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Abstract: The concept of the geoid is of great importance in geodesy and in geosciences generally. As an equipotential
surface, the geoid is fundamental in defining the terms of the horizontal and vertical. In praxis, it is used as a reference
surface for several height systems, for studing the Earth’s internal structure and positioning. Depending on the available
data, it is possible to accurately determine the geoid in coastal as well as in continental areas. In this paper the problem of
determining the geoid undulations is discussed, with a practical example of determining in the area of Banja Luka and the

northwestern part of the Republic of Srpska.
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YBO/J

ExBuUnoTeHnyjanHa noBpil CUjie TexXe Koja ce
Ha MOpY IOKJIana ca UealHO MUPHUM HHUBOOM
MOpa a Ha KOITHY ITPOJIa3u UCTIOJ MOBPILHU 3eMJbe,
1 KOja HajOoJbe anpoKcuMupa 00K U BETUUNHY
3emibe, Ha3uBa ce reoujgoM. C o063upom 1a ce
MOXKe JAe(pUHUCATH KA0 MAaTeMaTU4YKH OOJIUK
3emJbe, reou]] IpeacTaBiba KJbYUHY MOBpII
y TeoJle3uju C HApOYUTO BAXKHOM YIIOIOM Y
no3uuuoHupamwy. lloBpm kojy Ou BojeHa
MOBPUIMHA OKEaHa 3ay3ejia MoJ YTUIajeM CaMo

INTRODUCTION

The geoid is a gravity equipotential surface,
which at sea coincides with perfect calm level
of the sea and on mainland goes underneath the
continents, and it is the best approximation of
the Earth in terms of size and shape. Considering
that it can be defined as the mathematical
figure of the Earth, the geoid is a key surface
in geodesy with a particularly important role in
positioning. Water surface of the ocean formed
under the influence of gravity only, without
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cuiie Texe, 6e3 APyrux yTuiaja, mpeyiokeHa je
Kao IMOBPII KOjoM ce AeduHHIIe O0IUK 3eMibe
on crpane ['ayca (Carl Friedrich Gauss), a cam
Ha3uB ,,[€OU]" HAKHAAHO je yBeo JIucTuHT
(Johann Benedict Listing) (Onanosuh, 2010). Cee
TayKe Ha MOBPIIY IeOU/1a UMajy UCTU CKaJapHH
MOTEHLH]jal, Tj. U3Mely BHUX HeMa pas3lIuKe y
MOTEHIIMjaTHOj eHepruju. [ eona mocjenyje u cea
OCTajla CBOjCTBA €KBUITOTCHIIMjaTHE MOBPIIIH.
Kao TakaB kopucTu ce Kao pedepeHTHa MOBpII,
OJHOCHO JaTyM 3a HEKOJHMKO CHCTEMa BHCHHA
(Hemaes, 2009). U3 nedunuimje reonna camjenu
NPUHIIKI TO3UIUOHUPaha 1aTyMa BEPTUKATHUX
reoIeTcKux Mpesxka. Ha Mopckoj o6amm mpumjeHoM
Mapeorpada oapelyje ce cpenmbu HUBO MOpa, Ha
Ha4MH J1a ce Y Mar0j Wi Behoj MjepH eITMMHHUILLY
¥ MOJIENY]y CBU YTHUIIjH KOJU JIONIPHHOCE Ja Y
IPUPOIM HE MOCTOjU HACATHO MUpPHA MOpCKa
MOBPILIMHA: TaJlaCH, MOPCKE CTpPYje, TeMIeparypa
U canuHUTET Boje, yrunaj CyHna u Mjecena,
yTuiaj 3emipe kao tujena. OBa mapeorpadcka
Mjepema JelMMeTapcke ¢y TayHoCTH. Takole,
reou] 3ay3uMa ojapeleH ToJIokKa] W HCIOJ
3emspuHe KonHeHe Mace. OnpehuBame reoua Ha
KOHTUHEHTAJIHOM MOAPYYjy 3aXTHjeBa IPUM]jEHY
Apyraunjux TexHuka. Hamme, reoua je riarka
aJli ¥ HENpaBUJIHA MOBPII KOja HE MPECTaBIba
BjepHY CIIUKY (u3ruke nospiu 3emsbe. Jla ou ce
YTBP/IMO EHETOB I0JI0KAa] HA KOIIHY MOTpeOHa Cy
rpaBUMETPH]jCKa Mjeperba M CIIOKEH MaTeMATHUKU
armapar KOjuM ce MPUKYIJbEHHU mojanu oopalyjy,
Kao W yBOheme JOJAaTHUX ampOKCHMAIlHja.
OcuM BeJIHMKOT 3Hauaja y Te0JeTCKOj TEOpUjU U
MPAKCH, TEOU/I C€ KOPUCTHU U Y APYTUM HAYYHUM
IUCIHUIUIMHAMA Kao MITO Cy OKeaHorpaduja u
reopusuka (Yang u et al, 2004).

HMaxo roToBo /1Ba BUjeKa MPeICTaBIba BakKaH
KOHLIENIT y TeOHayKaMa, Mperus3Ha onpehuama
reou/a YCIjeHo Cy U3BPIICHA TEK y MOCIEAbUX
HEKOJIMKO jaerieHuja. Ha monpyujy PemyOnuke
Cpncke, u yonmte bocHe m XepueroBuse,
reou] je onpehuan 3a Bpujeme CorujanrucTuyke
®eneparuBHe PemyOnuke Jyrocnasuje (CDOPJ).
OBo onpehuBame je MPBEHCTBEHO BPIICHO 32
NoTpede yCIIoCTaBIbakha TPUTOHOMETPH]CKE MPEIKe
IPBOT peia, a KOMIIOHEHTE Te0H 1A OJHOCUIIE CY
ce Ha JIOKaJIHU (pedepeHIr) eNuncona, Koju Huje
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any other influence, is proposed as a surface
which defines the shape of the Earth by Gauss
(Carl Friedrich Gauss), and the name of the
"geoid" was subsequently introduced by Listing
(Johann Benedict Listing) (Odalovi¢, 2010).
All points on the geoid surface have the same
scalar potential, ie. there are no differences in
the potential energy between points. Geoid also
has all the other characteristics of equipotential
surfaces. As such it is used as a reference
surface (datum) for several height systems
(Delcev, 2009). From the geoid definition
follows the principle of positioning the datum
of geodetic vertical networks. On the coast the
mean sea level is determined by using the tide
gauge (mareograph), through elimination and
modeling of all the influences which make the
existence of perfect calm sea surface impossible:
waves, ocean currents, temperature and salinity
of the water, the influence of the Sun and Moon,
the influence of the Earth’s body. The accuracy
of this mareographic measurements is about
decimeter. Also, the geoid has a certain position
and underneath the Earth's land masses. Geoid
determination at continental area requires the
use of different techniques. Videlicet, the geoid
is smooth and irregular surface which does not
represent a true shape of Earth’s physical surface.
To determine its position on the mainland,
gravimetric measurements and usage of
complex mathematical operations for processing
the collected data are required, and also the
introduction of additional approximations
is required. Besides the great importance in
geodetic theory and praxis, the geoid is also
used in other disciplines such as oceanography
and geophysics (Yang et al, 2004).

