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Abstract—We present a method of modeling of nonparabolic 

effects (NPE) in quantum nanostructures by using second order 

perturbation theory. We apply this model on multiple quantum 

well structures and consider the influence of external magnetic 

field on dipole matrix element which is usually considered 

constant. The dipole matrix element directly influences the 

optical gain, and our model can provide a better insight to how 

NPE and magnetic field influence the gain of quantum 

nanostructures.  

 

Index Terms—Nonparabolicity effects; Quantum cascade 

lasers; Perturbation theory. 
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I. INTRODUCTION 

ONPARABOLIC effects (NPE) in the conduction band (CB) 

of a semiconductor quantum well (QW) material take an 

essential role in modeling the electronic structure of multiple 

QW structures such as quantum cascade laser (QCL). By 

using 14-band kp calculation presented in [1] Ekenberg in [2] 

determined the coefficients in the expansion of the dispersion 

relation up to the fourth order in wavevector. This results in a 

fourth order differential equation with boundary conditions 

obtained by double integration which fulfills the requirement 

for probability current conservation [3]. In [4] the authors 

presented the model from [2, 3] and its application on QCL 

structures by using the transfer matrix method (TMM). 

QCL structures are powerful light sources emitting from 

mid-infrared (MIR) to THz frequencies, that turned out to be 

efficient and reliable in free-space communications, medical 

diagnostics, and chemical sensing [5-9].  
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By engineering the active region, it is possible to obtain a 

wide range of operating wavelengths from 3 μm up to 250 μm. 

The lasing wavelength is defined by the separation of the laser 

energy state, and for THz frequencies the energy difference is 

very small (around 10meV) and thus any shift in energy can 

make modeling of these structures more demanding. 

We will use the model from [2-4] and apply a second order 

perturbation theory in order to model energy corrections more 

accurately. We will also consider a first order correction for 

the wavefunction and this will allow us to study the effect of 

magnetic field on dipole matrix element, or in another sense 

the dependence of the gain of QCL. Nonparabolic effects are 

more pronounced in materials with smaller energy gaps due to 

a stronger mixing of the bands, thus we will also apply our 

model on structures with such properties. 

II. THEORETICAL CONSIDERATION 

The Hamiltonian presented in [2] in presence of magnetic field 

can be written as              , where       represents the 

part of the Hamiltonian                  and it can be 

represented as the sum of the unperturbed Hamiltonian           

       
         

  
  

 
   

 

     
          and the perturbed 

Hamiltonian         
 

 
 

   

     
.      can be treated with the 

second order perturbation theory (first correction vanishes) 

and this was done in [2].      has the form         

 0 12  ,  2+ 0   4+  4. The coefficients  0,  0 are 

nonparabolic parameters, B is the magnetic induction of 

external magnetic field,  V z  is the potential of the structure, 

ˆ ˆ ˆ, ,x y zk k k  are the wavevector components operators,       is 

the effective mass at the bottom of conduction band and    is 

the Landau level index.  

 In this paper we focus on      , and apply the second order 

perturbation theory. The Hamiltonian    oper-ates on the 

envelope wavefunction  zn . We treat       and      

separately. For       we first solve the eigenvalue problem 

with non perturbated Hamiltonian      0

0 0 0
ˆ

n n nH z E z   

(index 0 depicts zeroth correction (unperturbed value), and 

indices n=1,2, ... depict the bound state energy index) and use 

wavefunctions        as the basis for perturbation theory with 

the perturbed Hamiltonian    .      is treated with second 
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order perturbation theory in [2], first correction for energy 

   
   

 is also determined in [2]. Corrections for energy are: 
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     are matrix elements of perturbed 

Hamiltonian and      and      are the expected values 

of nonparabolic parameters. 

