@05°) and with accuracy of horizontal distancg = 1 mm and zenith
anglen; = 1". This accuracy is reachable and represents tleefoafurther researches.

Trigonometric levelling and its applications aredely researched in literature [1,2,3,4,5, and 6ctvh
means that it is applicable and useful method feight differences or height of points itself
determination. Air refraction and its influences geodetic measurements also were researched and
represented in numerous papers. Very large intefvadfraction coefficient variation between -5 and
+15 depending on height above ground and micromategical condition significantly limit the
utilization of trigonometric levelling method [/Refractive index of air is also thoroughly reseacth
[8,9, and 10] and it is possible to state thatehey exists reliable solution for air refractiofiuence

on geodetic measurements. However if measureménetsdy exists it is possible to determine the

Technical Institute Bijeljina, Archives for TechaiiSciences. Year X 2148. 55



Trifkovi¢, M. et al: Determination of ...... Argts for Technical Sciences 2018, 18(1), 55-62

value of air refraction coefficient on certain ssed under climate condition when the measurements
was provided.

Air refraction is ultimate limitation factor for iprovement accuracy of trigonometric heights
determination. Air refraction in geodetic measuratads usually quantified by refraction coefficient
which commonly and its value is commonly takerkas 0.13 + 0.04. This value is common and it
could vary depending on the condition in field whemeasurements are provided. Taking the value of
air refraction coefficient for a grant is not allesvand it must be determined for each local arezrevh
measurements are provided.

For determination of air refraction influence onigme differences determined by trigonometric
levelling method the model with known horizontastdinces is proposed. This method is proposed
because the horizontal distances and their acca@pbtained from horizontal network adjustment.
In case of known horizontal distances the efficieatmeasurements could be additionally increased
because the measurements of slope distances makbhed.

Determination of air refraction is very complex Ipiem and its variation disables trigonometric
levelling method when the maximal accuracy is ndedgut in case when the heights differences
between benchmarks are determined both with geametnd trigonometric levelling the
determination of air refraction influence on heigffferences determined by trigonometric levelliag
possible. In this paper the determination of diraion coefficient influence is researched whies t
height differences are determined both by geomatrittrigonometric levelling.

The basic hypothesis which will be statisticallgtezl in this paper is that influence of air refi@cion
height differences determined by trigonometric liavg is negligible. This hypothesis will be tested
after air refraction coefficient determination amgan square error of air refraction coefficientr Fo
testing this hypothesis the standard mathematiaassc approach will be provided [11].

Case study was provided on the measurements dfithdifflerences obtained both by trigonometric
and geometric levelling provided in field on “Vlaa’ Dam in Serbia. The network for “Vlasina” dam
monitoring is suitable because the lines of sightsiorter than 250 m and benchmarks are measured
from different positions of pillars as well as frafifferent heights.

METHODOLOGY

Starting from well-known formula for trigopnomettieights determination by using known horizontal
distance and measured zenith angle:

2 DZ

h =DctgZ + ——

= kon (D)

where:

- h - height difference between station (tilting axigheodolite) and measured point
determined by trigonometric levelling method;

- D — horizontal distance between station and measoied,

- Z - zenith angle;

-k — coefficient of air refraction (usually adoptée-0.13+0.04) and

- R —radius of Earth (in this paper is adopted R=68D7m).

it is possible to determinate height differencenaetn theodolites tilting axis and measured poittiaf
horizontal distance is known and zenith angle iasneed.

The Figure 1 illustrates model of trigonometricdies described by formula (1).Horizontal distance
could be obtained in different ways but it is pragd that it is not obtained on the base of measured
slope distance because in that case the formutaigonometric height could be obtained by formula
for slope distances.
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In this cas we will assume that horizontal distance is olgt@dias a result of horizontal netw
adjustment. Zenith angle is assumed to be a re$utheasurement. The radius of Earth will
adopted as a mean value for certain area whatisnctise is R=6,377,0 m. The only unknow
parameter is air refraction which is representeddsfficient of air refractiol
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Figure 1Model of trigonometric heights determination whemihontal distanci
is known and zenith angle is measured

Mean square error of heigliifferences obtained by trigonometric levelling hwt is given a
follows:

1
2 _ 02 02 2 2
my, = mpctg“Z + D sinZz T2 - (2)
1
= |m2ctg? 2 2
my \/chtg Z+D sinZz T2 . (3)

RMSE for height difference between points A andifRthe horizontal distances are the same
zenith angles are symmetrical to the horizon (@iitheangle are equal but azimuths are differen
then:

Mp,, = MyV2 (4

The root mean square errofRMSE) of height differences obtained by formy(3) and adopted
valuesnp, = 1 mm; my = 1" for different horizontal distances and zenith angles resgely
areshown on figure 2.