Although nearly two centuries is an important
concept in the geosciences, the precise geoid
determination are successfully performed only
in the last few decades. On the territory of the
Republic of Srpska, and Bosnia and Herzegovina
generally, the geoid was determined during the
Socialist Federal Republic of Yugoslavia (SFRY).
This determination was primarily made for the
purpose of establishing first-order triangulation
network, and components of the geoid referred
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reoneHTpuyan. [IpennsHo onpehusame reounga
BHCOKE PE30ITyIH]je y OJJHOCY Ha OMIITH 3eMJbUH
EITUIICON T TEK Tpeda J1a ce U3BPIIU. Y TOM CMHCILY,
HEOIMXOJHAa j& MpPHUMjeHa TEOMOTCHIIUjaTHUX
Mojena 3a oapehuBame AYTrONnepuOTUIHHUX
KOMIIOHEHTH Teouja. Takohe, TokoM OKkTOOpa
2013. ronmHe HW3BpIICHA Cy TpaBUMETPHU]jCKa
Mjepeba ariCoy THUX BPUjeTHOCTH yOp3ama CHie
3emsbune Texke y ckiony CILAP (Kananureru
3a yHampeheme 3eMJbUIIHE aJMUHHUCTpAIje 1
MPOILIEAYpa) MPOjeKTa, KOjer CIIPOBOJIU IIBEICKH
Lantmaeteriet y capaamu ca TEOAETCKUM
ynpaBama Penybnuke Cpricke u @exnepanuje
buX (http://www.cilap-project.org/Default.
aspx). TepeHcka Mjepema BpIIeHa Cy Ha
Taykama y MaHactupy lommonuna xon bama
Jlyke, manactupy TaBnHa kon bujesbune, kao u
y CapajeBy u Mocrapy. Pe3ynratu cy oopahenu
y IBexackoj. Tokom 2014. ronuHe BpIeHa Cy U
JIOIyHCKa peaThuBHA ITPaBUMETPHUjCKa Mjeperba (Y
PC o6aBssena ox 01. 09. o 30. 09.) Ha yKynHO
60 MjepHUX CTaHWIIA, HEOMXOHA MPBEHCTBEHO
3a padyHame rnapaMmerapa 3a Tpanchopmanmjy y
HOBH pe(hepeHTHH CHCTEM, aJli U 3a ofipeluBame
CpeImhOTaJaCHUX KOMIIOHEHTH I€OHJIa, a CBE Y
by onpehuBama npenusHor reousa 3a bocuy
1 XepLEroBUHY.

KOMIIOHEHTE I'EOUIA

3emJba ce y MPBOj aMpPOKCHMAIUjH MOXKE
npeacTaBUTH cepom, aau ¢ 003UpoM Ha TO Ja
je peamHa 3emJba CIJBOIITEHA HAa MMOJOBUMA,
HajjeTHOCTaBHHjE TCOMETPHUJCKO TH]EIO KOje
JIOBOJbHO JOOpO ampoOKCHMHpA HEH OIIITH
O0JIMK jecTe JBOOCHU OOPTHH EIIHMIICOUT
(Vanicek, Krakiwsky, 2005). Uctu enurncoun
MOXe C€ YIIOTPHjeOUTH U 32 alPOKCHMAIH]y CHJIE
3eMJbHMHE TeXe, aKo UCIyana cieaehe yciose:

» O6pTHU enuricon 1 TpeOa ONTH TeOLICHTPUYAH,
OJIHOCHO HErOB F€OMETPHjCKH IICHTap MOpa ce
MOKJIANIaTH ca LIEHTPOM Mace 3eMJIbE;

» Masa oca oOpTHor enurconsa Tpeda a ce
NO/IyIapa ca CPeilbOM OCOM poTaluje 3emibe, a

to the local (reference) ellipsoid, which is
not geocentric. Precise determination of high
resolution geoid relative to the Earth’s global
ellipsoid still needs to be done. In this regard,
the usage of geopotential models is necessary for
determination of long-wave geoid components.
As a part of CILAP project (Capacity to Improve
Land Administration and Procedures), in
October 2013. gravimetric measurements of
the absolute values of the gravity acceleration
were made. This project is implemented by the
Swedish Lantmaeteriet in cooperation with
the Geodetic Administrations of the Republic
of Srpska and the Federation of Bosnia and
Herzegovina (http://www.cilap-project.org/
Default.aspx). Field measurements were carried
out at points in Gomionica monastery near Banja
Luka, the monastery Tavna near Bijeljina and
Sarajevo and Mostar. Results were processed
in Sweden. During 2014. additional relative
gravimetric measurements were performed
(in Republic of Srpska performed from 01.
09. to 30. 09.) at 60 measuring stations. These
measurements are primarily required to calculate
the parameters for the transformation to the new
reference system, but also to determine medium-
wave geoid components, with the final aim of
determining the precise geoid for Bosnia and
Herzegovina.

COMPONENTS OF THE GEOID

In a first approximation, Earth can be
represented by a sphere, but considering that the
real Earth is flattened at the poles, the simplest
mathematical regular body that represents a
fairly good geometric approximation of the
general shape of the Earth is oblate ellipsoid of
revolution, which can be Earth’s global ellipsoid
or so-called reference ellipsoid (Vanicek, P.,
Krakiwsky, E., 2005). The same ellipsoid can
be used to approximate the gravity force, if it
meets the following requirements:

* Oblate ellipsoid of revolution has to be
geocentric, apropos its geometric center must
coincide with the Earth’s center of mass;
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3a caM eJMIICOM]] CMaTpa ce Jia OKO CBOje Maje
0Ce POTUpPA YTAOHOM OP3MHOM jE€IHAKOM yTaOHO)]
Op3uHH poTaiuje 3eMIbe;

* 3anpeMuHa OOPTHOT euIcon1a Tpedba OuTH
JjeIHaKa 3arpeMHUHU 3eMJbe — 0Baj KPUTEPUJYM je
UCIYHCH aKO EJHIICOU HajOOJhe almpOKCUMUpPA
TeOH]] Y CMUCIY METO/IC HajMambHX KBaJpara;

* Maca oOprtHor enuncouna tpeba Outu
jenHaka mMacu 3eMibe, YKIbyuyjyhu u atmocdepy,
a pacrmopes T'yCTUHE Mace yHyTap eIHUICOuAa je
NpaBUJIaH.

OOpTHHU €TUIICOM]T KOjH UCITYHh-aBa HABEJICHE
3aXTjeBe Ha3MBa CE€ CKBUIIOTCHIM]ATHUM
SITUTICOHIOM, A ITOJbE TEXKE KOj€ TeHepHIIIe Ha3NBa
ce HOPMAaJIHUM T0JbeM cuiie Texxe. Mako 3emiba
HUje MpaBU CIUICOUJ, M0JbE TEXKE CIUICOUIA
nMa (pyHIaMEHTATHU MPAKTUYHH 3HA4aj jep je
JEIHOCTAaBHO 3a pauyHambe, a OICTyIama CTBAPHOT
nojba TEXKE OJ EIUIICOMIHOT ,,HOPMAaJHOT"
10Jba JTOBOJHHO Cy Malla Jia Ceé MOTY CMaTpaTH
muHeapHuM. OBO pa3zBajambe 3eMJBHHOT 0Jba
TEXe Ha ,,HOPMAITHO* ¥ IPEOCTAIO ,,fopeMehajao*
M0Jb€ 3HAYajHO IM0jEeIHOCTaBJbYyje MpobdiieM
Wmeropor oapehuBama. 300r IPETIOCTaBILEHOT
MpaBUIIHOT pacropea T'yCTHHE Maca yHyTap
SKBHUITOTEHIIMJAJTHOT €JIMIICOU 1A HOPMAITHO MOJbE
TEXKE je Takohe MPABUITHO i MOYKE C& MATEMATUIKH
OIKMCAaTH Ha MPUJIMYHO jeTHOCTaBaH HauyrH. OcuM
TOTa, TMOBPII €KBUIIOTEHIIMJAJIHOT EJIUIICOua
j€ EKBHUIIOTEHLHjaJTHAa MOBPII HOPMAIHOT
MOTEHIIMjana Koju ce o3HayaBa ca U, a cama
BPHj€IHOCT Ha emricouy ca U,. OBa BpujeIHOCT
ce Ompa Tako na Oyne jeqHaKa BpPH]EAHOCTHU
peasnHor norenuujana Ha reouny W, Hopmanna
noreHnujanHa GyHkuja U(x,),z) y NOTIyHOCTH
je onpehena (Heiskanen, Moritz, 2000):

* 00JINKOM OOPTHOT €JUIICOM/IA, Tj. (heTOBUM
nojgyocama u;

* YKYIIHOM MacoMm M,

* YTAOHOM OP3MHOM .

Hexka je gar reouj Kao €eKBUIOTEHIMjaTHA
MOBPII PEATHOr 10Jba CHJIC 3EMJbUHE TEKE
¢ BpujenHowmhy peanHor moreHuujana W, u
HHBOCKH CJIUIICOU]] KA0 CKBUTIOTEHIH]jAJTHA TIOBPII
HOPMAJTHOT yOp3ama Cuile TeXe ¢ BpHjeqHomhy
HopMasHor norenumjana U,=W,. Y npou3BoJbHOj
TauKu reorja P, BEKTOp peaaHor yop3ama cuie
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* Minor axis of oblate ellipsoid must
coincide with the Earth’s mean rotational axis,
and it is considered that ellipsoid is rotating
around its minor axis with the sam angular speed
as Earth's;

*Volume of the oblate ellipsoid should
be equal to the volume of the Earth - this
criterion is met if the ellipsoid represents the
best approximation of the geoid in terms of the
method of least squares;

*The mass of the oblate ellipsoid should be
equal to the mass of the Earth, including the
atmosphere, and mass density distribution inside
the ellipsoid is regular.