The first order correction for envelope wavefunction is 
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Overall energy and envelope wavefunctions are given with 

    
   

    
   

    
   

     
   

 and          
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The presence of external electric field introduces a linear z  

term in the potential      of unperturbed Hamiltonian which 

results in continuous energy spectrum. In the case of moderate 

external electric fields, the energy states that were previously 

bound evolve into the so-called quasi-bound states after the 

application of bias, and they can then still be treated as bound 

under the additional assumption that the potential is constant 

far enough from the well [10]. These quasi-bound states can 

be determined by numerical solving of the     eigen value 

problem and then energy and wavefunction corrections can be 

calculated.  

The application of the perturbation theory is limited by the 

condition     
     

   
   

   
. The perturbed Hamiltonian 

depends on magnetic induction and Landau level index and 

this condition imposes constraints on the values of these 

parameters. The second condition which limits our model 

emerges from the dispersion relation in bulk material, as 

presented in [4]. By solving the quantum well structure we can 

easily determine dispersion relation in the form              

        
  

  

    
  which has a maximum value of  

                   
  

          
             where 

         and    is inserted in        . The authors in [4] 

noted that the model is applicable up to the turning point of 

the dispersion relation, but we claim its applicability up to 

    . The conditions for the application of our model are: 

 

    
 

 
            

   
   

   
   

 

       
  

    

            
    

     
  

       

(3) 

 

We will consider the first condition in (3) satisfied for 

    
 

 
        . The parameter    mostly depends on the 

energy separations and we expect that it will cause rigorous 

constraint for magnetic fields in terahertz QCL structures. The 

second condition benefits from low effective masses in III-V 

semiconductors, but deteriorates for large values of the 

nonparabolic parameter   . In most cases of interest      will 

be lower than the conduction band offset and it will not be 

possible to consider all states in the structure. Our greatest 

interest is usually in the lower states of considered QW or 

QCL, hence if       is greater than all the states of interest, 

we will continue with the application of the model. This 

approximation is possible due to the fact that in perturbation 

theory higher states have lesser effect on the lower states when 

calculating corrections in (1) and (2). 

Equations (1)-(3) represent a complete model of the second 

order perturbation theory of NPE in semiconductor 

nanostructures. 

 Since we included first order correction for wavefunction 

we can discuss its effect on the dipole transition element. The 

dipole transition matrix element is defined as                               

       
  

  
       where index i refers to an initial state, 

and f  to a final state of the optical transition. The envelope 

wavefunctions   ,    are usually chosen as unperturbed 

wavefunctions, but by including correction we will be able to 

analyze the influence of magnetic field on the properties of 

our structure. Inserting (2) in     yields: 

 

           

     
 

 
      

    
         

      
   

   
 

  

   

      
 

 
 
 

   
    

 

  

    
   

   

(4) 

 

where            
  

  
         The third term in (4) is very 

small and we can assume that the behavior of     is linear with 

magnetic field in most cases. Note that first order corrections 

for the envelope wavefunctions are linearly proportional to the 

non-parabolic parameters    and    (because of the matrix 

elements of perturbed Hamiltonian     in eq. (1)), hence we 

expect greater rates of change in materials with great 

nonparabolicity but on the other hand the conditions in (3) will 

also become more rigorous. Modeling of these parameters and 

their determination in III-V semiconductor and alloys of 

interest are given in [11].  

 The importance of the dipole matrix element lies in the fact 

that gain and absorption values of optical transitions depend 

on      
 
. Let us consider a 3-states QCL structure       
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   with two transitions of interest:       (lasing transition) 

and       (transition for depopulation of the second state). 

Most models of QCL structures calculate the dipole matrix 

element in (4) with unperturbed wavefunctions (only first term 

in (4)), thus the effect of external magnetic field cannot be 

seen. In this paper we will illustrate the dependence of the 

dipole matrix element on B for different Landau levels by 

using wavefunctions with first order correction.. Also (3) 

gives us the values of magnetic field    which limit the 

application of the perturbation theory. As mentioned in [12], 

in the presence of external magnetic field the optical gain 

which corresponds to transitions (3, ) (2, ) depends on  

         . The authors in [12] included first order corrections 

for the energy, the model presented in this paper includes 

higher correction. The optical gain of this transition now has 

the form: 

        
    

     
            

 

 

  

                                       

            
   

   
   

 

       
 

 
  

 

    

 
 

    

  

     
 

 
     

 

  

  
     

 

  
   

   
   

 

   

 
     

 

  
   

   
   

   

  

                   

               
    

   
 

(5) 

where    is the material refractive index,   and   denote the 

wavelength and the frequency of the emitted light,              

     represents the degree of population inversion, while 

      and       represent differences of expectation 

values when wavefunctions of third and second states are 

used. The greatest addition to the gain in (5) arrives from the 

states with lower values of Landau level index. In numerical 

approach Dirac delta function can be substituted with suitable 

Lorentzian as explained in [12]. 