The idea for air refraction influence determinatiom trigonometric height differences is basec
measuring zenith angles from one station pointhé¢osets of points. The difference of trigonome
heights between two measdrpoints from one station shall contain the infleerof air refraction
Determination of air refraction coefficients is desed by the following mathematical moc
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h, = DyctgZ, + i k i 5
A ACLG Ly 2R 2R ( )
hgy = DrctgZp + é k é 6
B BClgip 2R 2R ( )

where A and B are the measured points station fndiich the measurement of zenith angle
provided.

RMSE FOR HEIGHT DIFFERENCES OBTAINED BY
TRIGONOMETRIC LEVELLING FORDIFFERENT DISTANCES and
ZENITH ANGLES
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Figure 2 RMSEof height differences determined by trigonometeiedlling methoc
for different horizontal distances and zenith as

The height difference between poiA and B then reads:

hyg = hg — hy = DgctgZ DtZ+D§ kDé D£+kD‘§ 7
, Df D3
hap = hap +k<ﬁ—ﬁ - (8)
At the same time the height difference betweentpid and B determined by geometric levellii
method, which is considered as a conditionally aitely accurateanddenoted b: h§z.

Differences betweeheight differences obtained from two differentistas shall be the same i
Shap = hip — hyp = 0 - (9)

This is casef all parameters are known and if the errors ohswgements are excluded. But the er
in measurements are unavoidable and coefficient@irafefraction are also unknown. This lead:
following formula:

’ DI‘% Dé G
where:
, Di Dj
hAB = DBCthB — DACthA + ﬁ — ﬁ
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If we denote

formula (10) will then read:

Shyg =k Di _ Ds 12
ap = k\op—5p . (12)
The final form of formula (12) then reads:
Shyg = ak ..(13)
where
Di Dj
a= <ﬁ_ﬁ (14)

When we haver points between which the height differences aterdgned both by trigonometric
and geometric levelling method it is possible tdkenaombinations of height differences for each two
points. Formula (9) also points out that heighfedénce is determined by trigonometric levelling is
influenced only by difference of air refraction ffa@ent which characterizes each measured point.
The total number of combinations is calculatedodiews:

n—1)*n
C% =m= —2
And finally formula (13) may be written as follows:
Shyp, = ajk;i = 1~m ..(15)

Bearing in mind that results of measurements ax@eous formula (14) must contain also the term
which represents the measurement error. This dmuliescribed as follows:

Shll‘lBi = aik + & (16)

We will assume that measurement errors are norndaglyibuted i.es~N(0,52). This presumption
allows the adjustment of data by the least squaeéhad where an air refraction coefficient is
unknown.

Finally formula (15) will read:
6h1’43i + v = aik (16)
v; = aik - 8h1,43i (17)

Havingm equations and only one unknowk) (he system of equations is predetermined andisnlu
should be obtained by least squares method uidizat

The model of least squares is [11]:
v=Ax+1
l = —8hyp,
x = —(ATPA)ATPI

where:
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a,
A=
am
x = [k]
1 1 1 -
P =diag (mah:wl)z (mSthz)Z (m‘Sh;‘Bi)z (mah‘,‘le)z

— ’ 2 2
Mep! . = [Mhy + My,

Solution of system equations is the coefficienawfrefraction. The residuais shall be the random
errors of height differences determined from the tlifferent station points.Meaning of air refraatio
coefficient in this model is the average of itdushce on one station in given range of azimuthitke
angles, distances and time of measurement durati@me station.

The conclusion about air refraction influence isdth on statistical hypothesis testing. Statistical
hypotheses are:

Hy: k=0 (i.e. the influence of air refraction on heighffeliences determined by trigonometric
levelling method is negligible) against

H,. k # 0 (i.e. the influence of air refraction on heighffeliences determined by trigonometric
levelling method is not negligible).

Test statistics is [11]:

t= i t
- my 1-a;f
where:
-t — statistics;
- ty_q; — Students’ distribution for given level of sigodncea (a =0.05) and degrees of
freedomf;

-k — air refraction coefficient obtained from adjustmafter outliers elimination;

- omy = mo\/Q_k — root mean square error of air refraction cogffit obtained from adjustment
after outliers elimination;

- a- significance leveld = 0.05) and

- f —degrees of freedom.