Oblate ellipsoid that meets the above
requirements is called equipotential ellipsoid,
and gravity field generated by this ellipsoid is
called the normal gravity field. Although the
Earth is not a real ellipsoid, ellipsoidal gravity
field has a fundamental practical importance
because it is easy to compute, and the deviations
of the real gravity field from ellipsoidal normal
gravity field are sufficiently small, so they
can be considered as a linear. This separation
of the Earth's gravity on a "normal" and left
"disturbing" field greatly simplifies the problem
of its determining. Due to the assumed regular
mass density distribution inside the equipotential
ellipsoid, its normal gravity field is also regular
and can be mathematically described in a
rather simple way. In addition, the surface of
the equipotential ellipsoid is an equipotential
surface of normal potential, which is denoted
with U, and value on the ellipsoid itself with
U,. This value is chosen to be equal to the value
of the real potential on geiod W,,. The function
U(x,y,z) of the normal potential is determined
by a (Heiskanen, Moritz, 2000):

« shape of the oblate ellipsoid, ie. its semi-
axes and;

* the total mass M,

* angular velocity .

Geoid is an equipotential surface of the real
gravity fiel with the value of the real potential
W, and oblate ellipsoid is equipotential surface
of normal gravity with the value of the normal
potential U, =W, At an arbitrary geoid point
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texe m3Hocu. Oaroapajyha mpojekija Tauke
10 HOPMAJIA Ha EJIMIICOU]] J1aje TauKy Y KOjoj
BEKTOP HOPMAJIHOT yOp3ama CHIe TeKe U3HOCH
. CxonHo nedwuHMIMjaMa reouaa ¥ HUBOCKOT
€JIMTICOM 1A 33 OiroBapajyhu peasHu U HOpMaIHU
MOTEHIWjaN y Ae(PUHUCAHUM TauKaMma BpHjeaH
(Onanosuh, 2010):
(1)
WP 0=UQ

JyxuHa, ONHOCHO pacTojame wusMmelhy
reoujia U eMUICcoua, padyHaTo Mo HOpMalu Ha
EJNUIICON/I, Ha3UBa Ce YHAYJAIjOM TeoH1a WIn
TeOMHOM BUCHUHOM U O3HayaBa ce ca , Kao IITO
je npukaszano Ha ciunu 1 (Vanicek, Krakiwsky,
2005).

Beprurana

Teoun

/

HHBOCKH eITHIICOHT

P, vector of real gravity is. The appropriate
projection of point alongside the ellipsoidal
plumb-line gives the point at which the vector of
normal gravity is . According to the definitions
of geoid and ellipsoid, for the corresponding
real and normal potential in defined points, the
equation is valid (Odalovi¢, O., 2010):
(D
WP0=UQ

A segment , ie. the distance between the geoid
and ellipsoid, calculated over ellipsoidal plumb-
line is called the geoid undulation or geoidal
height and is denoted by, as shown in Fig. 1
(Vanicek, Krakiwsky, 2005).

Hopwmana

o

vy

Cn. 1. Komnonenme ceouoa
Fig. 1. Components of the geoid

BekTop peanHor yops3ama CHie TeKe g H
HOPMaJIHOT yOp3ama cuiie Texe Y MehycoOHo ce
Pa3IHKY]y KaKo 10 MHTEH3UTETY TaKO U 10 TIPABILY.
Paznuka y nHTEH3UTETHMA jE:

Ag=g-7, @)

¥ Ha3WBa Ce aHOMAJMjOM CHJIE TEXKe, JOK
j€ pasnuKa y mpaBlIMMa yrao KOju C€ Ha3uBa
OTKJIOHOM BEPTHKAJIC HJIH OJICTYIIAEEM BEPTHKAIIC
(Onanoswuh, 2010). OTKII0OHM BEpTHKAJIE BEOMa CY
MaJli YIJIOBH, pelia BEIMYUHE HEKOJIUKO JTYIHUX
CEeKyH]IH, IIITO 3HAYM J]a C€ BEPTUKAJIC M HOpMaJIe
CKOpO TOoKJIanajy. OBa MpeTrocTaBKa o MOKJIaNamby

BEpTUKaJle W HOpMase AOJa3Hu /0 H3pakaja
MIPIIIMKOM TpaHc(opMaliije BUCHHA U3 (PHU3UIKOT

Vector of real gravity gand vector of
normal gravity Y differ from one another both
in intensity and in direction. The difference
in intensity is:

Ag=g—7, @)

and it is called the gravity anomaly, while the
difference in directions is angle, called the vertical
deflection (Odalovi¢, 2010). Vertical deflections
are very small angles, that can reach the order
of magnitude of several tens of arcseconds,
which means that the true and ellipsoidal plumb-
line almost coincide. This assumption about the

coinciding of these two plumb-lines comes to the
fore during the transformation of heights from
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y eIUIICOUIHU CUCTEM BHCHHA 1 00paTHo. MHaue,
OTKJIOHM BEPTHKAJe, HaKO MAJIU [0 HYMEPHUYKO]
BPHUjETHOCTH, IMa]y BEJIMKU KOHIIENTYaIHH 3HA4a]
y TeOHayKamMa M aCTPOHOMHJH jep MPaKTHYHO
neduHuITy HaruO reouIa y OAHOCY Ha SITUIICOU].
VY cTBapu, OTKJIOHU BEpPTUKAJE Cy OCHOBHE
KOMITOHEHTE TeOW/a, 3ajeTHO ca YHIyJalujama
Koje Ne(UHUINY HETOB IOJIOXKA] Y OJHOCY Ha
enurncona. BpujenHoct ynaynanuje reouaa y
OJIHOCY Ha OMILTH F'€OLEHTPUYHH eTUIICOu T Kpehe
ce y pacrniony oj1 oko -100 m o +100 m (Vanicek,
et al 2012).

[Topemehajuu (aHOMANIM]CKU) TOTECHITU]AT
y Tauk# ce JeUHHIIEC Kao pa3siiKa PeaHor U
HOpMaJHoT noreHnyjana (Xehumonuh, 2005, a):

T=w,U, 3)

YHaynanuja reoua, aHoMajrja CHiie TeXe, U
KOMIIOHEHTE OTKJIOHA BEPTHKAJIC TPE/ICTABIbAjy
napaMeTpe Koju Ce MOT'Y H3BECTH U3 aHOMAJTH]CKOT
MIOTEHIIHjasa, Te ce m3Mely lHX Mory (popMyIcaTH
pa3nuuuTe Beze. Y TOM CMUCIY Haj3HauajHUje
jennaunHe cy bpyHcoBa koja 10oBOOM y Be3y
nopemehajHu MOTEHIMjal U YHIYIALUjy Teonaa
(Heiskanen, Moritz, 2000):

N=-%, @)

a ¢pyHIaMeHTalIHA jeHaYNHA (PU3UYKE TeO/Ie3H]je
KOja IMoBe3yje MjepeHy BPHjEAHOCT aHOMAIIWje
CHJIe TeXe TeXe C Hemo3HaTHuM mnopemehajHuM
norerumjanom 7T, (ibidem):

oT, 1 (ay
Ag=——l4—| 2.1 (5

METOJIE OJIPEBMBALA KOMIIOHEHTHU
TEOUJIA

OnpehuBame reouga MmoApasyMujeBa
onpehuBame HEroBUX KOMIOHEHTH, YHIyNalHja
U OTKJIOHA BEpTHKajla y OJHOCY Ha EJIUICOHUJ]
yHarpujes 3aaaror ooiamka 1 seinaune. [omrro ce
Ha OCHOBY IIO3HATHX YH/yNallKja MOTY U3padyyHaTH
Y OTKJIOHH BEpPTHKAJIA, OIPEIUTH I'€OH/] 3Ha4H 3HaTH

physical to ellipsoidal system and vice versa.
Vertical deflections, although small in numerical
values, have great conceptual significance in
geosciences and astronomy because virtually
define the slope of the geoid relative to the
ellipsoid. Therefore, vertical deflections are the
basic components of the geoid, and together with
the undulations define its position relative to the
ellipsoid. The departures (undulations) of the
geoid from the best fitting geocentric ellipsoid
range approximately between —100 m and +100
m globally (Vanicek et al, 2012).

