Milan Pantié, et al., Influence of anisotropy and magnetic field on thermal entanglement in Heisenberg model...

Contemporary Materials, VIII-2 (2017)

Page 137 of 143

Original scientific papers

UDK 533.6.011.5/.8:536.24
doi: 10.7251/COMEN1702137P

INFLUENCE OF ANISOTROPY AND MAGNETIC FIELD
ON THERMAL ENTANGLEMENT IN HEISENBERG MODEL
AND THERMODYNAMIC ANALYSIS OF MODEL

Milan Pantic'*, Nemanja Mici¢, Milica Pavkov Hrvojevié,
Slobodan Radosevi¢, Petar Mali

University of Novi Sad, Faculty of Sciences, Department of Physics,
Trg Dositeja Obradovica 4, 21000 Novi Sad, Serbia

Abstract: The thermal entanglement in a two-qubit anisotropic Heisenberg XXZ
system, also XYZ system, with Dzyaloshinskii-Moriya (DM) couplings in an inhomogeno-
us magnetic field, was studied. The effects of these two kinds of anisotropies on the thermal
entanglement have been studied in detail in the concept for concurrence, the measure of
entanglement. The analytical expressions of concurrence are obtained for this model. It is
found that the DM interaction can enhance thermal entanglement and can be efficiently
controlled by the DM interaction parameter and ehchange interaction J; J, and J,. When D
is large enough, the entanglement can exist for larger temperatures and strong magnetic
field. We also analysed thermodynamic properties of Heisenberg model and the most

important results were shown in the paper.

Keywords: Thermal entanglement, Heisenberg XXZ and XYZ model, DM interac-

tion.

1. INTRODUCTION

One of the most intriguing phenomena, whose
existence is predicted by quantum mechanics, is
entanglement. This concept was introduced by E.
Schrodinger [1], for unusual quantum correlations
that appears in a well-known thought experiment of
Einstein, Podolsky and Rosen (EPR experiment) [2].
In this experiment, these three physicists showed
(based on the quantum mechanics formalism) the
existence of non-local quantum object, consisting of
two or more parts. The path to the solution of the
formed paradox (EPR paradox) was given by Bell
[3]. He suggested his own statistical inequalities, and
they do not satisfy non-local theories such as
quantum mechanics. Experiments designed to test
the entanglement [4—6] confirmed the correctness of
the quantum mechanics. In this way, concept of the
entanglement has become a physical reality that can
not be modeled by any classical theory.

Entangled states have become a basic compo-
nent in phenomena such as quantum teleportation
[7], quantum cryptography [8], etc. Nowadays,
because of the fact that theory of the entangled states
is based on most fundamental ideas of quantum
mechanics, exploring the idea of entangled states
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affect almost all areas of modern physics such as:
atomic physics, quantum optics, solid state physics,
nuclear and electromagnetic resonance spectroscopy,
superconductor physics, etc.

Today, it turns out that spin systems at very
low temperatures are very promising systems for the
development of quantum information theory [10].
Important results were obtained for one dimensional
anisotropic models [9], where the entanglement
occurs between neighbouring spins. Formalism of
thermal entanglement was implemented in

. ) . . ) 1
Heisenberg's anisotropic model, with spin § = > fru-

strated by DM interaction. In this paper, the concur-
rence C, as the quantitative measure of the entangle-
ment of the system, was defined [10,14]. The value of
concurrence is between zero and one, where, when it
is equal to zero, the system is not in an entangled pha-
se, and, when it is equal to the one, the system is
maximally entangled. When 0 < € < 1, the system
is in an entangled phase to some extent. For mixed
states, conccurrence of the state is given by
C(p) = max {240 — i=q 4,0}, where A;'s
are square roots of eigenvalues of the matrix
R = pSp*S, p is density matrix, S = 0,” @ 0;”
and ij (3=1,2) represent the Pauli matrices. It is very
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important to see how the system behaves in the
external magnetic field [11], because the magnetic
field is addressing the qubits of the system. A
thermodynamic analysis of the model was performed
too, in order to detect and compare the critical tempe-
rature of the entanglement, and Neel temperature in
antiferromagnetic chain.