RESULTS AND DISCUSSION

Vlasinadam is an earth filled dam built in the nidadf twentieth century on the river Vlasina in
south-eastern Serbia. The geodetic networks for mdamitoring were developed around the dam and
measurements are provided regularly over the dec&tethe dam 30 benchmarks are stabilized and
measured for dam monitoring. Benchmarks are stabilby concrete base and are near the surface of
the dam. Surface of the dam is covered by grassurt the dam the five pillars are stabilized ared th
measurements of zenith directions and zenith avgégs provided. Zenith angles were measured on
the small prism centred on each benchmark. Thénheighe prism over benchmark was 0.100 mm in
order to minimize the centring error. Pillars fromhich the measurements of zenith angles were
provided are regularly distributed around the dawh @mamed: C, F, G and H. During the measurement
atmospheric conditions were stable and favouraferfeasurement. The position of “Vlasina” dam
with pillars positions from Google Earth view isogin on Figure 3.
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: Bina” Lake

Figure 3 “Vlasina” dam and positions of pillars fitam monitoring

The practical value of air refraction influence baight differences determined by trigonometric
levelling determination is in improvement of eféaicy of dam monitoring. Actually trigonometric
levelling method is more efficient than geometgedlling method and its utilization could increase
efficiency i.e. to shorten the time of dam monitgrduration. At the same time the accuracy shdill no
be lost because the importance of reliable cormtugbout state and behaviour of the dam.

The reason for research was found in the factlithed of sights from station points to the benchmar
on the dam are relatively short and that fact cdelad to high accuracy of height difference
determined by trigonometric levelling method. Adtiog to presented model and results of
measurements the influence of air refraction wésutsted and results are shown in table 1.

Table 1 the results of data processing about fimatton influence on
height differences determined by trigonometrieléng method

t toos;y |Accepted
0.0082] 1.9761 H,
2.3136) 1.9694 H,
0.5718  1.9784 H,
2.8964 1.9794 H,

k My f
-0.002] 0.244) 148
0.353 0.153| 252
0.203] 0.353| 130
0.776] 0.268| 123

I e (Mo

According to initial hypothesis testing it is pdssito conclude that at pillars C and G null hyesik
shall be adopted and at pillars F and G shall lopted alternative hypotheses.

Analysing results given in table 1 it is obviouattin two cases (measurements from pillar C anah fro
pillar G) influence of air refraction could be niggihle and in two cases (measurements from pillar F
and H) it is not negligible. However the RMSEs ofrafraction coefficient are relatively high foll a
pillars in spite of the high number of measuremenke range of distances and zenith angles as well
as the number of measured points and influenceMBR of air refraction coefficient for each pillar
are given in table 2.

The influence of RMS of air refraction coefficiaatcalculated by following formula:

D} D
I(my) = 2 * mk( Amax _ mm)

2R 2R

where I(m,) denotes the influence of RMSE of air refractionfioent.
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Table 2 the range of distances and zenith angbas fiillars and influence of
RMSE of air refraction coefficient on height diféerce

Dinin[m] | Dmax[m] | Znin[®'] | Zinax[*'T | | 1(my)[mm]
C 28.61|  250.1§ 91.2p  104.54 18 2.36
F| 112.80]  220.5( 86.2p 95.50 24 0.99
G| 119.70[  200.6¢ 82.07 89.14 19 1.83
H 79.70|  232.67 80.18 90.do 18 1.99

Comparing the influence of air refraction coeffrdiavith influence of errors of horizontal distance
and zenith angle it follows that those two influep@re equal. This fact implies that influenceiof a

refraction around the Vlasina dam is rather higtspite of the relatively short distances and high
accuracy of their determination. Also this resutiplies that measurements provided for dam
monitoring contain capacity for research and imprognt of accuracy of trigopnometric levelling

method.

CONCLUSION

Air refraction as a limiting factor of accuracy bight differences determined by trigonometric
levelling method was researched based on resultsegfilar measurements for Vlasina Dam
monitoring. Results of geometric levelling was teeh as absolutely accurate and model was
developed on the base of common formula for trigeetoic levelling when horizontal distance are
known and zenith angle are measured.

The results of analysis shown that influence ofrafraction on height differences determined by
trigonometric levelling is significant and thatist still limitation factor for improving their accacy.
Also further researching and improvement of measarg plan is justified because every chance of
improving efficiency of measurements for dam manitg is very important for dam management.
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