Disturbing (anomalous) gravity potential at
point is defined as the difference between real and
normal potential (He¢imovi¢, 2005, a):

T,=W,-U, 3)

Geoid undulations, gravity anomalies and
vertical deflections are parameters that can be
derived from anomalic potential, and a variety
of relations can be formulated between them.
In this terms, the most important equations are
Bruns formula, linking disturbing potential
and geoid undulation (Heiskanen, Moritz,
2000):

N=—", (4)

and the fundamental equation of physical
geodesy, which connects the measured value
of gravity anomaly with unknown value of
disturbing gravity potential 7, (ibidem):

oT, 1 (9dy
Ag=——4—|ZL .7 (5

METHODS FOR DETERMINING THE
COMPONENTS OF THE GEOID

Geoid determination means the
determination of its components, undulations
and vertical deflection relative to the ellipsoid
with given shape and size. Because vertical
deflections can be calculated from known
undulations, geoid determination actually
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ETOBY YHIYNIAIN]Y Y CBakoj Tauku. OnpehuBame
JIOKAJTHOT TeOouJa IMoApasyMujeBa oapehuBame
yHIynamnuja y oapehernom Opojy Tayaka yHyTap
nojipydja ox uHTEpeca. bpoj u pacmopen Tagaka
y KojuMma ce oxapelyjy yHaynamnuje neduHwuiie
pesonynujy reouaa. Meroponoruja onpehuBama
reouja 3aBHCH IPBEHCTBEHO O] IOjaTaka
KojuMa ce pacrionaxe. C 003upoM Ha TOPHjEKII0
kopuitheHuX mojaTaKka MOXE CE€ H3BPIIUTH
OCHOBHA MOjjjeJla METoJa Ha TEPECTPHUKE U
carenrcke (Onanosuh, 2010). Kox Tepectprukux
METOJIa MOT'Y C€ M3/IBOJUTH:

* ACTPOrCOJICTCKM HUBEIIMAH; U

* rpaBUMETpPHUjCKa MeTozia (METO/Ia IPUM]jEHE
CTOKCOBE jeHaYMHE).

Carenutcke MEeTo/Ie Jijesie Ce peMa MPUPOJIH
NPUKYIUBCHUX I0JjaTaka Ha OHe Oa3upaHe Ha
pesyiraruma:

* AITUMETPU]CKUX ONaXKama;

* IPaJIMOMETPHjCKHX ONAKamba;

* OllaKama MyTamba CaTelInTa.

[Topen HaBelEeHUX, MOCTOje U TAaKO3BaHE
KOMOMHOBaHE METOJe KOje TMPEeACTaBIbajy
KOMOWHAIIN]y TEePEeCTPUYKUX M CATCIUTCKHUX
MeTo/la. YIpaBO OBE METOJE MMajy HajIIupy
NpUMjEHy NPUIMKOM ofpehuBama yHaynalmje
reouja. Pa3ior KOMOMHOBaWa METO/A JICKHU Y
HECaBPIICHOCTH KaKO TEPECTPUUYKUX, TAKO H
CaTeJIMTCKUX METOJIA.

Yuaynanuja N remouaa  MOXe ce
NpeJCTaBUTH y OONMKY 30Mpa JyroransacHe
(myromepuoauyHe, MI00ANHE), CPEaHOTATACHE
(cpenmorneproIuHe,pPETHOHAIIHE) U KPAaTKOTaIacHe
(KpaTKOIIEpUOAMYHE, JIOKAJIHE) KOMIIOHEHTE.
KparkoranacHe KapaKTepHCTHKE Cy MOCJbEAUIA
MoCTOjama Tormorpadckux Maca, Te ce oapehyjy
aHAM3UPABEM YTHUIaja UCTUX Ha BPUjEAHOCTH
yHIynanje. 3a norpedbe pauyyHama MOMEHYTHX
yTHUIaja y 003Hp CE y3UMajy U30CTATUIKH MOJICITH,
a Tororpag)cke Mace ce TOM IPHIMKOM JHjelie Ha
THj€eJ1a IPABUITHOT TE€OMETPH]CKOT O0JIMKA YHjU CY
IPaBUTALMOHN YTHLA]U Ae(DUHUCAHH jeTHAYMHAMA
3arBopeHor obmmka (Shen, Han, 2012). 3a
oapehuBame CpeambOTaTaCHE KapaKTEPUCTHKE
Hajuenrhe ce kopuctu CTOKCOBO pjememne (Merry,
2008). Y ToM cMHCITY, HEOTIXO/HO j€ pacroiaraT
nojlalMa rpaBUMETPHUJCKUX Mjepera onpeheror

requires only undulations to be known in
every point. Determination of local geoid
means the determination of undulations in a
number of points within the area of interest.
The number and disposition of points in
which undulations are determined, defines
the resolution of the geoid. The methodology
for geoid determination depends primarily on
the available data. With regard to the origin
of the used data, basic classification can be
carried out on terrestrial and satellite methods
(Odalovi¢, 2010). Terrestrial methods are:

* astro-geodetic levelling; and

» gravimetric method (based on Stokes
equation).

Satellite methods are classified according
to the nature of the collected data, on those
based on the results of:

e altimetric measurements;

 gradiometric measurements;

* observations of satellite orbits.

In addition to these, there are the so-
called combined methods, which represent
a combination of terrestrial and satellite
methods. These methods are widely used in
geoid determination, due to imperfections of
terrestrial and satellite methods.

Geoid undulation can be represented as
a sum of long-wave (global), medium-wave
(regional) and short-wave (local) components.
Short-wave characteristics are a consequence
of the existence of topographic masses, and are
determined by analyzing their impact on the
value of the undulations. For the purpose of
calculating these influences, isostatic models
are used, and topographic masses are divided on
regular geometric bodies, whose gravitational
effects are defined by equations with closed-
form solutions (Shen, Han, 2012). For the
medium-wave components determination,
Stokes solution is commonly used (Merry,
2008). In this regard, it is necessary to have
gravity measurements data with certain
quantity and quality. Implementation of the
results of determining long-wave components
provides global, "smooth" shape of the geoid,
with relatively small changes in the regional

93



JEJAH BACU'Rh, CJTABKO BACUJBbEBU'h U JIPATOJbYB CEKYJIOBU'h
DEJAN VASIC, SLAVKO VASILJEVIC AND DRAGOLJUB SEKULOVIC

obuma u kBanureTa. VIMIIeMeHTaIjoM pe3yarara
oapehuBama AYroTalacCHUX KapakTEPUCTUKA
nobuja ce miobanHa, ,[aTka™ cIuKa reouiaa, ¢
pENaTUBHOM MalluM TIpOMjeHama YHIyJaluje
Ha PETMOHAJIHOM, M HAapOYUTO HA JIOKATHOM
HuBOy. JlyrotanacHa xapakTepucTuka oapehyje
Ce MPUMjCHOM TJI00aTHUX T'COMOTEHIIN]aTHUX
Mozena.