III. NUMERICAL RESULTS 

Applying our model to structures in presence of electric 

field demands numerical solving of equations (1)-(4). We 

assume that moderate electric field is applied and that we can 

approximate the potential at the structure ends to be constant 

[10]. We use TMM method to determine energies and 

wavefunctions of Hamiltonian     . These quasi-bound states 

are then used in perturbation theory.  

We will apply our model on three QCL structures which 

will illustrate behavior of dipole matrix elements. Firstly we 

focus on the structure presented in [12] which is optimized for  

        and has the following layer widths 25, 30, 59, 12, 

59    (bold are Al0.4Ga0.6As barriers and in normal text are 

GaAs wells) with a barrier height of 330 meV. The applied 

electric field is               . The potential of the 

structure and the corresponding envelope wavefunctions are 

presented in Fig. 1. 
 

 
Fig. 1. The active region of QCL [12] under an electric field of                                         

               and magnetic field of incduction      . Relevant  
energies and the moduli squared of non-perturbated wavefunctions are also 
displayed. 

 

Energy levels in Fig. 1 are E1=77.1 meV, E2=114.5 meV 

and E3=240.3 meV which corresponds to a lasing wavelength 

of          , which is in good correspondence with [12]. 

Under the influence of an external magnetic field we can 

calculate corrections for energy and wavelength by using our 

model. The conditions in (3) give          meV for GaAs 

and limiting magnetic fields are B0=234.7 T, B1=78.2 T, 

B2=46.9  T, B3=33.5 T, B4=23 T,  B5=21.3 T, due to physical 

relevance we are interested in results below 60 T. In (5), 

optical gain depends on           and            
 
, authors in 

[12] considered first order corrections for energy, difference 

          with second order corrections is presented in Fig. 2 

and            
 
 is presented in Fig 3. 

Figure 2 shows how lasing energy difference depends on 

magnetic field. We can see that for constant magnetic field 

this difference decreases when higher Landau levels are 

considered. The lasing wavelength is defined by            

and in Fig 2. we can see that this value slightly varies with 

magnetic field which opens possibilities of tuning.  

Figure 3 shows how square moduli of the dipole matrix 

element depends on magnetic field for lasing transition. For 

higher Landau levels we have more a pronounced decrease of 

     
  than for lower ones. Lower Landau levels give the 

greatest contribution to the gain in (5), the authors in [12] 

estimated that the highest gain is achievable around 45-50 T 

without taking into account variation of      
  with magnetic 

field. The results in Fig. 3 show that optical gain would be 

lower approximately 1-5 % (assuming that       are the 

dominant terms in (5) and that second order corrections for the 

energy in           do not contribute significantly).  

We can also calculate      
  which is responsible for 

depopulation of the second state. Note that for       
  Landau 

levels of both states can be arbitrary, thus we will separately 

present radiative transitions         (Figure 4) and non-

radiative transitions       (Figure 5). 
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Fig. 2. Lasing energy difference for structure from [12] depending on 

magnetic induction for different Landau levels. 
 

 
Fig. 3. Dipole matrix element      

  for structure from [12] depending on 

magnetic induction for different Landau levels and                 . 
 

 
Fig. 4. Dipole matrix element       

  for structure from [12] depending on 

magnetic induction for different Landau levels (and        ) and 

                .  
 

 
Fig. 5. Dipole matrix element       

  for structure from [12] depending on 

magnetic induction for different Landau levels (and       ).  