2. HEISENBERG XYZ TWO-QUBIT
MODEL IN THE PRESENCE OF AN
INHOMOGENEOUS MAGNETIC FIELD

In condensed matter systems, like Heisenberg
spin chains, it is always possible to achieve an
inhomogeneous Zeeman coupling [10,11,13,15].
Heterostructures of the condensed matter are usually
inhomogeneous, in the presence of magnetic impuri-
ties such as defects. One of the main challenges is to
realize the identical qubits in these systems [8,12].
The construction of approximately same systems in
semiconductor technology has always been difficult
- it still is, but they are extremely important in
quantum technology [16].

In this part of paper, we consider two-qubit
system in an inhomogeneous magnetic field [11,15],
as well as the characteristics of the entanglement of
these systems. At extremely low temperature, we
assume that this qubit system is in the ground state
[11]. Therefore, we are studying properties of gro-
und state of entanglement. Of course, the real
physical system is always on the non-zero tempera-
ture and consists of a mixture of entangled and unen-
tangled states [11], which are dependent on tempera-
ture [11,15,16]. Since this is a two-qubit system,
consisting of two spins, the results that will be
shown are more relevant to the problem of quantum
computer construction, than the interpretation of the
problem of quantum phase transitions which
requires treating an infinitely long spin chain.

Among the many concepts that are considered
for the realization of two-qubit systems, the approach
based on semiconductor quantum dots offers a great
advantage in making miniature versions of quantum
computers. Quantum dots [22] are very small particles
in the semiconductor compound. They were discove-
red in condensed matter systems in 1980 by the Rus-
sian physicist Alexei Ekimov [20,21]. These are the
crystals of only few nanometers and represent the cen-
tral topic of nanotechnology (Figure 1) [21].

f

Figure 1. Quantum dots in semiconductor CdS crystal [21]

They have ability to emit radiation of a speci-
fic frequency if the electrical current or light by
external sources is applied to them [16,20]. By
applying low voltages to electrodes, it is possible to
create a current that flows through quantum dots and
precise measurements in spin systems can be made.
With several entangled quantum points (etc. two-
qubit system), we can get a flexible way of doing
quantum operations, calculations and, in this way,
we are able to construct a flexible quantum compu-
ter [17,18].

We consider the two-qubit system, consisting
of two electrons, limited by two quantum dots
(QD's) [11]. If the qubit is represented by one elec-
tron in a quantum dot, it can be manipulated by
external devices [11]. Heisenberg model (the sim-
plest model for the exploring of spin chain properti-
es) is convenient for modeling two-qubit systems
that involve spin-orbital interaction (SO interaction).
SO interaction in nanostructures is studied using the
quantum optics method [22]. This interaction creates
a new type of anisotropy and is called spin - orbital
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anisotropy [11,15, 23]. The effect of SO interactions
on the two-qubit XX system in the absence of a
magnetic field was studied by a great number of
physicists [11,15]. It has been shown that the critical
temperature of entanglement increases with an
increase in the absolute value of a parameter that
characterizes the SO interaction. Also, it turns out
that the thermal entanglement in this defined system
is the same for ferromagnetic and antiferromagnetic
order [11,15, 23].

In this paper, SO interaction involving
second-order coupling is not taken into account.
Only first - order was considered, which is proporti-
onal to coupling through exchange interaction. One
of the first - order SO interactions is DM interaction
[15].

3. THE MODEL AND THE HAMILTO-
NIAN

The Hamiltonian of a two-qubit anisotropic
Heisenberg XYZ model in the presence of an inho-
mogeneous magnetic field and spin-orbit interaction
is defined as [11]

1
H = E (]x01x02x +]y01y02y +]z01zazz)

+BI'O'1+Bz'O'2+D'(0'1XO'2)

+ 8o 1° T )

where 6; = (0;* + 0;” + 0;7) is the vector of Pauli
matrices, Bj (j=1,2) is the magnetic field acting on
the site j, J; (i=x,y,z) are the real coupling coeffici-
ents, D is the Dzyaloshinski-Moriya interaction vec-
tor, which is first order in SO coupling, and I is a
symmetric tensor which is second order in SO cou-
pling. For simplicity, we assume B; = B;Zz such that
By =B+ b and B, = B — b, where b indicates
the amount of inhomogeneity of the magnetic field.
The vector D and the parameter § are dimensionless.