I'JTOBAJIHU 'EOITIOTEHIIIJAJIHU MOJEJI
EGM2008

[moGanHu reonoTeHINjaTHH MOJIEN, MOJEI
chepuux (yHKIMja, OMHOCHO MOAEN cPepHUX
XapMOHHKA, HAa3UBU Cy 3a MAaTEMAaTHYKH MOJIEI
KOjer 4nHe Koe(pHIMjeHTH Pa3Boja MMOTEHIMjajIa
nosba yoOp3ama I'paBUTALMOHE CHIIE 3eMJbE Y
pen chepunux xapmoHuka. Moxen ce nobuja
pjemaBameM npobdieMa rpaHUYHUX BPUjEIHOCTH
rpaBUTAIMOHOT TMOTEeHIOHUjala 3a cdepy.
[IpuMjeHOM TEONOTEHIIMjaTHUX MOJIENIa MOTY Ce
OAPEITUTH JyTONEPUOANYHE KOMIIOHEHTE TeOna
U ocTtaiu (QYHKIUOHATU (€JIEMEHTH) I0Jba
yOp3ama cuie 3emibuHE Texe (mopemehajHu
MOTEHLIMjaJl, aHOMallije yOp3ama CHIIe TEke)
y MPaKTHYHO CBAaKOj Tauku Ha 3emipu. Wnak,
KBAJIMTET Mojela je orpanuyaBajyhu gakxrop
HETOBOT KopHIhema. [ eonoTeHujarnn Moien
IpeAcTaB/ba IyroTajacHu, yIJauaHH MOJEI
10Jba yop3ama CHJIe TeKE U He CaJIp’KH JIOKAJIHE,
JeTajbHe KapakTepucTuke nosba. Koedurmjentu
ce padyHajy a0 oxpeheHor pena u cremena, a ¢
BehMM pesIoM U CTENeHOM pa3Boja Tpebaia Ou ce
100Uty 1 Beha TauHOCT III00ATHOT MOJIENa TeOU 1a.
MebhyTuMm, MakcuManaH pel U CTENeH pa3Boja
3aBHCH O] TYCTUHE M CIEKTpaJHE PEe30IIylHje
KopHIINEeHUX MoJaTaka.

[Toy3naHoCT 11006aTHOT TeOMOTEHIN]aTHOT
MoyIeIa HHje XOMOT'eHa 32 Ijelry 3eMJbY, T 3aBUCH
071 TYCTMHE Y KBAJIUTETA [0/1aTaka KOpUIITheHnX 3a
nojenuHa noapyyja (Xehumonuh, bammh, 2001).
[Tomanu carenuTcke anTHUMETpHje Aajy Ho0pe
pesyaTare npuiukoM oapehuBama r00aTHOT
reou/ia Ha MOPCKUM TOBPILIMHAMA. 32 padyyHambe Ha
KOITHEHUM TIOZIPYYjUMa BHILIE AK€ TIOKJIAkha Ce
IPaBUMETPH)CKUM TEPECTPHUKUM MOJAIMA YHjH
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undulations, and especially at the local level.
Lon-gwave characteristics are determined by
using the global geopotential models.

GLOBAL GEOPOTENTIAL MODEL
EGM2008

Global geopotential model, the model of
spherical functions, or spherical harmonics
model - those are the names for the mathematical
model, which consists of the coefficients
of Earth's gravity potential progression
(development) into spherical harmonics series.
Model is obtained by solving the boundary-
value problems of gravitational potential for
a sphere. Applying the geopotential model,
long-wave components of the geoid and other
functionals (elements) of the Earth's gravity
field (disturbing potential, gravity anomalies)
can be determined, virtually at each point on
Earth. However, the quality of the model
is a limiting factor in its use. Geopotential
model represents the long-wave smoothed
model of gravity field and does not contain
local, detailed features of the gravity field.
The coefficients are calculated up to a certain
order and degree, and with a greater order and
degree of progression more accurate global
geoid model should be obtained. However,
the maximum order and degree of progression
depends on the density and spectral resolution
of used data.

Reliability of global geopotential model
is not homogeneous for the entire Earth, and
depends on the density and quality of the data
used in specific areas (Hec¢imovi¢, Basi¢,
2001). Satellite altimetry data give good
results when determining the global geoid at
sea surfaces. For the calculation on the land
area, more attention is paid to the terrestrial
gravimetric data, the quality of which causes
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KBAJIUTET yCIIOBJbABA MIOY3/1aHOCT MOJIeNIa TeOH1a.

[100asHY FeONOTEHIIM]aTHI MOJIEIIN Y OCHOBH
ce 3amajy momohy koedunujenara cdepno-
xapmonujckux ¢ynkuuja C u S (Xehumosuh,
2005, a). Pa3Boj cepro-xapMoHHjcKuX (pyHKIH]ja
y pel BpIIM C€ J0 MaKCUMAJIHOT CTENeHa 7 |
MaKCHUMaJHOT peia /m, a HBUXOBE KOHKDPETHE
BPH]ETHOCTH 3aBUCE O] KBAIUTETA U TUCTPUOYIIH]je
nojiaTaka KopuheHnX MPHIMKOM MOJICTIOBamba.
VY HEKHM MOJEJHMMa CY, NMOpPEe] XapMOHH]CKHX
koepuuujenata C u S, 3agare u oarosapajyhe
BPUjEJHOCTU CTaHAApIHUX OJCTyNama
KoeduMjeHara, o, u o..

[Topemehajun moTeHIMjan W3 TI00ATHOT
reOINOTEHIIMjATHOT MOJIEIa PadyyHa C€ Ha OCHOBY
u3pasa (ibidem):

r_GM "‘X‘“{(ﬁ’ J i (AC,, cosmh+AS,, sinmh)P,, (cosf),
m=0

r =\r
IIpU Yemy je:

* GM — reoueHTpUYHA TpaBUTALMOHA
KOHCTAHTA;

* 1, 6, r —cdepre xoopauHare;

*1,m —CTeIEH U pell pa3B0ja reornoTeHIIN]aTHOT
Moyiena;

* g — BeJIMKa T0JIy0ca CJIUIICOU/Ia;

« AC, , AS, — HyMepHuKHM KOe(UIIHjeHTH
MoJiesia 3aCHOBaHM Ha IoOJalUMa Mjepema, a
MIPE/ICTaBIbajy PA3IMKy Koe(HIIMjeHaTa MOTIIyHO
HOPMaJIM30BaHHUX C(HEPHUX XaPMOHHKA PEATHOT U
HOPMAJTHOT 110Jba YOp3ama CHUJIe TEXKE;

* Mg~ MAKCHMAJHH Pa3Boj r100aTHOT
TeOTNOTEHIIMjaTHOT MOJICIIa;

* Y — HOpMaJlHa BPUJEAHOCT yOp3ama cuie
TEeXKE; U

* P, (cos®) — mHopmupane JlexaHapose
cthepHe (yHKIIH]jE IPBE BPCTE.

Koedwnmjentr Hrku of1 creneHa n=2 jeTHAKU
Cy HYJIU ¥l HUCY 3aJIaTH jep je IPETIIOCTaBIbEHO J1a
Cy Mace KOpUIITNEHOT eUTICON A 1 3eMJIbE jeHAKE,
TE JIa Ce IIEHTap CIMIICOM/A TOKJIana ¢ EHTPOM
Mmace 3emube. Crora ce KOC(HUIMjSHTH HHKET
CTeleHa pa3Boja o n=2 Ha3uBajy JaTyYMCKHM
koepunujerTuma. Ha ocHoBy mopemehajHor
NOTEHIIMjalla MOTY C€ OAPEIUTH H OCTalu

reliability of geoid model.

Global geopotential models are basically
given by using the coefficients of the spherical-
harmonic functions C and S (Heéimovi¢,
2005, a). Development of spherical-harmonic
functions into functional series is performed
to the maximum degree n» and maximum
order m, and their actual values depend on
the quality and distribution of the data used
during modeling. In some models, besides the
harmonic coefficients and , the appropriate
values of standard deviations of coefficients
o, and o are also specified.

Disturbing potential from the global
geopotential model is calculated on the basis
of the equation (ibidem):

(6)

where:

* GM — geocentric gravitational constant;

* 4, 0, r — spherical coordinates;

» n, m — degree and order of geopotential
model progression;

* a — semi-major axis of the ellipsoid,;

«AC, , AS,  — numerical coefficients of
the model based on the measurement data,
and represent the difference between the
coefficients of fully normalized spherical
harmonics of real and normal gravity field;

* n_. — the maximum development of the
global geopotential model;

* y—normal value of gravity; and

* P, (cos®) — normalized Legendres
spherical functions of the first kind.

Coefficients lower than degree n=2 equal
to zero and are not given because it is assumed
that the masses of used ellipsoid and the Earth
are equal, and that the center of the ellipsoid
coincides with the Earth’s center of mass.
Therefore, these coefficients, with the degree
of progression lover than n=2, are called
datum coefficients. On the basis of disturbing
potential, also other functionals of gravity
field can be determined.

Based on the usage of Bruns formula,
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(byHKIMOHAM TI0Jba yOp3ama CUIIe TeXe.