 

Figure 4 shows how square moduli od dipole matrix 

element depends on magnetic field for optical transition     

when both states have same value of Landau level. The effect 

is more pronounced than the transition 3   (fig. 3) and we 

have an extensive decrease of dipole matrix element. 

Figure 5 shows      
  when Landau levels for particular 

states do not match. We can see that for       we have a 

decrease of the dipole matrix element while for      this 

does not occur. The effect is even more extensive than in 

previous transitions and for certain values of magnetic field 

and Landau level indices we nearly have a minimal value. 

In this example we see that the dipole matrix element 

mostly decrease with magnetic field, and that the decrease is 

stronger for higher Landau levels.  

Next we consider the structure realized in [13] for emission 

at         (and designed for 66   ). The active region 

layer widths are 82, 17, 68, 40, 164, 34, 90 Å (GaAs wells are 

in normal text, Al0.15Ga0.85As are in bold text) with a barrier 

height of 125.5 meV. Applied electric field is 10.2        . 

The potential of the structure and the unperturbed 

wavefunctions are shown in Fig 6. 
 

 
Fig. 6. The active region of QCL [13] under an electric field of                                         

              and magnetic field induction     . Relevant  energies 
and the moduli squared of non-perturbated wavefunctions are also displayed. 

 

 The states of interest in Fig. 6 are E2=36.73 meV, 

E3=67.97 meV,  E4=72.38 meV and E5=91.11 meV. Lasing 

transition occurs between     or    , which corresponds 

to a difference of E54=18.73 meV and a lasing wavelength of 

           , which is in good correspondence with the 

results from [13].  The maximum energy from condition (3) is 

384 meV and this condition does not add limits to our model, 

but the perturbation theory condition does. Limiting magnetic 

fields are B0=2.1 T, B1=2.5 T, B2=3.3 T, B3=4.6 T, B4=7.7 T,  

B5=23.2 T. With unperturbed wavefunctions from Fig. 6 we 

can calculate energy and wavefunction corrections, lasing 

difference E54 is given in Fig. 7, while results for dipole matrix 

element for lasing transition is given in Fig. 8. 

In Fig. 7 we can see that the energy difference of transition 

    varies linearly with magnetic field which means that 

second order corrections are very small. In Figure 8 we can 

see a mild change of dipole matrix element with magnetic 

field. It is interesting that in this example we have an 

increasing effect. Our simulations show that the dipole matrix 

element for optical transition     used for resonant 

depletion also increases with magnetic field for both radiative 

and non- radiative transitions more extensively (up to 15%). 

This example illustrates that the dipole matrix element can 

also rise with magnetic field. 
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The considered material of QW in the previous two 

examples was GaAs which has low nonparabolicity 

parameters due to a large energy gap. Both examples showed 

mild changes of the dipole matrix element for lasing 

transition. The model in [11] shows that low gap materials 

would give much higher nonparabolicity. On the other hand, 

the maximum energy condition in (3) becomes more rigorous 

and we are unable to model QCL structures made from InAs 

which would give nearly 30 times higher nonparabolicity 

parameters than GaAs. Fortunately we are able to model 

structures designed for terahertz applications because in most 

cases the energy states of interest are sufficiently below the 

maximum energy and we can consider low gap materials such 

as GaSb which has roughly 4 times higher parameters than 

GaAs. structures for terahertz range have narrow energy 

separations and modeling NPE is highly important. At the 

same time, the narrow energy separation will also cause 

perturbation theory condition in (3) to be much more rigorous. 

 
Fig. 7. Lasing energy difference for structure from [13] depending on 

magnetic induction for different Landau levels. 
 

 
Fig. 8. Dipole matrix element squared,      

  for the structure from [13] as 

a function of magnetic induction for different Landau levels and           

       . 
 