If we ignore the second — order SO coupling, then the
above Hamiltonian can be expressed as

H=]Jy(o1%0," +0,7077)

+(J +1/,D)o1T0,~ + (J —i/ D)oy~ 0"

Ji B+b B-b
+EZO'120'22+ ) O'lz+ > O'ZZ
where | = Ltly ——= is the mean coupling coefficient in

Jx=Jy

the XY plane, y = specifies the amount of
Jx+]y

anisotropy in the XY plane,and 0% = %(ax + iay)

are lowering and raising operators. This Hamilto-
nian, in standard basis {|00),]01),]10),|11)} has

the following matrix form:

%Z+B 0 0 Ty \
| o —Zip J+i,D 0 |
H= 2
J
0 J—iJ,D —gz—b 0 ‘

J2 /
\]y 0 0 > -B

We obtain the eigenstates of this Hamiltonian

¥,) = M- (?IOOH 1))

1#5) = ¥ (—|oo>+ 11))

¥a) =N (75 )

4 = N* (72210 + 110))
where
M* = !
B+tn 2
1+ (—]y )
N* = !
(b £ &)
1 230,02
n =+B%+ (Jy)?
= /524 ]2 + ;D)2

Also, we calculate the eigenvalues of the
Hamiltonian

Iz
E,,==—+
1,2 2 n

Ei, = __+S(

By using the definition of partition function,
we calculated the partition function of the system

Z =Tr(eft) = Ze%(cosh(ﬁf)
+ e=Blzcosh (1)
By using the spectral decomposition theorem
[12], we obtained density matrix of the system p
uy 0 0 v
[0 w z O
P=V o =z w, 0
0O v 0 pu_
We defined notation in density matrix as
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BJz In order to calculate concurrence of the
e 2 _B system [10], first we must find following matrix
He =— (COSh(,BU) + ﬁsmh(ﬁn)) R = pSp*S where S = 0¥ @ ¢”. Square roots of
B, eigenvalues of matrix R are
ez _b —
Wy, = 7(cosh(ﬁf) + ;sinh(ﬁf)) Az = [Vwiw; £ 2]
I, A3 4 = |\/ faty + Vl
. Jyve 2 h Without loss of generality, we assume that
v=- 7 sinh(fn) J>0 and y>0, as long as concurrence is invariant to
sign change | - —J andy = —y.
(J+1i/,D)e
=— nh
= B

Figure 2. Concurrence of the system as a function of temperature T and inhomogenity parameter b
for following values of parameters J=1, J,=0.5, B=5 and y=0.3

Figure 3. Concurrence of the system as a function of temperature T and magnetic field strength B
for following values of parameters J=1, J,=0.5, b=2, D=3 and y=0.3
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As we now have a magnetic field in the
system, we will analyse the functional dependence
of concurrence on the strength and parameter of the
magnetic field inhomogenity.

From figures 2 and 3, we can conclude that the
inhomogenity parameter and magnetic field strength
can be good control parameters of the entanglement of
the system. Of course, we confirmed the expectation
that concurrence decreases with increasing temperature
of the system. Also, concurrence of the system is dec-
reasing function of magnetic field strength B, but it is
increasing function of inhomogenity parameter b. The-
se three parameters (7,B,b) can be controlled in
experiment. The exchange interaction parameter can
not be experimentally controlled. Changing the value
of the exchange interaction in order to control the
entanglement of the system is purely theoretical.

4. THERMODINAMIC ANALYSIS OF THE
MODEL

In this part of the paper, we will discuss
thermodynamic aspects of two-qubit anisoptopic
Heisenberg model. Thermodynamic functions as:
(S,) , internal energy, specific heat etc. will be cal-
culated and ploted. We observe the same system as
was discussed before. First, we calculate average S,
component of the spin:

(Sz> = Tr(pSz) = (.u+ - ,Ll_) — (W —wy)
Average value (S,) will be equal to zero only
if system is not in magnetic field, but when system is

U

in an (in)homogenous magnetic field, (S,) # 0.
Internal energy is defined as

U = Tr(pH) = u, (EZ + B) + 2v]y

2 (wy 4 w) + b(wy — W) + (2 4 2)