Ha ocnoBy bpyHcoBe jegnaumne noOwuja
ce M3pa3 3a pauyHame YyHAyJaluje Teouaa
U3 MI00ATHOT TeONOTEHIH]aTHOT MOoJjena
(Xehumosuh, bamuh, 2001):

_ GM%s(a
VY n=2

Monen EGM2008 (Earth Gravitational Model
2008) je mrobaJHM TEONMOTEHIMjaTHU MOJEI
HOBHjer Aaryma, oojaBsbeH 2008. ronune ox1 cTpaHe
U. S. National Geospatial-Intelligence Agency
(NGA). Kao ocHoBa 3a pa3Boj Mojena KopuiiheH
je ITG-GRACEO3S wmoxmen aHoMaiIujcKOT
nosjra yopsama cuie 3eMJbUHE TEKE U HEMY
ofroeapajyha koBapujamroHa MaTpuiia, 1001jeHa
MPUMjEHOM METOIe HajMambuX KBaipaTa. OCHOBHH
MoJalli 3a padyHame C(hepHO-XapMOHHU]jCKUX
Koe(uIjeHara cy aHoMalnje yop3ama CHie TEKe,
oapeheHe Ha TI00aTHOM HUBOY M Je(hUHHUCAHE
npaBuIIHOM MpesxoM (engl: grid) pesomymmje 5 x
5 JyYHHX MUHYTA, IITO YKYITHO MPEICTABIba OKO
9,3 MmuimoHa BpujenHoctr anomanuja (Hirt, 2011).
I'pun je dbopMupaH Ha OCHOBY TEPECTPHUKHX
IPaBUMETPH)CKUX U AITUMETPHU]CKUX Mjepeba, IPH
4eMmy Cy Haj3HAYajHUjU MOJAld KOHTHHYHUPAHOT
onaxama carenurcke mucuje GRACE (Gravity
Recovery and Climate Experiment) y nepuony oz
57 mjecerm. OBy MHCH]y YHMHE ITAPOBH CATEIIUTA HA
HHUCKHUM OpOUTama umja OfCTyama OJ1 3ajeTHIYKEe
MyTame MpYy’Kajy MoAaTKe O MOoJby yOp3ama cuie
Texe. Y MOApyYjuMa C MambOM PE30NIyILHjOM
JIOCTYIIHUX IOJjaTaka, rPaBUMETPHjCKU TOAAIH
Cy MNpOIUjEHEHU H JONYyHEHH Ha OCHOBY
tonorpaduje. Koepuuujentu omor momena
cpauyHaTu Ccy 110 pena u creneHa 2 159 (oxo
4,7 munuoHa Koe(ulMjeHara), a TOCTOJU H
nofaTHa MOTYNHOCT 3a ONIMOHO KOPUIITEH-E
KoeuuMjeHaTa pa3BujeHuX 10 crenena 2 190
(Odera, et al 2012). IlomrTo Ta4HOCT ¢ KOjoM he
outH onpelene myroragacHe KOMIIOHEHTE TeouIa
3aBUCH OJI:

* KBAJUTETa ONaXauyKor Marepujaia
KOPUIITEHOT mpHu oapehuBamy r1I06aTHOT
r€OIOTEHIIN]aJTHOT MOJIEINA, OTHOCHO Of] TAYHOCTH
ca KojoM cy oapeheHu KoepUIHjeHTH MOJIENa; 1

* CTeNeHa U pena Mojena,

N
r

m=

the equation for computing geoid undulations
from a global geopotential model is obtained
(He¢imovi¢, Basi¢, 2001):

- ) i(A@nm cosm\ +AS, sin m?»)ﬁnm (cos0). (7)
0

Model EGM2008 (Earth Gravitational
Model 2008) is a recent global geopotential
model, published in 2008 by the U.S. National
Geospatial-Intelligence Agency (NGA). As a
basis for the development of the model, ITG
GRACEO3S model of anomalic field of gravity
acceleration was used, and its corresponding
covariance matrix obtained by applying the
method of least squares. Basic data for the
calculation of spherical-harmonic coefficients
are the gravity anomalies, determined globally
and defined by regular grid with resolution
of 5 x 5 arcmin, representing a total of
approximately 9.3 millions of anomalies
(Hirt, 2011). Grid is formed on the basis of
terrestrial gravity and altimetry measurements,
with the most important data from continuous
observations of satellite mission GRACE
(Gravity Recovery and Climate Experiment) in
the period of 57 months. This mission consists
of pairs of satellites in low orbits, whose
deviations from the common orbits provide
informations about the gravity field. In areas
with lower resolution of available data, the
gravimetric data were evaluated and amended
on the basis of topography. The coefficients of
the model are calculated up to order and degree
of 2159 (about 4.7 million coefficient), and
there is an additional possibility for optional
use of coefficients developed to the degree 2
190 (Odera, et al 2012). Since the accuracy
of determined long-wave geoid components
depends on:

* quality of measurements used in
determining the global geopotential model,
ie. the accuracy model coefficients; and

* degree and order of the model,

it can be concluded that, in the context
of accuracy, the EGM2008 is significantly
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MOXKe ce KoHcTaroBaTu na je EGM2008 y
KOHTEKCTY Ta4HOCTH 3HAuajHO yHampujeheH y
oqHOCYy Ha mperxomHe monene (Xehumoswuh,
bamuh, 2001; Pavlis, et al 2008).

VYHaynamnuje reousia cpadyHare MpUMjeHOM
mozena EGM2008 oagHoce ce Ha reoleHTpUYHU
enmunconsr cucrema WGS84, koju je 3aman
napamerpuma (Onanosuh, 2010):

e a=06378137 m;

« £=1/298.257223563;

« GM=3.986004418 - 10! m3s%;

e ®=7292115-10" rad/s.

Catenutcke mucuje CHAMP (Challenging
Minisatellite Payload), GRACE u GOCE (Gravity
Field and Steady-State Ocean Circulation Explorer)
ne(UHUITY HOBE CTaHAAple Yy MOJEIOBamby
I00ATHUX TEOMOTEHIjaTHuX Mojena. O4exyje
Ce Jla TeONMOTCHIMjAIHH MOJEIU Y CKOPH]jO]
oynyhHoctu omoryhe onpehuBame TinoGamrHOT
reoysia ca CTaHIApJHOM LEHTUMETapCKOM
tauHothy (Triarahmadhana, Heliani, 2014).

[TPAKTUYHO PAYYHAIE

[IpakTHuyHH [OMO paja NOApa3yMHUjeBa
onpehuBame AYronepuoiuyHUX KOMIIOHEHTH
reousa Ha noapy4jy Pemyommke Cpricke, TauHuje
bama Jlyke u oxonuue. PauyHame yHmymammja
Te0u/1a U3BPILCHO j€ 3a IUpe MOAPYYje TAKO3BAHE
bawanyuke KpajuHe, OJZHOCHO TPOCTOP
cjeBeposanaaHor aujena Pemybnmuke Cprcke.
[TocMarpano moapydje je 4eTBOpOyraoHOT 00NIMKa,
ouBnucHO Taukama A, B, C u D. Tauka A Hanazu
ce Ha Teputopuju OnmruHe PubHuk, Tauka B Ha
noapyy4jy Onmruae 3aBunouhu, Tauka C je Ha
tepuroprju Omurune bpon, a D Ha Teputopuju
Omnwtune Hosu I'paa. Ipukas pacnopena Tauaka
J1aT j€ Ha CIIMILIM 2, a TeOJICTCKE KOOPAMHATE TauyaKa
nare cy y tabenu 1.

improved in comparison to previous models
(He¢imovi¢, Basi¢, 2001; Pavlis, et al, 2008).

Geoid undulations computed by applying
the model EGM2008 refer to the geocentric
ellipsoid of system WGS84, which is defined
with parameters:

* a=06378137 m;

« =1/298.257223563;

« GM =3.986004418 - 10'* m3s?;

* ®=7292115-10-11 rad/s.

Satellite missions CHAMP (Challenging
Minisatellite Payload), GRACE and GOCE
(Gravity Field and Steady-State Ocean
Circulation Explorer) define a new standards
in global geopotential models modeling. It is
expected that in the near future, geopotential
models should enable the determination of
the global geoid with standard centimeter
accuracy (Triarahmadhana, Heliani, 2014).