We will consider a terahertz QCL proposed and 

experimentally realized in [14] for lasing at                                

                     and                      which 

corresponds to transitions E53=10.6 meV and E54=7.7 meV, 

respectively, with a phonon longitudinal energy of E32=28.9 

meV. This is a 4-well structure with the layer widths of active 

region 144, 24, 114, 38, 246, 30, 162 Å (bold AlSb barriers 

and non-bold are GaSb wells) with barrier height of 1090 

meV. Applied electric field is 5.4        . The maximum 

energy from condition (3) is              , 

nonparabolicity parameters in GaSb are                 , 

                  and in the AlSb are                

               . The solutions of unperturbed Hamiltonian 

are shown in Fig. 9. 
 

 
Fig. 9. The active region of QCL [14] under an electric field of                                         

             and magnetic field of incduction      . Relevant  

energies and the moduli squared of non-perturbated wavefunctions are also 
displayed. Barrier height is 1090 meV, the picture is zoomed for better view. 

 

 The barrier height is 1090 meV and condition in (3) gives 

maximum energy of 201 meV, but energies of interest are 

below 80 meV and our model is applicable under the 

assumption that higher states do not contribute greatly to 

perturbation theory corrections. In Fig. 9 we can see that 11 

states can be modeled. The states of interest are 

E1=29.36 meV, E2=30.5 meV,  E3=65.46 meV, E4=68.96 meV 

and E5=76.22 meV. Lasing transition occurs between     or 

   , which correspond to differences of E54=7.24 meV and 

E53=10.76 meV and wavelengths                         
                       respectively, which is in good 

correspondence with the results from [14].  

 Conditions (3) yield B0=0.75 T, B1=0.25 T, B2=0.15  T, 

B3=0.1 T, B4=0.08 T,  B5=0.07 T, above these values theory of 

perturbation is not applicable (for the corresponding Landau 

level). The reason for this is a narrow energy seperation and 

also the fact that    depends on      (in eq. (1)), which 

depends on magnetic field and nonparabolic parameters. The 

energy difference E54 is given in Fig. 10, while the results for 

the dipole matrix element for transition     are given in 

Fig. 11 

 

 
Fig. 10. Lasing energy difference for structure from [14] depending on 

magnetic induction for different Landau levels. 

 

 In Fig. 10 we can see that the energy difference of transition 

    clearly has a square dependence on magnetic field 

which shows the importance of including the second order 

corrections from (1). Fig. 10 also indicates that possible tuning 
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is also not linear with magnetic field. In Figure 11 we can see 

an extensive decrease of the dipole matrix element for low 

magnetic field. If the condition in (3) were less rigorous these 

curves would reach minimal value below magnetic field of 1T. 

In eq. (4) we can see that the dipole matrix element has a 

second order polynomial dependence on  , and after the 

minimal value we would expect a rise of curves in Fig. 11 if 

the perturbation theory condition were less rigorous. This 

example illustrates the importance of modeling the dipole 

matrix element when an external magnetic field is applied. 

The results in Fig. 11 indicate that the dipole matrix element 

will deteriorate  up to 8% for magnetic fields under 1T.  

 
Fig. 10. Dipole matrix element squared,      

  for the structure from [14] 

as a function of magnetic induction for different Landau levels and  

                 . 

 In this example the dipole matrix element for optical 

transition     used for resonant depletion decreases with 

magnetic field for both radiative and non-radiative transitions 

more extensively. 

IV. CONCLUSION 

In [4] the authors showed that TMM method in combination 

with NPE can be applied to various QCL structures. In this 

paper we generalized that model and presented how magnetic 

field influences QCL structures. 

We presented effects of magnetic field on the dipole matrix 

element by using a 2
nd

 order perturbation theory with 

Hamiltonian which includes NPE. We formed a model (1)-(3) 

which also includes a 1
st
 order correction for envelope 

wavefunction and 2
nd

 order corrections for energy. The 

application of the model is limited by the perturbation theory 

condition and the condition which arises from the dispersion 

relation of the considered Hamiltonian. Applied to a QCL 

structure, this model gives us new insights on.  

We showed that the dipole matrix element changes its 

values with different speed rates with Landau level and that in 

some cases the effects of external magnetic field on the dipole 

matrix element can not be neglected, especially in structures 

with high nonparabolicity (lower energy gap of quantum well 

material).  
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