+i],D(z" - 2) + p_ (2 - B)

Specific heat is defined as

ou

aT

We can see in the figure 5 that we have two
peaks. First of them comes from non-magnetic
excitation, and we attribute them to existence of
Kagoma clusters [19] (characteristic for antifero-
magnetic systems). Presence of the DM interaction
does not change the general structure significantly,
but there is a slight change in temperature depen-
dence of specific heat C, . The second peak is
important to us, because this peak corresponds to the
phase transition from antiferomagnetic to paramag-
netic phase. The Neel temperature is above
Ty = 2.5 K, and the critically entangled temperatu-
re is above T, = 1.7 K (the condition for obtaining
this temperature is that the concurrence is equal to

Cy

TN )
zero). As we can see Pl 32%, and this means
(o

that the system will undergo a transition to a non-
entangled phase and then another one to a paramag-
netic phase.

Figure 4. Internal energy as a function of temperature for parameters J=1, y=0.3, J,=0.5, B=5, b=2 and D,=3
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Figure 5. Specific heat as a function of temperature for parameters J=1, y=0.3, J,=0.5, B=5, b=2 and D.=3

5. CONCLUSIONS

The thermal entanglement in a two-qubit ani-
sotropic Heisenberg XXZ system, also XYZ system,
with Dzyaloshinskii-Moriya (DM) couplings in an
inhomogenous magnetic field, was studied. The
effects of these two kinds of anisotropies on the
thermal entanglement have been studied in detail in
the concept for concurrence, the measure of entan-
glement. It is found that the DM interaction can
enhance thermal entanglement and can be efficiently
controlled by the DM interaction parameter and
ehchange interaction J,, J, and J.. When D is large
enough, the entanglement can exist for larger tempe-
ratures and strong magnetic field. This means that
the entanglement of the system can be controlled
using four parameters (T,B,b,D). We also analysed
thermodynamic properties of Heisenberg model. We
observe that the presence of the DM interaction does
not change the general structure significantly, but
there is a slight change in temperature dependence
of specific heat Cy. We obtained that when system,
described by Heisenberg model, is in inhomogenous
magnetic field, system will undergo a transition to a
non-entangled phase and then another one to a
paramagnetic phase.
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TOXR

YTULIAJ AHM3O0TPOITMJE U MATHETHOTI I1OJbA HA TEPMAJIHM EHTAHI'JIEMEHT
Y XAJ3EHBEPI'OBOM MOJIEJTY U TEPMOJIMHAMUNYKA AHAJIU3A MOJEJIA

Cazkerak: Y 0BOM pajy je MpOoy4YaBaH TEPMAIHN €HTAHTIIEMEHT y JBOKYOHUTHOM
anuzotponHoMm Xaj3enoeprooMm XXZ u XYZ cucremy, ocyjeheHor banommHcki—
Mopuja (AM) uHTEpaKLKjOM Y HEXOMOTE€HOM MarHeTHOM I0JbY. Y THIIAj OBE JIBE BPCTE
AQHM30TPONHjE€ U TEPMAJIHU SHTAHIJIEMEHT aHaJIM3UpaH je momohy ¢u3nuke BeIHYHHE
KOHKYPEHTHOCT, Ka0 KBAaJIUTaTUBHE Mepe eHTaHrieMmeHra. Mcnocraspa ce na M
MHTEPaKIMja MOXKE 110jayaT CBOjCTBO CHTAHIVIEMEHTA, Ka0 M3MEHCKa MHTepakuuja J,,
J, 1 J.. Kana je JIM nHTepakuuja JOBOJBHO BEJMKA, KA0 M jauylHa MAarHETHOT MO0Jba,
SHTAHIJIEMEHT MOXe OICTaTH Ha BUIIUM TeMmIeparypama. Takole, y paxy cy aHanm3u-
paHa TepMOAMHAMHIYKA CBOjCTBa Xaj3eHOSProBOT MOJIENa, T€ Cy M3I0KEHU HajOUTHHjH

pesynraryu paja.

Kibyyne peun: TepManHu eHTaHTIIEMEHT, Xaj3eHOeproB XXZ u XYZ moxedn,

M unTepaknmja.