PRACTICAL COMPUTATION

Practical part of the research is the
determination of long-wave geoid components
in the Republic of Srpska, namely the city of
Banja Luka and its adjacency. Computation of
geoid undulations has been done for the wider
area of so-called Banja Luka Krajina, or the
northwestern part of the Republic of Srpska.
Analyzed area has a rectangular shape, edged
with points A, B, C and D. Point A is located
in the municipality of Ribnik, point B in the
municipality Zavidovi¢i, point C is in the
municipality of Brod, a D in the municipality
of Novi Grad. Display of points disposition is
shown in Figure 2, and geodetic coordinates
of the points are given in Table 1.
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Tab. 1. Koopouname epanuunux mavaka nocmampanoe noopyja
Tab. 1. Coordinates of border points of the analyzed area

Tauka (p[o ’ "] ;t[o ’ ”]
A 44 23 00 16 31 00
B 44 23 00 18 01 00
C 45 08 00 18 01 00
D 45 08 00 16 31 00

Ha ocHOBy mnpuka3zaHux KoOpJauHaTa
IPaHUYHHUX Tayaka BUJJBUBO j€ Jla TOCMaTpaHo
noapyyje 3aysuma 0°,75 no mmpunm u 19,5 mo
TYXUHH, TITO MPEICTaB/ba MOBPIINHY O OKO 9
905 km2. 360r nobujama mTo 00JHE MOATIOTE 32
UHTEPHONAH]y Y CMUCTY TyCTHHE oipeheHux
yHAyAaIuja, ToApyYje o WHTepeca MpaBUITHUM
TPUJIOM TIOJIMjeJbEHO j€ Ha CeKIlMje AUMEH3H]ja
15 x 1',5. Ha Taj HauMH 10 MIUPUHU je To0ujeHa
31 Tauka, a o AyXuHU 61 Tauka, IITO YKYIHO
npeacrasiba 1 891 Tauky y KojuMa cy cpadyHare
yaaynauje. [Ipocjedno pacrojame n3mely rauaka
u3HocH 2,72 km.

SPrijedor.

‘Bosanska'Krupa

Banjaluka

Based on these coordinates of border points,
it is evident that the observed area occupies 0°,75
in latitude and 19,5 in longitude, which represents
an area of approximately 9 905 km2. For the sake
of getting a better base for interpolation in terms
of density of determined undulation, a regular grid
was used for the division of observed area into
sections with dimensions 1',5 x 1',5. In this way,
31 point in latitude is obtained, and 61 point in
longitude, which represents a total of 1 891 points
at which the undulations are calculated. Average
distance between two points is 2.72 km.
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Cn. 2. Pacnopeo epanuynux mavaka noopyuja Ha Kojem cy cpadyHame yHoyiayuje
Fig. 2. Disposition of border point of observed area

3a pauyHame YHIyJalldja Teona y Taykama
rpuaa kopumheH je codTBep TI00aTHOT
reonoteHnujaHor Mmoaena EGM2008 Gaszupan
Ha nporpamckom je3uky FORTRAN. Codrtrep
¥ TOTpeOHU TOAAIN MPEY3ETH Cy Ca WHTEPHET
ctpanune: http://earth-info.nga.mil/GandG/

To compute geoid undulations in grid
points, software of the global geopotential model
EGM2008 was used. This software is based on
the FORTRAN programming language. Software
and necessary data were downloaded from the
website: http://earth-info.nga.mil/GandG/wgs84/
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wgs84/gravitymod/egm2008/egm08 wgs84.html.
[Toctymak padyHama je cnenehu:

L.

Y uctu ¢ongep morpeGHO je CMjeCTUTH
nporpam EGM2008 Harmonic Synthesis
Program (hsynth WGS84.f), Te noxymenre
KOju cajpxke KoeduuujeHte norpebHe 3a
pauyHame, Spherical Harmonic Coefficients
for Earth's Gravitational Potential — Tide Free
System (EGM2008 t02190 TideFree.gz) u
Correction Coefficients (Zeta-to-N_to2160
egm2008.gz);

Daji1 ca yna3HUM MojIaIIMa CaJIPKH T€0JICTCKE
KOOp/IMHATE Ta4yaka, MU ropehaHe y KOJIOoHEe U
U3paXKEHE JICIIMMAITHUM OpOjeM y CTEeTIEHNMA,
a ¢opmupa ce kao Notepad JOKyMEHT KOju
Ce 3aTHM cadyBa y BHJY JOKYMEHTa MUMCHa
INPUT ca excren3ujom DAT (makie, y mosse
File Name ce ynucyje INPUT.DAT) y uctom
donmepy raje cy cmjemrTeHu codTBep u
KoeumjenTH. 3a TuI JoKyMeHTa (Save as
Type) 6upa ce onmmja All Files.

JIBOCTpYKMM KIIMKOM Ha WKOHY IporpaMa
hsynth. WGS84.f mokpehe ce codtsep,
OJTHOCHO TIOYMIbE padyHame YHIyJaluja.
Bpujeme pauyHama 3aBHCH 01 Opoja YHECEHUX
H0/IaTaKa, Tj. Ta4aka. Y KOHKPETHOM IIpUMjepy,
3a pauyHame 1 891 BpujenHocTH yHIynamnmja,
nporpamy je morpedno oko 10 munyTa. 3a ce
BpUjeMe payyHama Ha MOHUTOPY je aKTUBAaH
IpO30p Mporpama.

[To 3aBpreTKy 00paje mojaraka MporpamMcKu
po30p ce caMm 3arBapa, a y Qoiuepy ce
110jaBJbyje (aji1 ca M3Ia3HuM ITOAAIMa, UMEHA
OUTPUT.DAT. V¥ ¢ajny cy koopauHaTama
TavyaKa npuapyKeHe oroBapajyhe BpujerHOCTH
YHIyJaluja u3pakeHe y merpuma. Msnasuu
HOZIAIM Cy UCTOT (popmaTa Kao W yJaas3HH, Tj.
JOKYMEHT ce oTBapa y nporpamy Notepad.

OnucaHuM MOCTYIIKOM payyHamwa JyroTalacHUX

KOMITOHEHTH T€Ou/1a 3a CjeBepO3arajHu 10
Peny6muke Cpricke, 1oOujeHe Cy BpHjEIHOCTH
yHIynayja 3a 1891 tauky, Te cy cpauyHare:
MakCHMallHa YHOyJaluja , MUHUMAaIHa
YHAyJaIMja , pacroH, Tj. pa3ifKa MaKCUMaTHe
¥ MHUHUMAaJIHE BPUjEOHOCTH YHAyJanuje ,
U TMpocjedHa yHAynanuja . Pesynartaru cy
IIpUKa3aHu y Tabenu 2.

gravitymod/egm2008/egm08 wgs84.html. The
method of calculation is as follows:

1.

It is necessary to put in the same folder
program “EGM2008 Harmonic Synthesis
Program” (hsynth WGS84.1), and documents
containing the coefficients needed for
computing, “Spherical Harmonic Coefficients
for Earth's Gravitational Potential - Tide Free
System” (EGM2008 t02190 TideFree.gz)
and “Correction Coefficients” (Zeta- to-N
t02160 _egm2008.gz);

File with the input data contains geodetic
coordinates of points, arranged in columns and
expressed in degrees with decimal number; it is
formed as a Notepad document, which is then
stored in the form of document named INPUT
with the extension DAT (ie., in the File Name
field is entered INPUT .DAT) in the same
folder where you have placed the software and
coefficients. For the type of document (Save
As Type) selects the option All Files.
Double-click on the program icon ,,hsynth
WGS84.f runs the software and starts
the process of undulations computing.
Computation time depends on the number
of input data, ie. points. In this example, for
the calculation of 1891 undulation values, the
program needs about 10 minutes. During all
computation time, the program window is
active on the monitor.

Upon completion of the data processing,
program window will be closed, and the file
with the output data, named OUTPUT.DAT,
appears in the folder. In the file, the coordinates
of the points are now associated with the
corresponding values of undulations in meters.
Output formats are the same as the input, ie.
document opens in Notepad.

By using described method for calculation of

long-wave geoid components, undulation
values for 1 891 points in northwestern part of
Republic of Srpska are obtained. These values
are also determined: maximum undulation ,
minimum undulation , range, ie. difference
between maximum and minimum values of
the undulations , and average undulation .
The results are shown in Table 2.
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Tab. 2. Kapaxmepucmuune 6pujedHoCmu YHOYIAyuja
Tab. 2. Characteristic values of undulation

N [m] N  [m]

min [

AN [m] N=[m]

47.45 45.58

1.87 46.37

Tayka ¢ MakCHUMaJHOM BpHjeAHOIINY
YHAyJaIyje Halla3h ce€ y JYy)KHOM OHjeny
MOCMaTpaHoT MOAPYYja Ha TUTAHWHCKOM MAacHBY
bopja, a Tauka ¢ HajMakbOM YHIYJAIUjOM
Hajla3| ce Ha cjeBepy, y PenmyOmumm XpBarckoj
(bpoacko-nocaBcka >xymanuja). Pesynratu
pauyHama oOpahenu cy um y codtBepy Saga
GIS. IlpumjeHOoM OBOT MPOrpPaMCKOT TaKeTa
KpeHpaH je NMpuKa3 KOHTUHYAIHUX YHIyJalnja
Ha [HJEJIOM TIOCMAaTPaHOM TOJPYYjy. ¥ OCHOBH
oBOT ozipehuBama je nHTepIonaIuja, a pe3yaTaru
Cy TIpHWKa3aHU y BHJy XUIICOMETPH]CKE CKaje
00ja (cnuka 3) u uzoxurncH (ciuka 4). Busyennu
MIPUKa3 Mpy’Ka JoaaTHe HHPOPMAIIHje O PaCcIopey
YHIyJaluja, a TeHepajJHu 3aKJbydak je Ja Cy
yHIynamnuje HajBehe y jy’)KHOM M JyTOMCTOYHOM
IJIAHWHCKOM TIO/IPY4]jy, IOK C€ MpemMa cjeBepy
cMambYyjy.

Point with the maximum value of the
undulation is located in the southern part of
the observed area on the Borja mountain, and
point with the smallest undulation value is
located in the north, on the territory of the
Republic of Croatia (Brod-Posavina county).
Results of calculation are also processed in
Saga GIS software. By applying this software,
display of continuous undulation on the entire
analyzed area is created. Interpolation is in
the basis of this determination, and the results
are shown as hypsometric color scale (Figure
3) and contour lines (Figure 4). The visual
display provides additional information about
the undulations disposition, and the general
conclusion is that the undulations are highest
in the southern and south-eastern mountainous
area, while to the north are reducing.

Jlerenna

Cn. 3. Yuoynayuje eeouoa npedcmaswene xuncomempujckom ckanom ooja - nezenoa y [mj
Fig. 3. Geoid undulations represented by hypsometric color scale - a legend in [m]
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Cn. 4. Yuoynayuje ceouoa npeocmaswene uzoxuncama [mj
Fig. 4. Geoid undulations represented by isohyps [m]

NnentnunuM moctynkoMm onpehene cy
yVHIyJIalyje 3a mupe moapydje rpaaa bama Jlyke
nuMeHsdja 6,6 km x 5,6 km. [TpuMjemeH je HemTo
rymhu rpuj ca ykymHo 589 tayaka, a tooujeHa je
npocjeuna yuaynamuja N = 46,37 m 1 MakcuMasHa
npomjeHa yuayiamnyje on 12 cm. OBu pesynraru
noTBphyjy Te3y naa yHAyJamuje Ha MambUM
TepUTOpHjamMa 0OHMjeHEe W3 T€OMOTCHIINjATHUX
MoOjIeJIa TIPYXkKajy camo TI00aIHY MpencTaBy
0 TIOJNIOXKAjy reouja, Te Ce MOpajy AOMyHHUTH
PETHOHAITHOM ¥ JIOKaJTHOM KOMITOHEHTOM.

3AKJbYYHAK

[Tojam reoupma kao QyHIAMEHTAIHE
EKBHUITOTSHIIM]aJTHE TOBPIIH O] BEJIMKOT j€ 3HaYaja
y (U3MYKO] TeOAe3Uju U TEONEe3Hju YOIIIITE.
I'eonn ce omucyje Mpeko CBOjUX KOMIIOHECHTH,
YHIyJIAlMja ¥ OTKJIIOHA BEpTHKala y OAHOCY Ha
emuncona. OnpeauTu reou]] Ha HEKOM TIOIPYd]jy
3HAYM MO3HABATH HErOBE KOMIIOHEHTE y CBAKOj
Tayky mnocmarpaHor mnoxapydja. OCHOBHHU
MaTeMaTHYKH anapar 3a BeroBo onpehusame je
Teopuja noTeHujana. Mako npeacraBaba BaskaH
KOHIIETIT Beh TOTOBO J1Ba BUjeKa, METOJIE MPEIIU3HOT
onpehrBama reorIa pa3BrjeHe Cy TEK y MOCIEIHIX
HEKOJIUKO JICTICHU]a.

Using the identical procedure, undulations
are also determined for the city of Banja Luka,
covering an area of 6,6 km x 5,6 km. Slightly
denser grid is applied with a total of 589 points,
and the resulting average undulation is N = 46.37
m, and a maximum change of the undulations is
12 cm. These results confirm the hypothesis that
the undulations on the smaller territories obtained
from geopotential models only provide a global
ilustration of the geoid position, and must be
supplemented by regional and local component.

CONCLUSION

The concept of the geoid as a fundamental
equipotential surfaces is of great importance in
physical geodesy and surveying in general. Geoid
is described through its components, undulations
and vertical deflections related to the ellipsoid. To
determine the geoid in an area means knowing its
components at any point in the observed area. Basic
mathematical apparatus for its determination, is
the potential theory. Although it represents an
important concept for almost two centuries, the
methods of precise geoid determination have been
developed only in the last few decades.

As a functional of anomalic gravity field,
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VYuaynanuje reouna ce, Kao (yHKIIHOHAT
AHOMAJIM]CKOT TOJha yOp3ama cuie 3eMIbUHE
TEXe, MOXE MNpPeICTaBUTH Kao KoMOWHanuja
IAyroTajiacHe, CpeAbeTalacHe U KpaTKoTalacHe
KOMITOHEeHTe. JlyroranacHe Win AyrornepuoanvHe
KOMIIOHEHTE ofipel)yjy ce mpuMjeHOoM Io0aTHUX
reonoTeHIUjaIHuX Monena. OBH Monenu y
OCHOBH TPEJICTaBIbajy KoehuiujeHtre chepHo-
XapMOHUJCKOT pa3Boja (yHKIHja MOTEHIUjana
rpaBUTALIOHE CHJIe 3eMibHHE Texe. [IpumjeHom
reONOTEHIIMjATHIX MOJIea 100HMja ce TaKO3BaHH
yrjlayaHd MOJIENI TeOHJla TaYHOCTH HEKOJIHMKO
neummerapa. Odekyje ce na he Hampemak
TEXHOJIOTH]jE, Y TIPBOM DPEIy HOBE CaTEIUTCKE
MHUCH]j€, TOTIPUHHU]ETH Pa3BOjy IIOOAIHUX MoJIeTIa
koju he oMoryhuTtH padyHame qyronepuoandHuX
KOMITIOHEHTH I'eOr/Ia C IICHTUMETAPCKOM TaqHOIIhy.

[Ilpumjenom co¢pTBepa ria00aTHOT
reonoreHuyjanHor mogena EGM2008 cpauynare
Cy IyronmepuoAnYHE KOMIIOHEHTE TIeoHja Ha
nonpyyjy bama Jlyke u cjeBepo3anagHor aujena
Peny6nuke Cprcke. [lpu toM je mobujena
MpOCjedHa BPUjeAHOCT YHAyAIH]e o1 0ko 46 m, ca
TEHJICHIIM]OM CMambHBamba OJ1 jyra IpeMa cjeBepy.
Kako 6u ce Ha moapyujy PemyOmuke Cpricke
OJIPE/INO TEOH]] BUCOKE PE30IyIrje, TOTPEeOHO je
Ha OCHOBY 00pal)eHnX pe3y/rara rpaBUMETPH)CKIX
Mjepema U MPUMJEHOM JUTHUTATHUX MOJeIa
TEepeHa IMOMpaBUTH pe3yiaTaTe aolOujeHe u3
T€ONOTEHIIMjATHOT MOJIEJIA 32 CPEAOTANIACHY U
KPaTKOTaJIaCHY KOMIIOHEHTY.
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